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ABSTRACT

Optimization Methods for Scale Invariant Problems in Machine Learning

Cheolmin Kim

While optimization has received much attention in the machine learning community, most
of them consider unconstrained supervised learning models such as neural networks and
support vector machine. In this dissertation, we introduce a new class of optimization prob-
lems called scale invariant problems that include interesting unsupervised learning models
such as PCA, ICA, GMM and KL-NMF. We develep scalable optimization algorithms for
scale invariant problems and provide their convergence guarantees.

The first half of this thesis develops deterministic optimization algorithms. Specifically,
we develop an iterative optimization algorithm for L1-norm kernel PCA and generalizes
it to solve general scale invariant problems. In the second half, we study stochastic
optimization methods. We present two stochastic PCA algorithms and develop a stochastic
generalization of power iteration to solve scale invariant problems with finite-sum objective
functions. Numerical experiments on various scale invariant problems reveal that the
proposed algorithms not only scale better than state-of-the-art algorithms but also produce

excellent quality robust solutions.
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CHAPTER 1

Introduction

This thesis considers a class of optimization problems called scale invariant problem of

the form
(1.1) max f(z) subject to x € 0B; 2 {x € RY: ||z| =1}

where f : R? — R is a scale invariant function. A function f is called scale invariant, which
is rigorously defined later, if its geometric surface is invariant under constant multiplication
of x. Several optimization problems in statistics and machine learning have the form of
, for instance, L,-norm kernel PCA and maximum likelihood estimation of mixture
proportions, to name a few. Moreover, as studied herein, independent component analysis
(ICA), Gaussian mixture model (GMM), Kullback-Leibler divergence non-neative matrix
factorization (KL-NMF') and the Burer-Monteiro factorization of semidefinite programming
(SDP) problem are formulated as extended settings of (L.1]).

In the first chapter of this thesis, we study L;-norm kernel PCA, which is an instance of
(1.1) with the objective function f(z) = Y, |®(a;)"z|. We present an iterative algorithm
to solve Li-norm kernel PCA and provide a convergence analysis for it. While an optimal
solution of Ls-norm kernel PCA can be obtained through matrix decomposition, finding
that of Li-norm kernel PCA is not trivial due to its non-convexity and non-smoothness.

We provide a novel reformulation through which an equivalent, geometrically interpretable
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problem is obtained. Based on the geometric interpretation of the reformulated problem,
we present a “fixed-point” type algorithm that iteratively computes a binary weight for
each observation. As the algorithm requires only inner products of data vectors, it is
computationally efficient and the kernel trick is applicable. In the convergence analysis,
we show that the algorithm converges to a local optimal solution in a finite number of
steps. Moreover, we provide a rate of convergence analysis, which has been never done for
any Li-norm PCA algorithm, proving that the sequence of objective values converges at a
linear rate. Numerical experiments show that the algorithm is robust in the presence of
entry-wise perturbations and computationally scalable, especially in a large-scale setting.
Moreover, we introduce an application to outlier detection where the model based on the
proposed algorithm outperforms the benchmark algorithms.

Based on the observation that the same approach can be used to develop an algorithm
for general scale invariant objective functions, we study scale invariant problems in the
second chapter and derive an algorithm called scale invariant power iteration (SCI-PI).
SCI-PI has a general form of power iteration that finds the leading eigenvector of a
matrix. Since a stationary point of is an eigenvector of the Hessian evaluated at the
point, the scale invariant problem can be locally seen as a leading eigenvector problem
near a local optimal solution. Our convergence analysis reveals that SCI-PI attains
local linear convergence with a generalized convergence guarantee of power iteration.
Moreover, we discuss some extended settings of and provide similar convergence
results. In numerical experiments, we introduce applications to ICA, GMM and KL-NMF.
Experimental results demonstrate that SCI-PI is competitive to state-of-the-art benchmark

algorithms and often yield better solutions.
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In the third chapter, we consider the PCA problem whose objective function f(x) =
% »(alz)? consists of finitely many convex quadratic functions. This chapter presents
two stochastic variance-reduced PCA algorithms and provide their convergence analyses.
By deriving explicit forms of step size, epoch length and batch size to ensure the optimal
runtime, we show that the proposed algorithms can attain the optimal runtime with any
batch sizes. Our novel approach, which studies the optimality gap as a ratio of two expec-
tation terms, allows us to establish global convergence of the algorithms. The framework in
our analyses is general and can be used to analyze other stochastic variance-reduced PCA
algorithms and improve their analyses. Moreover, we introduce practical implementations
of the algorithms which do not require hyper-parameters. The experimental results show
that the proposed methodsd outperform other stochastic variance-reduced PCA algorithms
regardless of the batch size.

The last chapter studies a stochastic variance-reduced algorithm to solve scale invari-
ant problems with finite-sum objective functions and provides a convergence analysis.
Specifically, we develop a stochastic generalization of scale invariant power iteration, which
specializes to power iteration when full-batch is used for the PCA problem. The conver-
gence analysis that shows the expectation of the optimality gap decreases at a linear rate
under some conditions on initial iterate, step size, batch size and epoch length. Numerical
experiments on the KL-NMF problem using real and synthetic datasets demonstrate

that the proposed stochastic approach not only converges faster than state-of-the-art

deterministic algorithms but also produces excellent quality robust solutions.
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CHAPTER 2

L1l-norm Kernel PCA

2.1. Introduction

Principal Component Analysis (PCA) is one of the most popular dimensionality
reduction techniques [34]. Given a large set of possibly correlated features, it attempts
to find a small set of features (principal components) that retain as much information
as possible. To generate such new dimensions, it linearly transforms original features by
multiplying loading vectors in a way that newly generated features are orthogonal and
have the largest variance.

In traditional PCA, variance is measured using the Ls-norm. This has a nice property
in that although the problem itself is non-convex, an optimal solution can be easily found
through matrix factorization. With this property and easy interpretability, PCA has been
extensively used in a variety of applications. Nonetheless, it still has some limitations.
First, since it generates a new dimension through a linear combination of features, it
cannot, capture non-linear relationships among features. Second, as it uses the Lo-norm
for measuring variance, its outcome tends to be affected by influential outliers. In order to
overcome these limitations, the following two approaches have been proposed.

Kernel PCA The idea of kernel PCA is to map original features into a high-
dimensional feature space, and perform PCA in that high-dimensional feature space [71].

Using a non-linear mapping, it can capture non-linear relationships among features in an
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efficient way using the kernel trick. Using the trick, principal components can be computed
with no explicit mapping.

Li-norm PCA To alleviate the effects of influential outliers, Li-norm PCA uses the
Lq-norm instead of the Lo-norm to measure variance. The L;-norm is more advantageous
than the Lo-norm in presence of observations having large feature values since it is less
influenced by them. Using this property, more robust results can be obtained by L;-norm
PCA in the presence of influential outliers.

In this work, we combine the two approaches for the variance maximization version of
Ly-norm PCA. In what follows, we always refer to the variance maximization version of
Ly-norm PCA which is not the same as minimizing reconstruction error with respect to
the Li-norm. Compared to Lo-norm kernel PCA, the kernel version of Li-norm PCA is a
hard problem in that it is not only non-convex but also non-smooth. However, through
a novel reformulation, we convert it to a geometrically interpretable problem where the
objective is to minimize the Lo-norm of a vector subject to a linear constraint consisting
of terms involving the L;-norm. For the reformulated problem, we present a “fixed point”
type algorithm that iteratively computes a weight of —1 or 1 for each observation using
the kernel matrix and previous weights. We show that the kernel trick is applicable to this
algorithm. Moreover, we prove that the algorithm converges to a local optimal solution in
a finite number of steps and the sequence of objective values converges at a linear rate. In
numerical experiments, we computationally investigate the robustness of the algorithm
and introduce an application to outlier detection. We also provide a runtime comparison
to other robust kernel PCA algorithms and Ls-norm kernel PCA. The contributions of

this work are summarized as follows.
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1. We provide a novel reformulation of Li-norm kernel PCA and present an iterative
algorithm based on the geometric interpretation of the reformulated problem.
This approach is not specific to L;-norm kernel PCA but can be applied to a
more general problem. Particularly, its application to Ls-norm PCA results in
Power iteration [26].

2. We not only prove convergence but also provide a rate of convergence analysis.
Although many algorithms have been proposed for Li-norm PCA, none of them
provided a rate of convergence analysis. We stress that our analysis is for the
kernel version which clearly covers Li-norm PCA. Through a novel analysis, we
show that the algorithm attains a linear rate of convergence.

3. We introduce a methodology based on L;-norm kernel PCA for outlier detection

and demonstrate that it outperforms the benchmark algorithms.

The work is organized as follows. Section [2.2| reviews related works and points out how
our work is different. Section [2.3|introduces a novel reformulation of L;-norm kernel PCA
and provides a geometric interpretation behind it. Based on the geometric interpretation,
we present an iterative algorithm in Section [2.4] Section 2.5 provides a convergence analysis

for it and the experimental results are followed in Section [2.6

2.2. Related Works

Extracting a low-rank representation from a large matrix is an important problem in
statistics and machine learning. In a variety of contexts, many previous works [15]/16]
51.|78] have been proposed to address this problem. Recovering a low-rank matrix from

a sampling of its entries is studied in [16]. Given that the number of sampled entries is
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sufficiently large, exact recovery is guaranteed with high probability by solving a simple
convex optimization problem [16]. Assuming that a data matrix can be decomposed into
the sum of a low-rank matrix Ly and a sparse matrix Sy, a convex program (known as
robust PCA) that minimizes a weighted combination of the nuclear norm of Ly and the
Ly norm of Sy is presented in [15]. Also, a variant of robust PCA that identifies outliers
by additionally imposing a column-sparse structure on Sy is considered in [78]. Under
some mild conditions, exact recovery is shown for both models [15,78]. Moreover, exact
recovery of mixture data is studied in [50-53]. Utilizing a dictionary matrix, low-rank
representation (LRR) [51] is shown to better handle mixture data than robust PCA. While
matrix recovery is the main focus of theses works, our work considers dimensionality
reduction with emphasis on robustness, especially focusing on kernel PCA with the
Li-norm.

To reduce the number of features in a robust way, the L;-norm has been involved in
many PCA studies |12,56/,58,62,/64-66] and subspace estimation formulations [19}37].
Finding a subspace onto which the L; projections of data vectors have the smallest
reconstruction error is studied in [12]. Based on the observation that the L; projection
occurs along a single unit direction, it finds an optimal subspace for each unit direction by
solving d least absolute deviation regression problems, each having one dimension as a
dependent variable while having the other dimensions as independent variables. Using
linear programming, this approach can find a global optimal subspace in polynomial
time [12].

Minimizing reconstruction error with respect to the L;-norm is considered in |37/65/,66].

While the PCA problem of minimizing || M — X X7 M||; subject to X7 X = [ is considered
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in [65], the subspace estimation problem of minimizing E(U, V) = ||M — UV||; is studied
in |[37] where M is a data matrix. In order to solve the former problem, an iterative
algorithm that computes a weight for each observation and applies Lo-norm PCA on
the weighted data matrix is presented in [65]. On the other hand, the latter problem
is solved using alternative convex minimization based on the observation that E(U, V)
becomes a convex function once U or V' is known. It alternatively optimizes one matrix at
a time while keeping the other one fixed, repeating this process until convergence. Also,
a subspace estimation formulation that minimizes reconstruction error with respect to
the Ry-norm, |M — UV ||r, = >, llzi — Uvi||s where ; is the i column of M and v; is
that of V| is presented in [19]. Since this formulation minimizes the sum of distances with
respect to the Lo-norm, it is different from Lo-norm PCA which minimizes the sum of
squared distances with respect to the Lo-norm. Nonetheless, they share the same property
that they have a unique global solution which is rotational invariant [19].

Maximizing variance with respect to the Li;-norm, which we refer to as L;-norm
PCA, is studied in [56/58/62,64]. Our work also considers this formulation rather than
the previous two since it has a favorable structure in that an optimal solution can be
represented as a linear combination of data vectors with a weight of —1 or 1. L;-norm
PCA is shown to be NP-hard in [56] and [58]. Nevertheless, an algorithm finding a global
optimal solution is proposed in [56]. Utilizing the auxiliary-unit-vector technique [36], it
computes a global optimal solution with complexity O(n?"*?~!) where n is the number of
observations, r is the rank of the data matrix, and p is the desired number of principal
components. Assuming r and p are fixed, the runtime of this algorithm is polynomial in n.

However, if n, p,r are large, it can be computationally prohibitive. Instead of finding a
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global optimal solution which is intractable in general, our work focuses on developing an
efficient algorithm finding a local optimal solution for L;-norm kernel PCA.

Recognizing the hardness of Li;-norm PCA, an approximation algorithm is presented
in [58] based on the known Nesterov’s theorem |61]. In this work, Li-norm PCA is relaxed
to a semi-definite programming (SDP) problem and alternatively, the SDP relaxation is
considered. After solving the relaxed problem, it generates a random vector and uses
randomized rounding to produce a feasible solution. This randomized algorithm is a
\/Z/_W—approximate algorithm in expectation. To achieve this approximation ratio with
high probability, it performs randomized rounding multiple times and takes the one having
the best objective value. Rather than providing an approximation guarantee by solving
a relaxed problem, our work directly considers the kernel version of L;-norm PCA and
develops an efficient algorithm finding a local optimal solution.

Another approach utilizing a known mathematical programming model is introduced
in [64] where the author proposes an iterative algorithm that solves a mixed integer
programming problem in each iteration. Given an orthonormal matrix of loading vectors,
it perturbs the matrix slightly in a way that the resulting matrix yields the largest objective
value. After the perturbation, it uses singular value decomposition to recover orthogonality.
The algorithm is completely different from the one proposed herein and the sequence of
objective values does not necessarily improve over iterations. Unlike it, our algorithm
guarantees that the sequence of objective values keeps improving and converges at a linear
rate.

A simple numerical algorithm finding a local optimal solution is proposed in [42]. In

this work, an optimal solution is assumed to have a certain form, and weights involved in
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that form are updated in each iteration, improving the objective value. A similar algorithm
and its extended version that finds multiple loading vectors at once are derived in [62]
utilizing an optimization algorithm for general L;-norm maximization problems. In the
case of linear kernel, our algorithm uses the same framework as the one in [42] and [62].
However, while the algorithm in [42] is derived without any justification, we provide
a geometric interpretation behind the algorithm, which is different from the derivation
in [62]. Moreover, we provide a rate of convergence analysis and introduce a kernel version,
which are not considered in [42] and [62].

On other hand, the kernel version of L;-norm PCA has been rarely studied. Due to the
difficulty of applying the kernel trick to L;-norm kernel PCA, an alternative method named
nonlinear projection trick is applied in [43]. Based on the finding that an optimal loading
vector lies in the span of ®(A)TUA"/2 where ®(A) is a high-dimensionally mapped data
matrix and UAU7T is the eigenvalue decomposition of the kernel matrix K, it alternatively
considers L;-norm PCA having UAY/2 in place of ®(A) and solves it using the algorithm
in [42]. Another kernel extension of Li-norm PCA is studied in [77]. In this work, a linear
system involving a kernel matrix is solved in each iteration and the resulting solution is
used to update the iterate. While the algorithms in [43] and [77] entail either eigenvalue
decomposition or solving a linear system, our algorithm requires only a matrix-vector

multiplication in each iteration, making it suitable in a large-scale setting.

2.3. Reformulations

We consider Li-norm PCA in a high-dimensional feature space F'. Suppose we map

data vectors a; € R%, i = 1,...,n into a feature space F by a possibly non-linear mapping
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® : R? — F. Assuming that each feature is standardized with a mean of 0 and standard
deviation of 1 and that the kernel matrix K defined by K;; = ®(a;)" ®(a;) satisfies K;; > 0
for 1 < ¢ < n and |K;;| < oo for 1 < 4,5 < n, the kernel version of L;-norm PCA is

formulated as
(2.1) max  f(x) =Y |®(a;)"x| subjectto x € 0By
=1

This formulation having ®(a;) in place of a; extends the variance maximization version of
Li-norm PCA in the obvious way and is also considered in [43]77]. In this formulation,
we only consider extracting the first loading vector. This assumption is justifiable since
the subsequent loading vectors can be found by repeatedly solving . For example,
once we obtain the first loading vector z*, we can find the second loading vector by solving
[.1)) with ®(a;) — z*(®(a;)Tz*) in place of ®(a;).

Solving is not trivial since it has a convex non-smooth objective function to
maximize and a Euclidean unit ball constraint. In order to better understand the problem
and set an algorithmic foundation, we reformulate as
(2.2) min  g(w) = [lw]lz  subject to > [@(a;) w| = 1.

i=1
In what follows, all vector norms are Lo, so we drop the subscript for notational convenience.
In order to prove the equivalence of and , we argue that an optimal solution of
one formulation can be derived from an optimal solution of the other formulation by means
of some mapping. Two optimization problems are equivalent if there exists some mapping
h such that if z* is an optimal solution to one problem, then h(z*) is an optimal solution

to the other problem, and vice versa for a possible different mapping function [10].
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Proposition 2.3.1. Let x* and w* be an optimal solution to (2.1) and (2.2), respec-

* *

w x
tively. Then, T = —— and W = — are optimal solution to (2.1)) and (2.2)),
[Jw]| ey |®(ai) |

respectively.

Proof. It is obvious that 7 is feasible to ([2.1)). To derive a contradiction, suppose that

& is not optimal to (2.1)). Then, there exists some feasible z such that >\ | [®(a;)"2| <

T
Sor1®(a) | Let w = =5 —. Then, from ||Z|| = 1, we have
' D e |®(a) 2|
R I T
Yima @)z 3o, [P(ai) ]
On the other hand, we obtain g(w*) ! ince w* v d
n the other hand, we obtain g(w*) = =5 — since w* = —x — an
> it |P(ai)"Z| > it |P(ai)"Z|

||Z]] = 1. This implies that g(w*) > g(w), which contradicts the assumption that w* is
optimal to (2.2)). Therefore, % is optimal to (2.1)).
It is easy to check that  is a feasible solution to (2.2). Suppose that w is not optimal

to (2.2). Then, there exists some feasible w such that ||@| < [|w]. As w is feasible to

[2.2), we have Y7 | |®(a;)Tw| = 1. Let & = ﬁ Then, we have
W

> iy [P(a)" 0] 1

[l ol

£(&) = 3 10(a)" 3] =

1 N
— from z* = ﬂA
[l ]|

which contradicts the assumption that x* is an optimal solution of (2.1]). Therefore, w is

optimal to (2.2)) O

In the same way, we obtain f(z*) = This leads to f(z*) < f(2),

Let us take a look at the constraint set 9P = {w | Y1, [®(a;)Tw| = 1}. Geometrically,

this constraint set is symmetric with respect to the origin and represents the boundary



25

of polytope P = {w| S 1®(a;)Tw| < 1}. Tt is easy to check that P is a polytope since
it can be written as the intersection of a finite set of linear inequalities each having the
form of Y0 | ¢;®(a;)Tw < 1 where ¢; € {—1,1}. As the objective function measures the
distance from the origin, formulation can be understood as a problem of finding
the closest point to the origin from the boundary of the polytope 0P. The following
proposition shows that an optimal solution w* must be perpendicular to one of the faces

of OP.
Proposition 2.3.2. An optimal solution w* is perpendicular to the face that it lies on.

Proof. Let F be a face such that E = {w]| Y1, ¢;®(a;)"w = 1} N 9P where ¢} =

sgn(®(a;)Tw*) for 1 <i < n. If w* is not perpendicular to face E, then

L — E?:l ®(a;)c;
1> i P(ai)cr|?

is the closest point to the origin from {w| 37, ¢;®(a;)"w = 1} having

(2.3) 2]} < flw™]].
Let w = : . Then, w is feasible to (2.2) and has the objective value of

2im | ®(ai)" 2]

2]

2im | ®(ai) 2|

(2.4) o] =
From || 3771, @(ai)cf[|? = 320, ®(ai) e} (27, O(ay)cy), we have

Z |<1>(az-)T(Z ®(az)cj)] — |l Z ®(a;)c;|)* = 0,
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which results in

Zn: 1©(a;)" 2| = D it |‘I)(CL¢)T(Z?:1<I>(CLJ-)C;)‘

(2.5) a;)" z| = - .
P 1251 ®las)ci[?

> 1.

As a result, by (2.3), (2.4) and (2.5), we have ||w|| < ||z|| < |[w*||, which contradicts the

assumption that w* is optimal to (2.2)). Therefore, w* must be perpendicular to £. [

Proposition [2.3.2] is important since it helps to characterize the form of an optimal

solution x*. From Proposition [2.3.2] we obtain the following corollary.

*

Corollary 2.3.3. An optimal solution w* of (2.2)) has the form of w* = id

2 i1 |P(as) Ty
for some y* and c¢* such that y* = >+ ®(a;)c; and ¢; = sgn(®(a;)Ty*) for 1 <i <n.
=1 7 )

The characterization of an optimal loading vector using a sign vector is first proposed
in [42] without any justification. However, we provide a derivation based on the geometry

of 0P, which is different from the one in [62] that uses the KKT conditions. Moreover,

since D0 [P(ai)"y*| = 200, ¢ ®(ai) "y = || 20, P(ai)ef||?, we have

|| 1
(2.6) [w*]| = == = —=m .
Zi:l |P(a;)Ty*| | Zi:l (a;)c; |

We can further show that an optimal solution of formulation (2.2)) can be found from an

optimal solution of the following binary problem,

(2.7) max || E ®(a;)cil|* subject to ¢ € {—1,1}, 1 <i < n.
Cc
i=1
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Proposition 2.3.4. Let ¢* be an optimal solution of binary formulation (2.7)). Then,

y* =" ®(a;)c; satisfies

(2.8) ¢; = sgn(®(a;)"y"),

*

Y

S 0 () Ty is an optimal solution to (2.2)).

for 1 <i <mn. Moreover, w* =

Proof. To deduce a contradiction, let us assume that there exists some nonempty set
J C{1,...,n} such that ¢} = —sgn(®(a;)"y*) for j € J. Since ¢* is an optimal solution
of , flipping the sign of ¢} for j € J must not improve the objective value of .
However, for any j € J, flipping the sign of ¢} results in ||y* — 2®(a;)c}||* > ||y*||* since
ly* = 2®(a;)c|1* = lly*II> + 4|®(a;)"y*| + 4[| ®(ay)|[*. This contradicts the assumption
that ¢* is an optimal solution to ([2.7). Therefore, y* must satisfy ¢; = sgn(®(a;)"y*) for

1 <i < n. Since y* and ¢* satisfy (2.8) and ¢* maximizes the objective value of (2.7)), w*

is a minimizer of (2.2]) due to Corollary and (12.6)). O

The following result has been shown in [56] for the linear kernel case but here we

generalize it.

Corollary 2.3.5. Formulation (2.2)) is equivalent to formulation (2.7)).
Proof. Based on Corollary and ([2.6)), we can formulate (2.2)) as

max I 121 ®(a;)e;||* subject to y = Z O(ai)ci, ¢ =sgn(®(a;)"y), 1<i<n.

i=1
Since an optimal solution ¢* to (2.7)) satisfies the constraints of the above optimization

problem by Proposition the two formulations are essentially the same. 0
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It is interesting to note that we can reduce formulation (2.7)) to the weighted max-cut
problem since
n

2.9 IS Blael? = 3 Ky + 3 (-26) (F22).

i=1 ij=1 ij=1

Using the above reduction, we can alternatively consider the weighted max-cut problem on
a complete graph with weight w;; = —K;;. Therefore, a popular approximation algorithm
for the weighted max-cut problem [25] can be used to solve (2.7). However, due to the
additional constant terms in , this does not imply a constant worst case approximation

ratio algorithm for ([2.7)).

2.4. Algorithm

In this section, we develop an algorithm that finds a local optimal solution to (12.2))
based on the findings in Section [2.3] Before giving details of the algorithm, we first provide
the idea behind the algorithm.

The main idea of the algorithm is to move along the boundary of P so that the Ly-norm
of wy, successively decreases. Figure illustrates a step of the algorithm. Starting with
an iterate wy, we first identify the hyperplane hy which the current iterate wy, lies on. After
identifying the equation of hj, we find the closest point to the origin from h;, which we
denote by zp. After that, we obtain wy,1 by projecting z; to the constraint set 0P, which
is done by multiplying an appropriate scalar between 0 and 1. We repeat this process
until the sequence of iterates {wy} converges.

Now, we develop an algorithm based on the above idea. Given wy, let ¥ be the sign

vector c& = [cF, ... cF]T such that cf = sgn(®(a;)Twy) for 1 < i < n and y; be the normal
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Figure 2.1. Geometric derivation of the algorithm
vector at wy, defined as
(2.10) Yp = i ®(a;)cl.
i=1
Using the normal vector y, at wy, we can find the equation of hyperplane h; as
(2.11) yi (w — wy) = 0.
The closest point z; to the origin from h; has the form of

(2.12) 2k = SUk.

Plugging (2.12) into (2.11]), we have

T T
(2.13) g = Wk Uk

vl YL yk
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Projecting 2z, to 0P, we obtain

2k
i Zi:l |D(a;)T 2|
Using
(2.15) yhwe =Y ®(a;)"wief = |®(a;) "wi| = 1,
i=1 i=1

we can further write (2.13)) as

Yk
(2.16) Zp = ———,
Y l?
which leads to
Yk

(2.17)

Wky1 = n .
T 19 (a) Ty

Also, from (2.10) and Y7 | [®(a;)Tye| = D1 ®(a;) yrck = ()T K ¥, we can represent

W41 as a function of c* as

> it (ai)ct
(218) Wg+1 = W
Since cf*! = sgn(®(a;) wr41) = sgn(K;.c¥), we can update ¢! using only K and c* by

1 = sgn(Kc*). Moreover, from

(ck _ Ck+1)TK<Ck o Ck;+1>
(Ck>Tch(Ck+l)Tch+l ’

e

the termination criteria wy,; = wy can be represented by (¢ — ") K (cF — *t1) = 0.
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Due to non-convexity of the problem, the algorithm can be stuck at a local optimum

unless it is initialized close to a global optimum. In order to obtain a good initial iterate,

®(ay)

we consider each ®(a;) and select the one such that m yields the largest objective
aj
value for f, which is computed by

S |P(a) @ (ay)| D | K|

19 (ay) - VE;

Once we find the index 7* maximizing (2.19)), we set

(2.19)

i |§<i32<b<aj*> - = sen(@(a:) wo) = sen(®(a;) P (a)) = sen(Kiy).

Wy =

Summarizing all the above, we obtain Algorithm

Algorithm 1 L;-norm Kernel PCA

Input: kernel matrix K
find j* that maximizes (2.19))
initialize the sign vector ¢ with ¢ = sgn(Kj;-)
k<« —1
repeat
kE<+—k+1
compute ** = sgn(Kc*)
until (¥ — FHYTK(F — F1) =0
Output: sign vector c*

Once we get the output ¢* from Algorithm [T, we can compute principal scores with
no explicit mapping. For example, the principal component of the i observation can be
computed by

O(ai)"a* > i1 (i) ®(a ) K;.c*
||| \/Z?:l Z?:l D(a;)TP(a;)cict \/(C*)TKC*‘

S
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Also, we can proceed to find more principal components with no explicit mapping.
Noting that computing a loading vector and principal components requires only the kernel
matrix, it suffices to update the kernel matrix each time a new loading vector is found.

Fortunately, updating the kernel matrix can be done with no explicit mapping by

~ O(a;) w*®(a;) 2 K,c'K;.c*
K;; = ®(a;) ®(a;) — ! J =K, — -7
= Blas) 2l Gk (T Ke
. K * K EAVA
which is equivalent to K = K — M in a matrix form.
()T Kc*

From y, = V f(z), update rule can be understood as projecting a gradient
V f(zy) to the constraint set P in each iteration. In this sense, Algorithm |1| resembles
Power iteration [26] for solving the eigenvalue problem, and interestingly, the application
of our framework to the eigenvalue problem yields the same algorithm. The framework
developed in this work such as reformulation, geometric interpretation and algorithm
derivation is not specific to L;-norm kernel PCA but can be extended to solve a more
general problem. For the application of this approach to general scale invariant problems
, see Chapter .

Compared to the other L;-norm kernel PCA algorithms [43,77] considering the same
formulation , Algorithm (1| is much simple and computationally efficient as it involves
just one matrix-vector multiplication in each iteration. In the case of L1-KPCA [77], a
system of linear equations having the form of Kn = Z;L:lch j is repeatedly solved. Solving
the above linear system is not only computationally costly but also numerically unstable
since it is singular due to the presence of non-trivial solution c*. On the other hand, KPCA-
L1 [43] requires one matrix-vector multiplication but it does not directly consider the

kernel matrix K. Instead, the eigenvalue decomposition of the kernel matrix K = UAUT
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must be computed before starting to find each loading vector. Also, UAY? is involved
in computation instead of the kernel matrix K. As Algorithm [1| entails neither solving
a linear system nor computing the eigenvalue decomposition of K, it is computationally
more efficient than the other algorithms.

When it comes to initialization, L1-KPCA [77] uses the optimal loading vector from
Ly-norm kernel PCA. While KPCA-L1 [43] finds the data vector having the largest norm
and uses its normalization for the initial iterate, Algorithm [1| finds the normalized data
vector with the largest objective value for f and set it to be the initial iterate. As the
initialization scheme of Algorithm (1] is based on the objective fucntion f while the others

are not, it is more likely to obtain a good initial iterate compared to the others.

2.5. Convergence Analysis

In this section, we provide a convergence analysis of Algorithm [II We first prove
that the algorithm converges in a finite number of iterations, and then provide a rate of
convergence analysis. Before proving the finite convergence of the algorithm, we first show

that the sequence {||wg||} generated by Algorithm [I|is non-increasing.

Lemma 2.5.1. Let {wy} and {2z} be a sequence of vectors generated by Algom'thm
and (2.16)), respectively. Then, we have

lwiall < flzell < fJokll-

Moreover, if ||wi|| = ||zx]|, we have wy, = ry, for some r € R.
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Proof. The inequality ||z;|| < ||wg]| follows from

1
Jwell? = lzal” = lJwl]®* = —5 = lwkl® —

lyx [

(s we)® _ Nlwil[lyell” = (yi we)®

- >0
112 g2

where the second equality holds follows from ([2.15)) and the last inequality holds due to
the Cauchy-Schwarz inequality. If ||wy| = ||2k||, the Cauchy-Schwarz inequality becomes

an equality resulting in wj = ry for some r € R.

Next, from (2.14)), we have

kil = it
(D iz [P(a:) T 2])?

(2.20)

Using ([2.13), we can represent the denominator as

3 IB(a)" ) = iz |20l
=1

y,fyk

From

> 1@ (an) yel =D 1@(a)" (O Bay)) =D 1D () O(ay)cfct

i=1 i=1 j=1 i=1 j=1
and

ek =YY ®(a;)"®(a;)cfct,
i=1 j=1

we obtain

Doima | 205 P(ai)" (a;)cf ]|

1
Dot 21 Plai) R (ay)cke

Bl B

> 1.

(2.21) Z @ (a;)" 2| =

<.
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By (2:20) and (2.21)), we finally have [wy1[* < [|21*. u

Lemma 2.5.2. If ||wg|| = ||wks1]|, then we have wy = H;# and yp = IR which
leads to wy = Wgy1.

Proof. Since ||wy| = |[wii1]], by Lemma [2.5.1] we have ||z]| = ||ws| and thus
wy, = 1Y for some r € R. Using (2.15)), we have r = W, which results in wy = ﬁ

k k
In the same way, we can show y; = “1U—k”2 Since this implies z; = wy, by (2.16)), we finally
Wk
have
Zke Wi

Doicy [Plai)z] Y [@(ai)Twyl

where the first equality follows from (2.14]) and the last equality holds from the feasibility

of wy,. O
Theorem 2.5.3. The sequence {wy} converges in a finite number of steps.

Proof. Suppose the sequence {wy} does not converge. As an iterate wy is solely
determined by a sign vector ¢* € {—1,+1}", the number of possible vectors that wy can
take is finite. Therefore, if the sequence {wy} does not converge, some vectors must appear
more than once. Without loss of generality, let w; = w;,,,,. By Lemma [2.5.1] we have
vl = ]l = eorsa| = .. > [ forcing us to have Jlwrl] = fwisall = - = gl
This implies w; = wy 1 = -+ = Wiy, by Lemma [2.5.2] contradicting the assumption that
the sequence {wy} does not converge. Therefore, the sequence {wy} generated by Algorithm

must converge in a finite number of steps. 0
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Next, we show that the sequence of {||wy||} generated by Algorithm |1 converges at
a linear rate. Although Theorem shows that the algorithm converges in a finite
number of steps, it may take an exponential number of steps to converge, due to the
combinatorial structure of the problem, making it not appropriate in a large-scale setting.
To make sure that this does not happen for Algorithm [T, we additionally prove linear
convergence, which ensures that the optimality gap decreases no worse than a certain
rate p < 1. Since this result implies that an e-optimal local solution can be attained after
O(l%p log %) iterations, we can obtain a near-optimal solution after a sufficient number of

iterations without waiting for an exponential number of steps.

Theorem 2.5.4. Let Algorithm (1] start from wy and terminate with w* at iteration

k*. Then, for k < k*, we have
[[wgll = flw*]] < p*([fwoll = [lw*]))

where p = max {p(c) | c € {—1,1}", p(c) < 1} where

i 2 P(a) e (gg)cicy

ple) Doicr | 205 ®(ai)Te(ay)cics|

Proof. From (2.14)), we have

TP — | —
Yo |®(as) T 2|

Since [|zg—1]| < ||wg—1| holds by Lemma [2.5.1] we obtain

loall
S P (a) ]

(2.22) i <
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Subtracting ||w*|| to (2.22), we have

[wp 1 1

2.23) |wg| = [[w*|| € =5 — [|[w*|| € =5 wr_1]| — ||ws
( ) || k” ” || = 27,:1|<I>(a7,>TZk—1| || ” ZZ:1|®(QZ)TZI<:—1|(H k 1|| || ||)

where the last inequality follows from ([2.21]).

By induction on ([2.23]), we obtain

k
1
2.24 w|| — [|w*]| < — woll — [|[w*|]).
(2.21) ol = 11 < TT s ool = D

=1

From (2.21]), we know that

> [@(an) " aa| > 1.
=1

If >0 |®(a;)"z-1] = 1, then we have

resulting in

= sgn( Z CID(ai)TCD(aj)cé.’l> :

=1 we obtain w; = wy,;. Therefore, as long as [ < k*,

1

m <
2im [ ®(ai)" 2]
using ([2.24)), we obtain the desired result. O

Since this implies ¢! = sgn(Kd ™) = ¢

we must have Y " [®(a;)Tz;_1| > 1. Since this implies p(¢/~!) = 1,
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As shown in Theorem [2.5.4] no matter where the algorithm starts, the sequence of
objective values of (2.2)) converges at a linear rate. Now, we show that we can obtain a

local optimal solution of (2.1)) by scaling the output of Algorithm .

Theorem 2.5.5. Let the output of Algom'thm be w*. Then, z* = Hw—*H 15 a local
w

optimal solution of (12.1)).

Proof. By construction, z* is feasible. Since w* is the output of Algorithm [I} y* =

”“’W holds by Lemma [2.5.20 Next, consider L(\, z) = S [®(a;)Tz| — A(Jlz]% — 1).
w

From V,L(\ ) =>"7"  sen(®(a;)"2)P(a;) — 2A\z, we have

n n

VoL 2) = sgn(®(a;) 2")®(a;) — 200" = sgn(®(a;) w*)D(a;) — 2\a".

i=1 i=1

* *

w T

= , we have

Since Y 1", sgn(®(a;) T w*)®(a;) = y* = w2~ JJw]]

V.L(\ z") = ( L 2)\> x*

[[w*|
1
Therefore, with \* = Tk we have V,L(\*, z*) = 0, meaning that (A\*, z*) satisfies the
w
first order necessary conditions. Moreover, from V,,L(\*, x*) = —2X*I < 0, the second

order sufficient condition is also satisfied. Since (A\*, z*) satisfies the first and second order

conditions, from the theory of constrained optimization, z* is a local optimal solution of

ED. O

2.6. Numerical Experiments

In this section, we assess the robustness and scalability of Algorithm [1| by running

it on several tasks and compare it with other kernel PCA algorithms. First, we apply
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them on datasets having entry-wise perturbations and investigate how well each algorithm
extracts principal components in a noisy setting. Next, we introduce their application
to outlier detection and compare their performance with other popular outlier detection
models. Lastly, we provide their runtime comparison.

In addition to Algorithm [1} the two other Li-norm kernel PCA algorithms (KPCA-
L1 [43], L1-KPCA [77]), the kernel version of R;-norm PCA (R1-KPCA [19]) and Ly-norm
kernel PCA (L2-KPCA [71]) are considered in the experiments. While R;-norm PCA [19]
is not originally designed to incorporate kernels, we include it as it is easy to develop a
kernel variant. Other Li;-norm PCA algorithms were also considered but since it is not

straightforward to develop a kernel version for them, they are disregarded.

2.6.1. Robust Extraction of PCs

To measure robustness, we first run the algorithms on datasets having entry-wise pertur-
bations (noisy datasets) to obtain loading vectors. After that, we compute how much
variation in the perturbation-excluded datasets (normal datasets) is explained by the
loading vectors obtained from the noisy datasets. For this experiment, we prepare synthetic
datasets having entry-wise perturbations so that loading vectors obtained by running
Lo-norm kernel PCA on noisy and normal datasets are different from each other.

To generate synthetic datasets, we first construct a 1000 x 50 data matrix with the
rank of 10 following the data generation procedure in [65]. While the largest size in [65] is
300 x 50, we choose the size of 1000 x 50 to consider larger datasets. To obtain entry-wise
perturbations, we corrupt r% of observations by adding some random noises. We refer

to the resulting dataset as a noisy dataset and the noisy dataset without the entry-wise
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perturbations as a normal dataset. For each value of r € {5, 10, 15,20, 25,30}, we generate
10 instances.

Let K denote a kernel matrix of a normal dataset and x1, ..., x, be p loading vectors
obtained by running Lo-norm kernel PCA on K. Also, let K be a kernel matrix of a
noisy dataset and 1, ..., Z, be loading vectors obtained by running one of the kernel PCA
algorithms (Algorithm , KPCA-L1, LI-KPCA, R1-KPCA, L2-KPCA) on K. Assuming
that the normal dataset is standardized,

P n p
(2.25) D (@) E)? =D K
j=1 i=1 j=1
represents the amount of variation in the normal dataset explained by the p loading vectors
Z1,...,T, where n is the number of observations in the normal dataset. After dividing
by Z§:1 x?K x;j, which is the maximum amount of variation in the normal dataset

that the p orthogonal vectors can explain, and multiplying by 100, we get the following

measure:
iR
(2.26) (Total Explained Variation) 100 X =5—7——.
i1 T Kz;

Metric captures how well the loading vectors obtained from the noisy dataset
explain variation in the normal dataset with respect to the Ly-norm. Therefore, it can be
used to measure the robustness of each kernel PCA algorithm in the presence of entry-wise
perturbations. For example, if one algorithm has a value close to one, then it is robust

with respect to entry-wise perturbations. Using this metric, we compare the robustness of

Algorithm [1| with that of KPCA-L1, L1-KPCA, R1-KPCA, and L2-KPCA. For each value
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of r, we compute (2.26)) for the ten datasets with p = 4 and average them. We arbitrarily
choose p = 4 since the result is consistent regardless of the choice of p. Figure shows
the results for the linear kernel and Figure [2.3| shows the results for the Gaussian kernel

with the width parameter ¢ varying from 10 to 25.

100 T

—O— Algorithm 1
—A—KPCA-L1
—B—L1-KPCA
F: —%—R1-KPCA
—B—L2-KPCA

Total Explained Variation

85 1 1
5 10 15 20 25 30

% of entry-wise perturbations

Figure 2.2. Robust extraction of PCs (linear kernel)

In the case of the linear kernel, R1-KPCA achieves the best performance for all
values of r followed by the L;-norm based kernel PCA algorithms and L2-KPCA. While
the loading vectors from L2-KPCA explain about 90% of the variation, those from
R1-KPCA, Algorithm [, KPCA-L1, and L1-KPCA explain around 96%,95%,94%, and
93% of the variation, respectively. This demonstrates the robustness of the R;-norm
and Li-norm based kernel PCA algorithms with respect to the presence of entry-wise
perturbations. Among the three L;-norm based kernel PCA algorithms, Algorithm

consistently outperforms KPCA-L1 and L1-KPCA by 1% and 2%, respectively. As the
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=
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o a

Total Explained Variation

~
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95 T T T T 95 T T

Total Explained Variation
Total Explained Variation

% of outliers % of outliers

Figure 2.3. Robust extraction of PCs (Gaussian kernel with o from 10 to 25)

percentage of corrupted observations (r%) increases, the total explained variation tends to
decrease for all of them but the gaps between them remain the same.

When the Gaussian kernel is used, the results are slightly different depending on the
value of r and o. If r and o are small, the effects of entry-wise perturbations are relatively
small so that all the algorithms give pretty similar results. However, if r or ¢ is large, the
effects of entry-wise perturbations are pronounced in the kernel matrix, and therefore, the
results are different depending on the robustness of the algorithms. As shown in Figure [2.3]
the three L;i-norm kernel PCA algorithms and R1-KPCA outperform L2-KPCA as in the
case of the linear kernel. However, while R1I-KPCA achieves the best performance for the
linear kernel, the L;-norm based kernel PCA algorithms work better than R1-KPCA when

the Gaussian kernel is used. Especially, Algorithm [I] outperforms all the other algorithms
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if r exceeds 20. The superior performance of Algorithm [If ranges from 1% to 5% in these

cases.

2.6.2. Outlier Detection

Ly-norm PCA has been shown to be effective for anomaly detection |74]. The idea is to
extract loading vectors using datasets consisting of only normal samples and use these
loading vectors to develop a detection model. Specifically, a boundary of normal samples
is constructed from the loading vectors and the boundary is used to discriminate normal
and abnormal samples.

We extend this principle to outlier detection, i.e. its unsupervised counterpart. In the
outlier detection setting, sample labels are not given when the model is built. Therefore,
it is not possible to build a detection model solely based on normal samples. Given this
context, we run robust kernel PCA algorithms on the entire dataset (with outliers) and use
the resulting loading vectors to characterize a boundary of normal samples. Since these
loading vectors are less influenced by outliers as illustrated in Section 2.6.1] we expect
that they would better construct a normal boundary. We compare the performance of
Algorithm [1] based models to that of KPCA-L1, L1-KPCA, R1-KPCA, and L2-KPCA
based models as well as two other popular outlier detection models [11] [49].
2.6.2.1. Toy Examples. We first illustrate the advantage of using robust kernel PCA
for outlier detection using the following two-dimensional toy examples.

Figure displays the distribution of normal samples and outliers. As the normal
samples follow a linear pattern, we run the kernel PCA algorithms with the linear kernel

and represent their first loading vectors in Figure 2.4, In the figure, the first loading
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® [ = Algorithm 1, KPCA-L1, L1-KPCA
————— R1-KPCA
——L2-KPCA
O |- -
_5 Il Il Il Il Il Il Il Il Il
5 4 3 2 1 0 1 2 3 4 5

Figure 2.4. First toy example (original space)

vectors of the three L;-norm based kernel PCA algorithms are represented using a single
dashed line since they yield the same first loading vector in this example. In addition to
the normal samples forming a linear pattern, there are some outliers scattered exhibiting
two different patterns; the two triangle points are outliers due to their scale and the six
square points are outliers since they do not follow the linear pattern. If the first loading
vector exactly matches the linear pattern, outliers can be easily detected in the principal
space; the triangle points can be detected due to large first principal components and the
square points can be detected from large second principal components. However, due to
the presence of outliers, it is impossible that the first loading vector exactly matches the
linear pattern. Given this context, we use robust kernel PCA algorithms to obtain the
first loading vector with lower deviation from the linear pattern.

Figure [2.5|displays the PCA results of the five kernel PCA algorithms. In the figure, the

x-axis and the y-axis represents the first and the second principal component, respectively.
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As shown in the figure, the triangle outliers can be easily separated by the first principal

component for any kernel PCA algorithm. However, while the square outliers can be

discriminated by the second principal component of the Li;-norm based kernel PCA

algorithms and R1-KPCA, there exists some overlap between the normal samples and the

square outliers in the range of the second principal component of L2-KPCA. As seen in

the figure, two outliers appear closer to the origin than some normal samples making the

circular boundary of the normal samples include them. On the other hand, all the normal

samples are clearly separated from the outliers in the principal space of the L;-norm based

kernel PCA algorithms and R1-KPCA, demonstrating the advantage of using robust kernel

PCA in outlier detection. This result is consistent with the findings in Figure 2.2

Figure 2.6. Second toy example (original space)
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In order to see if the same result holds for the Gaussian kernel, we consider another
example. As shown in Figure 2.6, the second example has a spiral pattern consisting of
normal samples as well as two types of outliers. As in the previous example, it has both
trivial outliers (the triangle points) and more challenging outliers (the square points). In
order to obtain nonlinear principal components, we run the five kernel PCA algorithms
with the Gaussian kernel. As Figure displays, only Algorithm [1| succeeds to exclude
the square outliers from the boundary while the other kernel PCA algorithms include
them within the boundary. This superior performance of Algorithm [1] with the Gaussian
kernel is consistent with the results in Section and attests the effectiveness of using

it for outlier detection, especially with the Gaussian kernel.

3 Algorithm 1 3 KPCA-L1 3 L1-KPCA 3 R1-KPCA 3 L2-KPCA
A An Ap An

2 2 2 2 2
Bl 1 g1 g1 31
I [ © [
&0 0 80 &0 80
o o o o
g -4 £ g 1 g

2 2 2 2 2

AL
3 3 3 3 3
6 4 2 0 2 6 -4 2 0 2 6 -4 2 0 2 6 -4 2 0 2 6 -4 2 0 2
PC1 (scaled) PC1 (scaled) PC1 (scaled) PC1 (scaled) PC1 (scaled)

Figure 2.7. Second toy example (principal space)

2.6.2.2. Real-world Datasets. For outlier detection, we use datasets from the UCI

Machine Learning Repository [18] and the ODDS Library [69], see Table [2.1]

Table 2.1. Real-world datasets for outlier detection

Data set # samples | # features | # outliers
WBC 378 30 | 21 (7.6%)
Tonosphere 351 33| 126 (36%)
BreastW 683 91 239 (35%)
Cardio 1831 21| 176 (9.6%)
Musk 3062 166 | 97 (3.2%)
Mnist 7603 100 | 700 (9.2%)
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In this experiment, we use a similar detection rule as the one in [74] where it is applied
for anomaly detection. Let Y € R"*? denote p principal components and m; and A; be
the mean and variance of the j** principal component, respectively. To detect outliers, we
consider the following detection model, which classify the i** sample as an outlier if

(Yi; — my)?
2.27 — >
(2:27) >

{3:xj>a} J

The metric appearing on the left-hand side of represents the squared Euclidean
distance to the origin in the standardized principal space consisting of principal components
whose variance is greater than or equal to a. Therefore, our model can be understood
as drawing a circular boundary (as illustrated in Figures and on this reduced
standardized principal space. Since sample labels are unknown at the stage of building a
model in the outlier detection setting, it is unclear how to choose an appropriate c. So, we
compute precision and recall with varying ¢ and evaluate the performance of each model
using AUC under the precision-recall curve. We compare AUC of the Algorithm [I] based
models to that of the KPCA-L1, L1-KPCA, R1-KPCA, and L2-KPCA based models as
well as that of the two popular outlier detection models, Local Outlier Factor (LOF) [11]
and Isolation Forest (iForest) [49].

Since principal components having small sample variance provide minor information,
we only consider principal components whose sample variance is greater than or equal to
some threshold value a. We set a be to the largest & such that

d

08x ) A< Y

Jj=1 {7:r;2a}
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holds where d is the number of features. For the choice of the kernel function, we consider
both the linear kernel and the Gaussian kernel with the width parameter o of the Gaussian
kernel to be equal to d. On the other hand, we set the number of nearest neighbors to 10
in LOF, and the number of trees, the size of subsample, and the number of rounds to 100,

256, and 10, respectively in iForest since these parameter values are commonly used.

Table 2.2. AUC of the outlier detection models

AUC

Datasets Linear Gaussian 1) | a9]
Alg 1| [43] | [77] | [19] L2 | Alg 1| [43] | |77] | [19] L2

WBC 0.52 | 0.53 | 0.53 | 0.47 | 0.48 | 0.55 | 0.55 | 0.56 | 0.47 | 0.49 | 0.35 | 0.55

Ionosphere | 0.66 |0.73 | 0.68 | 0.70 | 0.71 | 0.71 | 0.67 | 0.68 | 0.68 | 0.71 | 0.70 | 0.71

Breastw 093 1091 1092|092 092 | 0.94 | 092 | 0.93 | 0.95|0.94 | 0.38 | 0.95

Cardio 0.58 | 0.56 | 0.58 | 0.44 | 0.51 | 0.59 | 0.52 | 0.56 | 0.49 | 0.44 | 0.19 | 0.51

Musk 0.99 | 0.99 (| 0.99| 096 | 094 | 0.99 | 0.99 | 0.99 | 0.92 | 0.94 | 0.09 | 0.76

MNIST 0.40 | 0.40 | 0.40|0.40 | 0.39 | 0.40 | 0.40 | 0.40 | 0.38 | 0.36 | 0.19 | 0.34

Table 2.2 displays the AUCs of the 12 different detection models. The numbers in bold
present the highest AUC cases (there can be several similar top performances). If outliers
are obvious, any kernel PCA based model works well as seen in the case of Breastw and
Musk. However, if outliers are unclear, the Algorithm [I| based detection models tend to
outperform the other detection models. Especially, the Algorithm |1] based model with the
Gaussian kernel consistently achieves top AUC values. Compared to the kernel PCA based
models, LOF and iForest do not work well. LOF never achieves the top performance and
iForest is not competitive for high-dimensional datasets such Must and MNIST although
it yields the top AUC values for WBC and Breastw. As opposed to them, the Algorithm
based model with the Gaussian kernel consistently works well regardless of the size of the

problem, demonstrating its effectiveness in outlier detection.
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2.6.3. Runtime Comparison

Lastly, we compare the runtime of Algorithm [Ito that of KPCA-L1, L1-KPCA, R1-KPCA,
and L2-KPCA. In order to obtain a runtime comparison, we run them on the six real-

world datasets presented in Table and measure the time taken to get all the principal

components.
Table 2.3. Runtime comparison
Runtime (minutes)

Datasets Linear Gaussian
Alg 1| [43] [77] [19] | L2 | Alg1| [43] [77] [19] L2
WBC 0.0 0.0 0.1 0.2]0.0 0.0 0.0 0.0 0.2 0.0
Tonosphere 0.0 0.0 0.1 0.2 0.0 0.0 0.0 0.1 0.2 0.0
Breastw 0.0 0.0 0.1 0.21]0.0 0.0 0.0 0.1 0.1 0.0
Cardio 0.0 1.9 12.3 7.6 | 0.1 0.0 1.8 15.3 6.2 0.1
Musk 0.5] 69.6 | 999.1 | 973.5 0.3 0.5 12.9 | 1018.0| 968.3| 0.1
MNIST 1.8 | 558.6 | 9172.9 | 2285.3 | 4.4 2.0 1121.7 | 18231.7 | 2897.5 | 10.9

As shown in Table 2.3 the runtime largely varies across the algorithms. Among
the Li-norm based kernel PCA algorithms, Algorithm [1| has the smallest runtime for all
datasets. Actually, it is much faster than the other two algorithms since it requires only one
matrix-vector multiplication while the other algorithms entail either eigen-decomposition
or solving a system of equations. R1-KPCA is also not as fast as Algorithm [I] since it
involves QR-decomposition in each iteration to make loading vectors orthogonal. Among
the robust kernel PCA algorithms, only Algorithm [1}is computationally comparable to

L2-KPCA, making it the best choice for robust kernel PCA in a large-scale setting.

2.7. Final Remarks

In this work, we present a simple algorithm for L;-norm kernel PCA and provide its

convergence analysis. In order to develop it, we first reformulate L;-norm kernel PCA
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into a geometrically interpretable problem and derive a geometric interpretation behind
it. Based on the geometric interpretation, we develop an algorithm to which the kernel
trick is applicable. In the convergence analysis, we prove that the algorithm converges to
a local optimal solution in a finite number of steps and the sequence of objective values
converges at a linear rate.

The computational experiments demonstrate the robustness of the proposed algorithm
in the presence of entry-wise perturbations and the runtime comparison shows that it
takes much less time than the other robust kernel PCA algorithms. Also, its application
to outlier detection outperforms all of the other benchmark algorithms. The model based
on the proposed algorithm is not only better than that of the other kernel PCA based
models but also outperforms LOF and iForest, especially when high-dimensional datasets

are considered.
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CHAPTER 3

Scale Invariant Power Iteration

3.1. Introduction

This chapter studies scale invariant problem and its extended settings. In ,
the constraint 0B, in is not a convex set, therefore scale invariant problems are in general
non-convex optimization problems. Nevertheless, it is possible to efficiently solve some
cases of , for instance, the leading eigenvector problem [26], which is a motivating
example of our study. Power iteration is an algorithm to find the leading eigenvector
of a matrix A. In power iteration, the update rule z11 < Axp/||Azy| is repeatedly
applied until some stopping criterion is satisfied. Since no hyperparameter is required,
this update rule is practical yet attains global linear convergence with the rate of |Aa|/|\|
where |\;| is the i largest absolute eigenvalue of A. This convergence result is analogous
to that of gradient descent for convex optimization. Therefore, many variants including
coordinate-wise [46], momentum [79], online [9},24], stochastic [63], stochastic variance-
reduced (VR) [72,|73], and stochastic VR momentum [40,79] power iterations have been
developed, drawing a parallel literature to gradient descent for convex optimization.

Power iteration can be considered as a special case of the Frank-Wolfe algorithm
(also called the conditional gradient method) with the step size of one. In this respect,
an iterative algorithm called generalized power method (GPM), which computes the

gradient at a current iterate and obtains the next iterate by projecting the gradient to the
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constraint set is introduced in [35]. This idea has been used in many applications such
as sparse principal component analysis (PCA) [35,/55], L;-norm kernel PCA [39], phase
synchronization [54], and the Burer-Monteiro factorization of semi-definite programs [20].
While the linear convergence property of power iteration has been extended to some of
these applications, theoretical understanding of when and how such an algorithm enjoys
the attractive convergence property of power iteration is limited. For example, only global
sublinear convergence of GPM has been shown for a general convex f [35], which does
not generalize the appealing linear convergence property of power iteration.

On the other hand, we can view a scale invariant problem as an optimization problem on
the real projective plane and consider an equivalent optimization problem on the embedding
space (RY). The resulting optimization problem is unconstrained in the embedding space
but have a highly non-convex structure as the maximization of the Rayleigh quotient. To
find an optimal solution of the reformulated problem, one can employ general algorithms
for unconstrained non-convex optimization such as gradient and Newton methods with
line search, and trust region method [1].

In this work, rather than working in the embedding space, we focus on a generalization
of power iteration to solve scale invariant problems. Specifically, we derive an algorithm
called scale invariant power iteration (SCI-PI) and show that scale invariant problems can
be efficiently solved by SCI-PI with a generalized convergence guarantee of power iteration.
Having a general form of power iteration, SCI-PI requires no parameters and is thus much
simpler than general non-convex algorithms yet still attains local linear convergence. To
justify that SCI-PI is an appropriate algorithm for scale invariant problems, we derive an

eigenvector property stating that any stationary point z* satisfying V f(z*) = \*z* for
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some \* is an eigenvector of V2f(z*). Due to the eigenvector property, scale invariant
problems can be locally seen as the leading eigenvector problem and thus we can expect
that SCI-PI, a general form of power iteration, would efficiently solve scale invariant
problems near a local optimum x*.

In order to derive SCI-PI, we rely on a novel reformulation. By swapping the objective
function and the constraint, we obtain a geometrically interpretable dual problem with
the goal of finding the closest point w to the origin from the constraint f(w) = 1. By
mapping a primal iterate x; to the dual space, taking a descent step in the dual space
and mapping it back to the original space, we provide a geometric derivation of SCI-PI,
which replaces Az with V f(zy) in power iteration. In the convergence analysis, we
show that SCI-PI converges to a local maximum z* at a linear rate when initialized close
to it. The convergence rate is proportional to As/\* where ), is the spectral norm of
V2 f(x*)(I — x*(2*)T) and \* is the Lagrange multiplier corresponding to z*, generalizing
the convergence rate of power iteration. Moreover, under some mild conditions, we provide
an explicit expression of the initial condition [|zg — *|| to ensure local convergence.

In the extended settings, we discuss three variants of scale invariant problems. In the
first setting, f is replaced with a sum of scale invariant functions. This setting covers a
Kurtosis-based ICA and can be solved by SCI-PI with similar convergence guarantees. We
also consider a block version of scale invariant problems which covers the Burer-Monteiro
factorization of semi-definite programs and KL-NMF. To solve block scale invariant
problems, we present a block version of SCI-PI and show that it attains linear convergence
in a two-block case. Lastly, we consider partially scale invariant problems which include

general mixture problems such as GMM. To solve partially scale invariant problems, we
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present an alternative algorithm based on SCI-PI and the gradient method, and prove its
local linear convergence. In numerical experiments, we benchmark the proposed algorithms
against state-of-the-art methods for KL-NMF, GMM and ICA. The experimental results
show that our algorithms are computationally competitive and result in better solutions
in several cases.

Our work has the following contributions.

(1) We introduce scale invariant problems which cover interesting examples in statistics
and machine learning yet can be efficiently solved by SCI-PI due to the eigenvector
property.

(2) We present a geometric derivation of SCI-PI using a dual reformulation and
provide a convergence analysis for it. We show that SCI-PI converges to a local
maximum z* at a linear rate when initialized close to x*, generalizing the attractive
convergence property of power iteration. Moreover, we introduce three extended
settings of scale invariant problems together with their convergence analyses.

(3) We report numerical experiments including a novel reformulation of KL-NMF to
extended settings of scale invariant problems. The experimental results demon-
strate that SCI-PI are not only computationally competitive to state-of-the-art

methods but also often yield better solutions.

The paper is organized as follows. In Section we define scale invariance and present
interesting properties of scale invariant problems including an eigenvector property and a
dual formulation. We then provide a geometric derivation of SCI-PI and a convergence
analysis in Section |3.3. The extended settings are discussed in Section [3.4] and we report

the numerical experiments in Section
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3.2. Scale Invariant Problem

Before presenting properties of scale invariant problems, we first define scale invariant

functions.

Definition 3.2.1. We say that a function f : R? — R is multiplicatively scale invariant

if it satisfies

(3.1) flex) = u(c) f(x)

for some even function u: R — R with u(0) = 0. Also, we say that f: R4\ {0} = R is

additively scale invariant if it satisfies
(3.2) flex) = f(z) +v(c)
for some even function v : R\ {0} — R with v(1) = 0.
The following proposition characterizes the exact form of u and v for continuous f.

Proposition 3.2.2. If a continuous function f # 0 satisfies (3.1)) with a multiplicative

factor u, then we have
(3.3) u(c) = |ef”

for some p > 0. Also, if a continuous function f satisfies (3.2)) with an additive factor v,

then we have

(3.4) v(c) = log, ||
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for some a such that 0 < a and a # 1.

Proof. We first consider the multiplicative scale invariant case. Let x be a point such

that f(z) # 0. Then, we have
f(rsz) = u(rs)f(z) = u(rju(s) f(z),
which results in
u(rs) = u(ryu(s)
for all 7, s € R. Let g(r) = In(u(e")). Then, we have
g(r+s) = In(u(e"™)) = In(u(e"e®)) = In(u(e")) + In(u(e”)) = g(r) + g(s),

which implies that ¢ satisfies the first Cauchy functional equation. Since f is continuous,

so is u and thus g. Therefore, by |70, pp. 81-82], we have
(3.5) g(r) =rg(1)

for all » > 0. From the definition of g and , we have
(3.6) u(e") = e9") = (em)9W),
Representing r» > 0 as r = €™ and using (3.6)), we obtain

u(r) =u (eln(r)) — p9(1) — pn(u©) —
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Since f(x) # 0, if p = In(u(e)) < 0, then we have

lim, o, f(re) = lim, o, u(r) f(z) = f(z) - lim, 0,77 = f(x) - 00 # f(0) < o0,

contradicting the fact that f is continuous at 0. Also, if p = 0, then we get u(r) = 1, which
contradicts u(0) = 0. Therefore, we must have p > 0. From u being an even function, we

finally have

for r € R.

Now, consider the additive scale invariant case. For any x € dom(f), we have

frsz) = f(z) +v(rs) = f(x) +v(r) +v(s),

which results in

v(rs) =v(r) + v(s)

for all r,s € R. Let g(r) = v(e”). Then, we have

g(r+s) =v(e™®) =v(e"e®) = v(e") +v(e®) = g(r) + g(s).

Since g is continuous and satisfies the second Cauchy functional equation, by |70, pp. 83-84],

we have
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for all » > 0. For r > 0, letting r = ™), we have

v(r) = v(e™”) = g(In(r)) = g()n(r) = v(e)ln(r) = log,(r)

1
where a = e . Note that a satisfies 0 < @ and a # 1. From the fact that v is an even

function, we finally have
v(r) = log,|r|
for r € R\ {0}. O

Using the explicit forms of u and v in Proposition [3.2.2 we establish derivative-based

properties of scale invariant functions below.
Proposition 3.2.3. Suppose that f is twice differentiable. If f satisfies (3.1]) with a
multiplicative factor u(c) = |c|P, we have
(3.7) cVf(er) =[cVf(x), Vfx)'z=pflx), Vfla)r=(p-1)Vf(z).
Also, if f satisfies (3.2) with an additive factor v(c) = log, |c|, we have
(3.8) cVf(cx)=Vf(x), Vf(x)'z=log ' (a), V’f(z)z=-Vf(x).
Proof. Without loss of generality, we can represent a scale-invariant function f as

(3.9) flex) = u(e) f(x) + v(e)
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since we can restore a multiplicatively or additively scale-invariant function by setting

v(c) = 0 or u(c) = 1, respectively. By differentiating (3.9)) with respect to =, we have

On the other hand, by differentiating (3.9)) with respect to ¢, we have
(3.10) Vf(cx) 'z =u(c)f(x) +2'(c).

By differentiating (3.10]) with respect to x, we obtain

(3.11) V2 f(ex)r + Vf(ex) = ' (c)Vf(x).
Plugging ¢ = 1 into (3.10]) and (3.11)) completes the proof. O

Proposition [3.2.3)states that a scale invariant function satisfies V2 f(z) = kV f(x) holds
for some k. This relation is interesting since using the first-order optimality conditions,

we can derive an eigenvector property as follows.

Proposition 3.2.4. Suppose that f is twice differentiable and let (\*, x*) be a station-

ary point of (1.1) such that
Vf(x*) =Nz

If f satisfies (3.1)) with u(c) = |c|?, then we have

V2f(x*)z* = (p— 1)A\*z*.
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Also, if [ satisfies (3.2)) with v(c) = log, |c|, then we have
V2f(z*)a* = —\a*.

In both cases, x* is an eigenvector of V2 f(x*). Moreover, if \* is greater than the largest

eigenvalue of V2 f(x*)(I — x*(x*)T), then x* is a local mazimum to (1.1]).

Proof. Consider the Lagrangian function

L, \) = fz) + 2 (1 [l2]})

2
and a stationary point (A*, z*) satisfying
Vi(x®) =Xaz", =7 = 1.
If f is multiplicative scale invariant with the degree of p, by Proposition [3.2.3 we have
Vif(z")a" = (p = DV f(z") = (p — 1)A"2".
Also, by Proposition [3.2.3], if f is additive scale invariant f, we have

V2f(a*)z* = =V f(z*) = —\z*.

Therefore, in both cases, a stationary point z* is an eigenvector of V2 f(x*).
Suppose that A* is greater than the largest eigenvalue of V2 f(z*)(I — x*(z*)T). For

any d satisfying d”x* = 0, we have

dTVExL(x*, AN)d = dTVQf(m*)(I — x*(m*)T)d — )\*||d||2 < 0.
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Since the second-order sufficient condition is satisfied, z* is a local maximum. O

Proposition [3.2.4] states that a stationary point z* is an eigenvector of V2f(z*). Note
that the Lagrange multiplier \* is not necessarily an eigenvalue corresponding to x*. The
eigenvalue corresponding to x* is (p — 1)A* if f is multiplicatively scale invariant or —\*
if f is additively scale invariant. The sufficient condition for local optimality requires
that the Lagrange multiplier A\* rather than the eigenvalue corresponding to z* is greater
than the largest eigenvalue of V?f(x*)(I — z*(2*)T). Due to this eigenvector property,
scale invariant problems can be considered as a generalization of the leading eigenvector

problem. Next, we introduce a dual formulation of scale invariant problems.

Proposition 3.2.5. Suppose that a continuous function f is either multiplicatively
scale invariant such that f(z*) > 0 or additively scale invariant with an additive factor
u(c) = log, |c| with a > 1. Then, solving (1.1)) is equivalent to solving the following

optimization problem
(3.12) min ||w| subject to f(w)=1.

In other words, if x* is an optimal solution to (L.1]), then w* = x*/ f(x*)"/? (multiplicative)
or w* = a'~f@)g* (additive) is an optimal solution to (3.12). Conwversely, if w* is an

optimal solution to (3.12), z* = w*/||w*|| is an optimal solution to (1.1).

Proof. First, we consider the case where an objective function f is multiplicative
scale invariant with a multiplicative factor u(c) = |c|P where p > 0. Let w* be an optimal

solution to (3.12). From that f(w*) = 1, we have w* # 0, which leads to ||w*|| > 0 and
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f(w*/||w*]]) = 1/[Jw*||” > 0. Suppose an optimal solution to (1.1)) is y with

(3.13) fQy) > f (w*/[[w*]]) > 0.

Let § = y/f(4)"/7. Then, we have f(§) = 1 and y = §/||gll. Using f(3) = f(w") = 1, we

have

(3.14) Fly) = £ @/ = 1/, f (*/llw* ) = 1/[Jw*'.

From (3.13]) and (3.14]), we obtain ||g|| < ||w*||, which contradicts that w* is an optimal
solution to (3.12)).
On the other hand, let z* be an optimal solution to (1.1)) with f(z*) > 0. Suppose

that an optimal solution to (3.12)) is z with

(3.15) 2l < lla*[l/ f(2*) 7.

Let 2 = z/||z||. Then, we have ||2|| =1 and z = 2/f(2)"/?. From that ||2|| = ||z*| = 1, we
have

(3.16) 1zl = 1121/ f(YP = 1/ F(2)2, ™|/ ()P = 1/ f(a™) P

From ([3.15]) and (3.16)), we have f(z*) < f(2) since p > 0, which contradicts the assumption

that 2* is an optimal solution to (|1.1)).
Next, let f be an additively scale invariant function with an additive factor v(c) = log,|c|

with @ > 1. In the same way as above, let w* be an optimal solution to (3.12]) and suppose
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that an optimal solution of (1.1)) is y with

(3.17) fQy) > f (W /lw*]]) .

Let § = a'~7®y. Then, we have f(§) = 1 an y = 3/||9||. Since f(3) = f(w*) = 1, we have

(3.18) Fy) = F(@) —log,llgll = 1 =log,[lgll,  f (w*/[lw[]) =1 —log,|lw"[|.

From (3.17) and (3.18]), we have ||g|| < ||w*|| due to a > 1, contradicting the fact that w*
is an optimal solution to (3.12)).

Conversely, let z* be an optimal solution to ((1.1)) and suppose that an optimal solution

to (3.12) is z with

(3.19) 2] < |la*~ /2.
Let 2 = z/||z||. Then, we have ||2|| = 1 and z = a'~7®)2. Using ||2|| = ||z*|| = 1, we have
(3.20) 2| = a"/®), (a2 = @),

From (3.19) and (3.20), we have f(z*) < f(2) due to a > 1, contradicting the assumption

that =* is an optimal solution to ([1.1). O

Note that a dual reformulation for a multiplicatively scale invariant f with f(z*) <0
or an additively scale invariant f with 0 < a < 1 can be obtained by replacing f(w) =1
with f(w) = —1 in (3.12)). The dual formulation has a nice geometric interpretation
that an optimal solution w* is the closest point to the origin from the set {w : f(w) = 1}.

We use this understanding to derive SCI-PI in Section [3.3]
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Lastly, we introduce two well-known examples of scale invariant problems in machine

learning and statistics.

Example 3.2.6 (L,-norm Kernel PCA). Given data vectors a; € R? and a mapping

®:RY— F, L,-norm PCA considers

1
(3.21) max — yor|®(a;) 2P subject to x € IB,
n

T

where the objective function satisfies property (3.1)) with u(c) = |c[P.

Example 3.2.7 (Estimation of Mixture Proportions). Given a design matriz L € R"*4
satisfying L, > 0, the problem of estimating mixture proportions seeks to find a vector
7 of mizture proportions on the probability simplex S = {r : 22:1 7, = 1,7 > 0} that
mazximizes the log-likelihood Z?Zl log (Ezzlekﬂ'k). By reparametrizing m, by x%, we

obtain an equivalent optimization problem
1

(3.22) max — » " log (ZZZIijxi) subject to x € 0By,
n

which now satisfies property (3.2)) with v(c) = 2log|c|.

The reformulation idea in Example [3.2.7| implies that any simplex-constrained problem

with scale invariant f can be reformulated to a scale invariant problem.

3.3. Scale Invariant Power Iteration

In this section, we provide a geometric derivation of SCI-PI to find a local optimal
solution of ([1.1). The algorithm is developed using the geometric interpretation of the

dual formulation (3.12)) as illustrated in Figure [3.1] Starting with an iterate z;, € 9B,
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we obtain a dual iterate wy by projecting xj to the constraint f(w) = 1. Given wy, we
identify the hyperplane hj which the current iterate wy lies on and is tangent to f(w) = 1.
After identifying the equation of hy, we find the closest point z to the origin from hjy and
obtain a new dual iterate w41 by projecting zj to the constraint f(w) = 1. Finally, we

obtain a new primal iterate zj,1 by mapping w1 back to the set 0B,.

0By

N 2

Figure 3.1. Geometric derivation of SCI-PI

Now, we develop an algorithm based on the above idea. For derivation of the algorithm,
we assume that an objective function f is continuous and satisfies either (3.1) with
u(c) = |c[P where p > 0 and f(z) > 0 for all z € 9B or (3.2)) with v(c) = log,|c| where
1 < a. Under these conditions, a scalar mapping from x to wy can be well defined as
W = a:k/f(xk)l/p or wy = a' @)z, respectively. Let wy = cpxy. Since wy is on the
constraint f(w) = 1, the tangent vector of the hyperplane hy, is V f(wy). Therefore, we can
write down the equation of the hyperplane hy, as {w : Vf(wi)? (w — wy) = 0}. Note that
2i, 1s a scalar multiple of V f(wy,) where the scalar can be determined from the requirement
that z; is on hg. Since wy; is the projection of z;, it must be a scalar multiple of the

tangent vector yp = V f(wy). Therefore, we can write w1 as wgy1 = diyg. Finally, by
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projecting w1 to OB, we obtain

W41 dr Yk Yk V f(wy) V f(crar) V f(wx)

T el ~ Tl ~ Tll ~ T97G@ol ~ T95 @]~ 9@l

where the last equality follows from Proposition [3.2.3 Summarizing all the above, we

obtain SCI-PI presented in Algorithm

Algorithm 2 SCI-PI

Input: initial point xg

for k=0,1,..., 7T —1do

V (k)
T+l [ f@pl
end for
Output: zr

Next, we provide a convergence analysis of SCI-PI. Global sublinear convergence of
SCI-PI for convex f has been addressed in [35]. We additionally show that SCI-PI yields

an ascent step even for quasi-convex f.

Proposition 3.3.1. If f is quasi-convexr and differentiable, a sequence of iterates

{zk}k=01,... generated by SCI-PI satisfies f(xgy1) > f(xg) for k=0,1,---.

Proof. If f(zxg1) < f(zx), by the first-order condition of differentiable quasi-convex

functions, we have

(3.23)

V() (s — 2) = Vf ()T (% - ) V)] - V() e < 0.
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However, since f(xpy1) # f(xy), Vf(xr) is not a scalar multiple of zy, leading to
IV f ()l = V f (zx) 2 > 0.

This contradicts (3.23]). Therefore, we should have f(zg.1) > f(zk). O

If f is quasi-convex, the set {w : f(w) < 1} is convex, therefore, from Figure [3.1] we
can expect that SCI-PI would yield an ascent step. If f is not quasi-convex, { f(zx)}x=01..-
is not necessarily increasing, making it hard to analyze global convergence. Assuming that
an initial point xg is close to a local maximum z*, we study local convergence of SCI-PI

as follows.

Theorem 3.3.2. Let f be a scale invariant, twice continuously differentiable function
on an open set containing 0By and let * be a local mazimum satisfying V f(z*) = X*a*
and \* > Ny = maxoci<q|\s| where (A, v;) is an eigen-pair of V2 f(z*) with x* = vy. Then,
there exists some § > 0 such that under the initial condition 1 — xlxz* < §, the sequence of

iterates {Tg br—o.1,... generated by SCI-PI satisfies
1oy 2
V-l < T ) (- o).

where

A
—2—1—%<1forallt20and lim v, = 0.
A* k—o0
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Moreover, if V;f = 0f/0x; has a continuous Hessian H; on an open set containing

Bioso 2 {2 € R : |70 < 1}, we can explicitly write § as

- N A=
SO, A1y Ao, M) = min { [ = SANACE I
(A" As, A, M) mln{(/\1+M) ’(/\1+2M) ’ }

where

A=l M= max \/2?21(37TG¢(ZJ)$)2, Gi(y) = ijl vy Hj (y).

r€IBy, yeBd,oo

Proof. Since V2 f(x*) is real and symmetric, without loss of generality, we assume
that {vy,...,vq} form an orthogonal basis in R%.
Since f is twice continuously differentiable on an open set containing 0B, for x € 0By,

using the Taylor expansion of V f(z)Tv; at z*, we have

(3.24) Vi) v = Vi) v+ (o — ) V(2" + Ri(z)
where
(3.25) Ri(z) = of[|lz — 2]).

From V f(z*) = A*2* and 2* = vy, we have
Vi) v = Vi) 2" + (x—2%)'Vf(z*)r" + Ri(x)

= X" +a(z)
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where

a(z) = —M(1—2"2") + Ri(2) = o[z — 2]))

due to Ry(z) = o(||z — z*||) and 1 — 27a* = o(||z — x*||).

On the other hand, for 2 <i < d, due to V f(z*) = A\*z*, we have
(3.27) Vf(z*) v = N (") v; = 0.
From , this results in
(3.28) Vi) v = NaTv; + Ry(x).
Let Ry(x) = maxaci<q|Ri(x)]. Note that Ry(z) = o([|lx — 2*||). By (3.28), we obtain

Z Z >\2 (z7;) +2)\¢($TU2‘)Rz'($)+(Ri($))2}

1=2 =2
(3.29) o _ )
<N (@) + 200 Ro(2) Y |2 vi] + d (Ra())”.
i=2 i=2
From = € 0By, * = vy, and the fact that {v;,...,v4} forms an orthogonal basis in R?, we
have
d
Z(xTvZ) =1— (")’ =1-(2"2")? <21 —272*) = ||z — 2*||~.
=2

Also, by the Cauchy Schwartz inequality, we have

d d
Z 27| < Vd Z(xTvi)Q < Vd||z — z*|.
i=2 =2
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Therefore, we obtain from ([3.29)) that

d
Zw To)? < X2z — 2% + 20 Ro(2)Vd||z — 2*|| + d (Ra())
(3.30) i=

= (Nollz — 2*|| + B())”
where

B(x) = VdRs(z) = o(|lz — 2|)).

By (3.26]), (3.30]), and Lemma [A.1.1] we obtain the first part of the desired result.
Next, we consider the case where V; f has a continuous Hessian H;. From V, f(x) being

twice continuously differentiable in B, we have

(831)  Vif(e) = Vif(2") + VVaf (o) (2 — °) +

> (o — a)" Hi(}) (w1 — 2°)

where
&t € N(zp, %) é{x:xs:tsx:+(1—t5)mk7s, 0<t;<1,s=1,...,d}.

In the above, z* and zj, , denote the s coordinates of * and xy, respectively.

For each 1 < i < d, we have

d
1 ~7 * 1 * ~J *
5D vig (= a") Hy(#) (00— ) = S — 27) T Gu() (w0 — o).
7j=1

[\

From

(3.32) |(zp — ") Gi(@]) (wr — )| = g — 2" [sz - x*H]T (@) [ﬁ] ‘




and

max [27G;(#))xr| < max  [¢7Gi(y)r] £ max \/Z?:l (:ETG,-(y)x)Z =M,

x€0By T x€0By, yEBso T x€0By, yEBso

we have
(2 — )T Gi(}) (wx — 2*)| < M2y — 27|,
leading to
1] <& . 1
(3.33) 3 > iy (wy — 2%) Hy(#]) (ap — 27) | < S M — 7|2
j=1

From (3.31)), and that z* = vy, we have
Vf(op) vy > V() o + (v — %)V f(a") 2" — %ka —z*|?,
resulting in
(3.34) Vf(z) v > N — (M + M) (1 — zf2%).
For 2 <1 < d, we have

V() v = V) v+ (op — 29V (2)v; + %(mk — e)TGy(&]) (2 — )

1 .
(3.35) = \iTiv; + §(xk — 2 'Gy(3]) (v — 2¥).

71
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Using (3.32)) and

max » (z"Gi(#)2)* < max Y (a'Gi(y)x)’ < max > (a"Gi(y)r)’ < M,

T€IBy “ €I0By, yEB © €I0By, yEB ©
=2 1=2 i=
we have
d
N 2
(3.36) (2 — )T Gy(8) (zp — 2%)]” < M? || — 2*||*.
i=2

Using (3.35)), (3.36]) and the Cauchy-Schwartz inequality, we have

d d 2
1 N j "
D (V@) )’ <) (szv@w R CAICE >)
=2 =2
d
<) (@)’ + XM ||z, — 2"
=2
. M
(3.37) = ()\2 1— (aTx*)2+ 7“@ —x

Using (3.34)), (3.37), and Lemma with
A=XN,B=M+|\|,C=0,D=)y, E=0, F =M,

we obtain the desired result. O

*

Theorem |3.3.2| presents a local convergence result of SCI-PI with the rate being o This
2

A
convergence rate generalizes that of power iteration, since it specializes to )\—1 when it comes
2
to the leading eigenvector problem. Note that Theorem requires that a Lagrange
multiplier \* corresponding to a local maximum z* satisfies \* > Ay = maxa<i<q | Ai|-

This assumption is satisfied by all local maxima if f is convex, multiplicatively scale
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invariant or concave, additively scale invariant. However, in general, not all local maxima
satisfy this assumption since it is stronger than the local optimality condition stated as
A* > maxa<i<q Ai. Nevertheless, by adding o||z||* for some o > 0 to the objective function
f, we can always enforce \* > \y. Conversely, by adding o||z||? for some o < 0, we may

improve the convergence rate as in shifted power iteration.

3.4. Extended Settings

3.4.1. Sum of Scale Invariant Functions

Consider a sum of scale invariant functions having the form of f(z) = Y ", gi(x) +

Pi and

> iy hj(x) where g; is a multiplicatively scale invariant function with u(c) = |c
h; is an additively scale invariant function with v(c) = log, |c|. Note that this does not
imply that f is scale invariant in general. Here is an example that involves a sum of scale

invariant functions.

Example 3.4.1 (Kurtosis-based ICA). Given a pre-processed data matriz W € R4,

Kurtosis-based ICA [31)] solves

n

1 T, \4 2 :
: — E )t —3 bject t 0B,.
(3.38) max 2 [(w] 2) | subject to x € 9B,

The objective function f is a sum of scale invariant functions.
By Proposition the gradient of f has the form of

Vf(z)= Z Vgi(z) + Z Vh;(z) = F(z)z,
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where

Note that a stationary point z* satisfying V f(x*) = A\*z* is not necessarily an eigenvector
of V2f(z*). Instead, a stationary point x* is an eigenvector of F'(z). We present a local

convergence analysis of SCI-PI for a sum of scale invariant functions as follows.

Theorem 3.4.2. Let f be a sum of scale invariant functions and twice continuously
differentiable on an open set containing 0By and let z* be a local maximum satisfying
Vf(x*) = Nz* and \* > Ay = ||V2f(2*)(I — 2*(2)?)||. Then, there exists some § > 0
such that under the initial condition 1 — xlz* < 6, the sequence of iterates {xy }r—o1..-

generated by SCI-PI satisfies
k—1 5\ 2
* 2 *
1= (zfa)” <] <;+%> (1= (zg2")?),

where

A
22 4y <lforallt>0and lim v =0.
A* k—o0

Moreover, if V;f = 0f/0x; has a continuous Hessian H; on an open set containing By o,

we can explicitly write § as

- RS =\’
S(A*, A1, Ag, M) = min< ( = Y (A 1
M+ M A+ Ao+ 2M

where

M= V2 VR M = max /S (2T Gily))?, Gily) = S0 v Hy ().

€08y, yEBd’oo
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Proof. Let {vy,...,v4} be a set of eigenvectors of F(z*) with * = v;. Since F(z*)
is real and symmetric, without loss of generality, we assume that {vy,...,v4} form an
orthogonal basis in R,

Since f is twice continuously differentiable on an open set containing 0B, for x € 0By,

using the Taylor expansion of V f(z)Tv; at z*, we have

(3.39) V@) v =V @) v+ (@ —2) VA (") + Ri)

where R;(z) = o(||x — x*||). Using with ¢ = 1 and Vf(z*) = A*z*, we obtain
V() v = X(2) v + (2 — )T V2 (2)v, + Ry(2)

(3.40)

where

a(z) = (z —2")' V2 f(z")v1 + Ri(@) = o(y/[lz — 2])).

Using (3.39) and V f(z*) = A*z* for 2 < ¢ < d, we have

V() v =X (a") v + (x — 2 V2 f(a")o + Ri(x)

= (x — o)V f(2")v; + Ry(x),

resulting in
d d
2

(3.41) > (V) v)? = Z ((x — ")V f (") + Ri(x)) "

=2 =

Let Ro(7) = maxoci<q |Ri(7)|. Note that Ry(z) = o(||z — z*]).
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From z* = v; and the fact that {v;,...,v4} forms an orthogonal basis in R?, we have

> (@ =2V f(a Vo)’ = [V (") (x — )3 — (& — ) V2 f(2")0,)’

= (x =)V (") (I —2*(2")") V2 f(a") (x — 2*)
= (x — o)V f(2¥) (I — a:*(x*)T)Q V2 f(2*)(z — z¥).

Since
IV2f (@) (1= 2* (")) V2 f (") = | (I — 2" (2")T) V2 ()|
= [[V2f (") (1 — 2" (=")") |I%,
we have
d ) B
(3.42) > ((x =)'V f(a )" < Mz — 2%

=2
Also, from (3.42)) and the Cauchy-Schwartz inequality, we obtain

d

(3.43) D (@ =)'V () <

=2 7

|(z = 2) V2 f (" )ui] < XoV/dlar — 7).

B

||
N

Using (3.42) and (3.43)) for (3.41] , we obtain

> (V@) 0)? < Ml — [P + 200 Ro(2) Vo — 27| + d(Ry(x))?,

=2

resulting in

(3.44) > (Vi@ 00 < (alle = | + ()"
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where 8(x) = VdRy(z) = o(||z — 2*||). By (3.40), (3.44)), and Lemma [A.1.1| we obtain the

first part of the desired result.
Next, we assume that V;f has a continuous Hessian H;. By the Taylor theorem, we

have

(3.45) Vif(z) = Vif(a®) + VV,f(z")(z), — x¥) + % (zp — )" Hy(21) (z), — 2*)

for some &} € N(xy, z*).
Taking the steps used to derive (3.33) and (3.36) in the proof of Theorem we

can derive the same inequalities

1 ~J * *
(3.46) 5 | (2 — 2*) i) (g, — @) M|y — z*|*

DN | —

<

and

d 2
S [l — o) Cula)on — *))* < -l — .

1=2

Using (3.45)), (3.47) and that x* = vy, we have

(3.47)

A~ =

M
Vi(ee) v > V() o + (v, — %)V f(a) 2" — 7\]% —z*|?
resulting in
V() Tor = N — [V (a")a* /21 - fa®) - M(1 - aTa")

(3.48)
=\ — A/ (1 —aTz*) — M(1 — xfx¥)
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For 2 <1 < d, we have

Vf(z) v < V(@) v + (o — 25TV f(2%)v; + %(xk — 2)TG(#) (g, — )
= X (") v + (21, — %) V2 f (2 )v; + %((L’k — ) TG(#]) (xy, — x7)
(3.49) = (zp — 2°) V2 f(2*)v; + %(mk — a)TGy(8]) (2 — 7).

From (33.49), (3.42), (3.46)), (3.47) and the Cauchy-Shwartz inequality, we have

d

S (e < 3 (o= ) V0 (o - oG - o))

i=2

(3.50) < <5\2||xk—x*|| +%ka—x*|y2>2.

Using , , and Lemmawith
A=X,B=M,C=M\,D=0,E=MX, F=M,

we obtain the desired result. O

Note that \; has the additional v/2 factor which comes from the fact that z* is not
necessarily an eigenvector of V2f(z*). Nonetheless, the asymptotic convergence rate in

Theorem provides a generalization of the convergence rate in Theorem [3.3.2

3.4.2. Block Scale Invariant Problems

Next, consider a class of optimization problems having the form of

max f(x,y) subject to x € 0By, y € 0By,
Y
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where f : R4+% 3 R is scale invariant in z for fixed y and vice versa. Some examples of

block scale invariant problems are given next.

Example 3.4.3 (Semidefinite Programming (SDP) [20]). Let A, X € R"*". Given an

SDP problem
max (A, X) subjectto Xu;=1,i€{1,2,--- ,n}, X =0,
the Burer-Monteiro approach [14)] yields the following block scale invariant problem

max <A,(TO’T> subject to |loy|| =1, i € {1,2,--- ,n}.

g

Example 3.4.4 (Kullback-Leibler (KL) divergence NMF). The KL-NMF problem
121,145, 76] is defined as
(3.51)

min Dir(VIIWH) =Y, |Vijlog =——=— — Vij + 2 Wi Hyy

Zk; zka]

subject to Wy, >0, Hy; >0, i € {l,--- ,n}, je{l,--- ,m}, ke{l,--- K}

Many popular algorithms for the KL-NMF problem are based on alternate minimization

of Wand H. Given W >0 and j € {1,--- ,m}, we consider a subproblem such that

(3.52) mhin frxr(h) =", |vilog =————— —vi + >, Withy| subject to hy >0

Zk zkhk

where we let v; = V;; and hy, = Hj; as the objective is decomposed into m separate

subproblems. Note that the KL-NMF problem in the form of (3.51)) is not a block scale
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invariant problem. However, using a novel reformulation, we show that the KL divergence

NMF subproblem is indeed a scale invariant problem.

Lemma 3.4.5. The KL-NMF subproblem (3.52)) is equivalent to the following scale

wnvariant problem
(3.53) max —> " wilog Y Wirhy,  subject to >, by =1, hy >0,
with the relationship (3, vi)hy, = (3, Wix)hu,

Proof. Since a log-linear function is concave, (3.52)) is a convex problem in h. Consider

the Lagrangian of the original problem

(3.54) L(h,A) = frr(h) = 2 A

where A > 0. By the first-order KKT conditions, we must have

(3.55) Vifr (™) =X, Mhp=0, Ve=1,--- | K

at an optimal solution (h*, \*). Since implies ), hiA; = 0, we have
; hi A = Z he NV frr(h Z E; ”::/LZ*/ + ; Wikhy,

resulting in

(3.56) 2200 =D Wirhy,.
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Next, we show that
(3.57) min fsci(h) = vilog =—— 5 khk subject to Zvi = kahk, hy, = 0.
k i ik

is equivalent to the original subproblem ([5.68)), due to the following:

(1) It always satisfies f&-; > fj . since (3.57) has an additional constraint >, v; =
Zi,k Wixhy, compared to (3.52)).
(2) A solution h* of (3.52) is a feasible point of (3.57) since we have shown that

> Vi = D i Wighy. This implies fr; > fscr-

Now, we can reparametrize h by h so that DU = sz Wikhy if and only if ), hr =1
= Wi

which yields the relationship between two variables h, = hkz:Z " Note that - has
7 Vi

the optimization problem as Example and thus a scale invariant problem. 0]

To solve block scale invariant problems, we consider an alternating maximization

algorithm called block SCI-PI, which repeats

V. f(z,yx) vV, f(zr,y)

3.58 Tppy = 2T Vel W)
(3.58) I el T Y, fan )l

We present a local convergence result of block SCI-PI below.
Theorem 3.4.6. Suppose that f is twice continuously differentiable on an open set
containing 0Bq, X 0By, and let (z*,y*) be a local mazimum satisfying

Vof(@*, ") = Xa*, A > Ay = max INil, Vyf(z*,y") =s"y", s" > 5 = max |s]

2<i< 2<i<ds
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where (A, v;) and (s, u;) are eigen-pairs of V2 f(x*,y*) and V. f(x*,y*), respectively with

¥ =wv and y* = uy. If
V= [Vyaf (@ y )" < (A = Aa)(s" — 52),

then for the sequence of iterates {(zk, i) }k=o1,... generated by (3.58), there exists some

§ > 0 such that if max{|1 — zl'z*|, |1 — yLy*|} <6, then we have

|Ax]] < Hf;ol (p+ ) |Ao]] and limy_ooyr =0

where

1— (zga+) 1A 5 o 517 42
Ay = ) =g et [—2——2} + <1

A* o s* A* o g* A*s*

Proof. From Lemma [A.1.3| with w = z, z = y, we have

(me(xkayk)Tx*)Q ()\2 T v )2
b < (V1= (@e)? + llye — y' il + 0% (z, .
Voo = eV @)+ Sl = w7l + 07, )
Since
g = Yl @)
Hvaef(ﬂﬁlmyk)”7
we obtain

b v
VT @l < 2T ey + = o)+ 0w,



Using
. 1 —yly*
lye — vl = \/2(1 —yfys) = [ 1+ L — (yfy)?,
L+ yly + 21+ yly*)
we have
T 2 A T2 . Y T,+\2 1 gt

(3.59) 1 — (2p2%) S5 1 — (z),2%) 4 1= (ypy*)* + 0% (2, yk)
where

0" (z1, yx) = 0" (zp, yx) + 51;;5?_? \/21(1%%) B ( LJ: - ) } H>

Using Lemma for w = yi, 2 = x and the definition of vy, 1, we have

S _
(3.60) V1= Wiay) 1 — (zfa*)? + 8—2 L= (yly*)? + 0¥ (zr, yi)

where

0 (xi, yi) = 0" (zh, yi) +

(1 —25a’) V1-— (zg2)* <

1+ alar + /21 + 2l z¥))

)}

Combining (3.59)) and -, we obtain

T )\2 v ( T )2 0
1 — (2pq2%)? A 1 —(z) 2 0" (., yr)
(3.61) e <M A n
1 — (yiy%)? vy s 1— (yly*)? 0Y(xk, yr)
s*  s*
1 — (] x*)?
(3.62) < (M + N(zk, yr))

83
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where
/_\2 1%
I 9« 0y
o A  ay) = max{0°(z,y), (fcay)}’
v 5 V2 — 2Tz — yTy*
s* s*
and
1 — 2l 1 —yly*
e(x,y) 1+ 2Tx* 1+ yTy*

N(z,y) =
\/2 — Ty —yTy* 1 — 27" 1 — yTy*

L+ aTzx \[ 1+ yTy*

Note that the spectral radius p of M satisfies

1 5\2 S9 /_\2 S9 2 4V2
e == 1
P=3 )\*+s*+\/(/\* s*> +/\*S* =

due to v? < (A\* — \g)(s* — 53). Also, for i, j = 1,2, we have lim, )z~ ) Nij(z,y) = 0.

By Lemma there exists a sequence w; such that

k1
IM*] = T](p+w) and limyew, = 0.
=0
Let
. . k _ HMT” +1 _ k
T=min{k: MY <1}, p=To— pmax = max [|M7].
By Lemma we have

fo(xa y)TUI =N+ (y - y*)Tvizf(x*7y*)‘r* + O/E(‘xa y)

Vof(@,y) ur =5+ (x — ") V2, f(@*, 9" )y + ¥ (z,y)
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where

S e |

Therefore, there exists some d; > 0 such that if

)}

1 — ZL’TZIZ'* 2
le,* > O7 yTy* > O7 ( ) < 51’
1— (yTy* 2
then
(3.63) Vof(z,y) v >0, V,f(x,y) u >0.

Also, since N;;(z,y) — 0 as (z,y) — (z*,y*) for i,j = 1,2, there exists some dy > 0

such that if

then we have

(3.64)

I (M 4+ Ny )| < 5 mass [T (M + N,y D))]| < 1+ e

0<m

where ¢(z,y,1) denotes the vector after [ iterations of the algorithm starting with (x,y).

To see this, let us define

g(z,y,m) = |T1%" (M + N(g(z,y,1))) ||

Byand ,if x — 2* and y — y*, then for any 0 <[ < 7, we have

o(x,y,0) = (2%, y%),
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resulting in

g(z,y,m) — ||[M™].

Therefore, there exists some do, > 0 such that g(z,y,7) < p. Also, for each 1 < m < 7,
there exists some dy,, > 0 such that g(z,y,m) < 1 + ppax. Taking the minimum of ds,,
for 1 < m < 7, we obtain dy satisfying .

Let

5 = %, § = min {51, ﬁﬁz, 1} . N = N(xg, yi).

By mathematical induction, we show that for any n > 0, if
(3.65) vl o >0, yly >0, A <9,
then for 0 < m < 7, we have

(3.66) 2o >0, Yyl oyt >0, Aprim < (14 pomax) Anr < 01

nr+m

By (3.65)), it is obvious that we have (3.66| for m = 0. This proves the base case. Next,

suppose that we have (3.66)) for 0 < m < 7. Then, by the definition of d;, we have

2T =T v — va:f($m-+ma ynr—l—m)TUI >0
= 1=
Tt nrml ||Vacf(xn7'+m7 y’m'-l-m) ||
and
Vo (Tnrim, Ynrsm) " u
T T Y nt+m; Ynr+m 1
yn7+m+1y* = Ynr4m+1U1 = ’ >0

||vyf(wn7'+ma ynT—l—m)H '
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Also, by (3:62), (3.65) and (8:64), we have
AnT—&—m-ﬁ-l S ”H?i() (M + NnT+l)|I ATLT S (]- + pmax)AnT < 51~

This completes the induction proof.

Suppose that (z,yo) satisfies max{|1 — zlz*|, |1 — yZy*|} < . Then, we have
(3.67) vl >0, yly' >0 Ag<od.
Now, we show

(3.68) vl 2t >0, ylyt >0, A, <p Ao

For n = 0, we have (3.68)) by (3.67). This proves the base case. Next, suppose that we
have (3.68)) for n. Then, since ([3.68) implies that A, < p"Ag < d, by (8.66)), we have

:U(T,Hl)Tx* > 0, y(z;H)Ty* > 0.
Moreover, using and , we have
Ay < |TTZy (M + Nap ) || Ar < pAnr < 51 A,,
which completes the induction proof. By repeatedly applying , we have

(Tpry Ynr) = (2%, y") as n — oo.
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Furthermore, due to (3.66)), we have
(Trrtms Ynram) — (2%, y") for every 0 < m < T,

indicating that
(wkv yk) — (ZL’*, y*)

This in turn implies that N, — 0. Letting

T (M + Nl || M

Nk = — - ) Ve = Wk + Nk,
ITHZ (M + N[l [1M¥]
we have
(3.69) ITT S0 (M + N =TTy (p + we +m) = [Tizg (0 + 7)-
Since n;, — 0 as N — 0, we have lim~, = 0. This concludes the proof. O

If z and y are independent (v = 0), we have p = max {\y/)\*, 35/5*}. Otherwise, p
increases as v increases. Note that the result of Theorem can be restored by dropping
z or y in Theorem [3.4.6, While we consider the two-block case, the algorithm and the

convergence analysis can be easily generalized to more than two blocks.

3.4.3. Partially Scale Invariant Problems

Lastly, we consider a class of optimization problems of the form

max f(z,y) subject to x € 0By,
Y
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where f(z,y) : R%"T9 — R is a scale invariant function in x for each y € R%. A partially
scale invariant problem has the form of ((1.1)) with respect to x once vy is fixed. If z is fixed,

we obtain an unconstrained optimization problem with respect to .

Example 3.4.7 (Gaussian Mixture Model (GMM)). The GMM problem is defined as

n d
max Zlomei/\/’(xi; Lr, X)) subject to  x € OBy.
k=1

i=1
Note that the objective function is scale invariant in x for fized up and X, and
18 unconstrained. If we assume some structure on Xy, estimation of ¥y can also be

unconstrained. For general ¥y, semi-positive definiteness is necessary for .

To solve partially scale invariant problems, we consider an alternative maximization
algorithm based on SCI-PI and the gradient method as

3.70 €T —
(3.70) M T o e

Yk+1 < Ye +aVy f(ar, k).

While the gradient method is used in (3.70)), any method for unconstrained optimization

can replace it. We present a convergence analysis of (3.70]) below.

Theorem 3.4.8. Suppose that f(x,y) is scale invariant in x for each y € R, u-
strongly concave in y with an L-Lipschitz continuous V, f(x,y) for each x € 0By,, and
three-times continuously differentiable on an open set containing OBq, x R%. Let (z*,y*)

be a local mazimum satisfying

Vf(l’*) = )\*JI*, A > /_\2 = MaXa<i<d |)\z|
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where (X\;,v;) is an eigen-pair of V2 f(x*) with x* = vy. If
v = Vi f@ )7 < n(A = ),
2

then for the sequence of iterates {(Tk, Yr)}k=o1,... generated by (3.70) with o = T
,u

there exists some § > 0 such that if max{|1 — zlz*|, ||y — y*||} <, then we have

1AW <TI0 (o + %) A0l and limy ooy = 0

where

1— (Tz%)? 1|{X L- X L—p\’ 82
Ay = (zi.2) » P= 3 _i"‘ M+\/<_i_ ’u) T - <l
lye — v 2N L+u N L+up N(L + )

Proof. Using Lemma for w = x, 2 = y and the definition of x;,,, we have

(3.71) V61— (@ha)? < \/ 1 — (zfa~ Ika =y + 0" (zr, Y-
where

o)l

Yk —

By Lemma with w = g, 2 = yg, we also have

0" (xh, yu) = 0(

L
3.72 -y < -z — oY
312 e =0 < (o ool (52 b=+ 0%

Using

_ 1 — T % 1— T %\2
0Y(wk, yr) = 0 (h, Yi) + 0= 22") S - <

1+ alar +/2(1 + 2] z¥))

)]
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we can write ([3.72)) as

2v L—p -
3.73 -y < 1 — (zlz*)? — —y*|| + 0¥ .
373 e o1 < (o) V= e (5 ) =]+ o)

N

Combining (3.71)) and (3.73]), we obtain

5\2 1%
(374 [ 1= >] B TN [ = <x{x*>2] . [e%k,yk)]
lyesr = | | 2v L—p lyk — v 0Y(zk, yi)
L+p L+p
1 — IITTLU* 2
(3.75) < (M + N(zx, yi)) [ ( g ) ]
lye — v* |l
where
5\2 1%
2* 2+ 9* v
M=  e(ay) = max{0"(z, y), 0" (x, y)}
2w  L—u V1—alar + [ly — y*]]?
L+u L+p
and
L )
s -y
VI—aTo +ly -y | 70
TI?@;Hy—fH

Since v < u(A* — X2, the spectral radius p of M satisfies

1 (X L—u Ao L—u>2 812
-2+ L (2~ + <1
P=o 1 » L+u \/(A* L+pu N(L + p)

The rest of the proof is the same as the steps taken in the proof of Theorem |3.4.6] U
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As in the result of Theorem [3.4.6, the rate p increases as v increases and is equal
to max {\o/\*, (L — p)/(L + p)} when v = 0. Also, by dropping y, we can restore the

convergence result of Theorem [3.3.2

3.5. Numerical Experiments

We test the proposed algorithms on real-world data sets. All experiments are im-
plemented on a standard laptop (2.6 GHz Intel Core i7 processor and 16GM memory)
using the Julia programming language. Let us emphasize that scale invariant problems
frequently appear in many important applications in statistics and machine learning. We
select three important applications, KL-NMF, GMM and ICA. A description of the data

sets is provided below.

3.5.1. Description of Data Sets

Table 3.1. Summary of datasets for KL-NMF

‘ Name H # of samples ‘ # of features ‘ # of nonzeros ‘ Sparsity ‘

WIKI 8,274 8,207 104,000 | 0.999
NIPS 1,500 12,419 280,000 | 0.985
KOS 3,430 6,906 950,000 | 0.960
WT 287 19,200 5,510,000 | 0.000

For KL-NMF (Section , we use four public real data sets available onlineﬂ and
summarized in Table 3.1 Waving Trees (WT) has 287 images, each having 160 x 120
pixels. KOS and NIPS are sparse, large matrices implemented for topic modeling. WIKI is
a large binary matrix having values 0 or 1 representing the adjacency matrix of a directed

graph.

!These are obtained from https://www.microsoft.com/en-us/research/project, https://archive,
ics.uci.edu/ml/datasets/bag+of+words/and https://snap.stanford.edu/data/wiki-Vote.html.


https://www.microsoft.com/en-us/research/project
https://archive.ics.uci.edu/ml/datasets/bag+of+words
https://archive.ics.uci.edu/ml/datasets/bag+of+words
https://snap.stanford.edu/data/wiki-Vote.html
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Table 3.2. Summary of datasets for GMM

‘ Name ‘ # of classes

‘ # of samples ‘ Dimension ‘

Sonar 2 208 60
Tonosphere 2 351 34
HouseVotes84 2 435 16
BrCancer 2 699 10
PIDiabetes 2 768 8
Vehicle 4 846 18

Glass 6 214 9

700 7 101 16

Vowel 11 990 10

Servo 51 167 4

For GMM (Section [3.5.3), we use 10 public real data sets, corresponding to all small
and moderate data sets provided by the mlbench package in R. We select data sets for
multi-class classification problems and run EM and SCI-PI for the given number of classes
without class labels. In Table [3.2] the sample size varies from 101 to 990, the dimension
varies from 2 to 60, and the number of classes varies from 2 to 51. Only a small portion of

entries are missing, if missing data exists, and we simply impute by mean.

Table 3.3. Summary of datasets for ICA

| Name || # of samples | # of features |

Wine 178 14
Soybean 683 35
Vehicel 846 18
Vowel 990 10
Cardio 2,126 22
Satellite 6,435 37
Pendigits 10,992 17
Letter 20,000 16
Shuttle 58,000 9
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For ICA, we use nine public data sets (see Table from the UCI Machine Learning
repositoryf} The sample size varies from 178 to 58,000 and the dimension varies from 9 to

37.

3.5.2. KL-divergence Nonnegative Matrix Factorization

We perform experiments on the KL-divergence NMF (KL-NMF) problem described
in Example Let us recall that the original KL-NMF problem can be solved via block
SCI-PI where in each iteration the algorithm solves the subproblem of the form (5.69)).
Our focus is to compare this algorithm with other well-known alternating minimization
algorithms listed below, updating H and W alternatively. To lighten the notation, let
®, © and (-)®? denote element-wise product, division and square, respectively. We let

2=V @ (Wh) and 1,, denote a vector of ones.

e Projected gradient descent (PGD): It iterates h™" < h—ne W7 (z—1,) followed
by projection onto the simplex, where n o< h is an appropriate learning rate [48].

e Multiplicative update (MU): A famous multiplicative update algorithm is originally
suggested by [45], which iterates h™" < h © (WTz) @ (WT1,) and is learning
rate free.

e Our method (SCI-PI): Tt iterates h™" <~ h ® (0 + WT2)®? and rescales h, where
o is a shift parameter. We simply use o = 1 for preconditioning.

e Sequential quadratic programming (MIXSQP): It exactly solves each subproblem
via a convex solver mixsqp [41]. This algorithm performs sequential non-negative

least squares.

*https://archive.ics.uci.edu/ml/index.php


https://archive.ics.uci.edu/ml/index.php
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KL-NMF Subproblem. Note that the KL-NMF subproblem (3.53)) has exactly the

same form of the estimation of mixture proportions (3.22)) described in the Example

n=2000, m=10 n=2000, m =20 n=2000, m = 200 n =20000, m = 200
0.003- 0.003- 0.003- 0.003-

o
Q
=1
o

0.002 - 0.002- 0.002- method

MU
-~ SCI-PI

- L b L b b :
0.000- 0.000- . 0,000~ L‘—ﬁg‘_‘_‘— 0.000- L‘-‘d-&.__*
) . . ) ) . . . . . . ) . . .
0 5000 10000 0 10000 20000 30000 0 10000 20000 0 10000 20000 30000 40000
iteration iteration iteration iteration

relative error

o
=3
=]
2

Figure 3.2. Convergence plots for the KL-NMF subproblem. n/m: the
number of samples/features of the data matrix.

To study the convergence rate for the KL-NMF subproblems, we use the four data
sets studied in [41]. We study MU, PGD and SCI-PT since they have the same order
of computational complexity per iteration, but omit MIXSQP since it is a second-order
method which cannot be directly compared. For PGD, the learning rate is optimized by grid
search. The stopping criterion is || f(zy) — f*|] < 1076 f* where f* is the solution obtained
by MIXSQP after extensive computation time. The average runtime for aforementioned 3
methods are 33, 33 and 30 seconds for 10,000 iterations, respectively. The result is shown
in Figure 3.9 It shows that SCI-PI outperforms the other 2 for all simulated data sets.
Also, all methods seems to exhibit linear convergence.

KL-NMF on real-world datasets. Next, we test the four algorithms on the data
sets in Table We estimate k = 20 factors. At each iteration, all four algorithms solve

m subproblems simultaneously for W and then alternatively for H.

3For each evaluation, we randomly draw 10 initial points and report the averaged relative errors with
respect to f*. The initial input for the KL-NMF problem is a one-step MU update of a Unif(0, 1) random
matrix.
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Figure 3.3. (Left) Convergence plots for the KL-NMF problem. (Right)
Boxplots containing ten objective values achieved after 400 seconds.

The result is summarized in Figure . The convergence plots are based on the average
relative errors over 10 repeated runs with random initializations. The result shows that
SCI-PI is an overall winner, showing faster convergence rates. The stopping criterion is
the same as above. To assess the overall performance when initialized differently, we select
KOS and WIKI and run MU, PGD, SCI-PI, and MIXSQP 10 times. The three algorithms
except MIXSQP have (approximately) the same computational cost per iteration, take
runtime of 391, 396, 408 seconds for KOS data and 372, 390, 418 seconds for WIKI data,
respectively for 200 iterations. MIXSQP has a larger per iteration cost. After 400 seconds,
SCI-PI achieves lowest objective values in all cases but one for each data set (38 out
of 40 in total). Thus it clearly outperforms other methods and also achieves the lowest

variance. Unlike the other three algorithms, SCI-PI is not an ascent algorithm but an

4 all plots we do not show the first few iterations. The initial random solutions have the gap of
approximately 50% which drops to a few percent after 10 iterations where the plots start.
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eigenvalue-based fixed-point algorithm. We observe that sometimes SCI-PI converges to a
better solution due to this fact. Admittedly, non-monotone convergence of SCI-PI can
hurt reliability of the solution but for the KL-NMF problem its performance turns out to

be stable.

3.5.3. Gaussian Mixture Model and Independent Component Analysis

In this subsection, we study the empirical performance of SCI-PI when it is applied to

GMM and ICA.

GMM ICA
12-

x
5 11 .
= g 10-
> b5
2 x Q
s B 1 —s—- —;—ngl—n—% ——————————————————————
D 1.0 — e c—— —_— RS — e <
0.1-
2 ©
0.9 & ) A < & 5@ > 0.01
& R IS & o S, & & © o
R N o 3 o & & 2 & > © A & N g & R > e
& IS & v 2 0 % K & ¢ S N S & 8 2 &
& ® ¢ & & L & %&c & ¢

Figure 3.4. Box plots showing relative errors of (Left) f&cppi/ fin for GMM,
(Right) fscrp1/ feasuca for ICA.

GMM. GMM fits a mixture of Gaussian distributions to the underlying data. Let
Lix = N (x;; i, 2x) where 7 is the sample index and k the cluster index and let 7 be the
actual mixture proportion vector. GMM fits into our restricted scale invariant setting
(Section with reparametrization, but the gradient update for g, > is replaced

by the exact coordinate ascent step. The EM and SCI-PI updates for m can be written
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respectively as
(3.76) r =10 (L7), 7" <7 (L'r) (EM), 7" <7 (a+L'r)®* (SCI-PI).

We compare SCI-PI and EM for different real-world data sets from Table [3.2] All the
algorithms initialize from the same standard Gaussian random variable, repeatedly for 10
times. The result is summarized in the left panel in Figure [3.4 The stopping criterion is
|z41 — x1]] < 1078, In some cases, SCI-PI achieves much larger objective values even if
initialized the same. In many cases the two algorithms exhibit the same performance. This
is because estimation of u;’s and ¥;’s are usually harder than estimation of 7, and EM
and SCI-PI have the same updates for g and . For a few cases EM outperforms SCI-PIL.
Let us mention that SCI-PI and EM have the same order of computational complexity
and require 591 and 590 seconds of total computation time, respectively.

ICA. We implement SCI-PI on the Kurtosis-based ICA problem [30] and compare
it with the benchmark algorithm FastICA [29], which is the most popular algorithm.
Given a pre—processedﬁ data matrix W € R™ 4, we seek to maximize an approximated
negative entropy f(z) = Y1 [(wfz)* - 3]2 subject to x € OBy, for maximizing Kurtosis-
based non-Gaussianity [31]. This problem fits into the sum of scale invariant setting
(Section [3.4.1). SCI-PI iterates wy 1 < WT[(Waxy)®* — 31,) © (Way)®®] and FastICA
iterates xyq < W1 (Wxp)® — 3(17(Wxy)®?)zy, both followed by normalization.

In Figure (right panel), we compare SCI-PI and FastICA on the data sets in
Table The majority of data points (81 out of 100 in total) show that SCI-PI tends to

find a better solution with a larger objective value, but in a few cases SCI-PI converges to

5A centered matrix W = n/2UDVT is pre-processed by W = WVDVT so that WIW = nVVT.
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a sub-optimal point. Both algorithms are fixed-point based and thus have no guarantee of
global convergence but overall SCI-PI outperforms FastICA. SCI-PI and FastICA have the
same order of computational complexity and require 11 and 12 seconds of total computation

time, respectively.
3.6. Final Remarks

In this paper, we propose a new class of optimization problems called the scale invariant
problems, together with a generic solver SCI-PI, which is indeed an eigenvalue-based fixed-
point iteration. We showed that SCI-PI directly generalizes power iteration and enjoys
similar properties such as that SCI-PI has local linear convergence under mild conditions
and its convergence rate is determined by eigenvalues of the Hessian matrix at a solution.
Also, we extend scale invariant problems to problems with more general settings. We show
by experiments that SCI-PI can be a competitive option for numerous important problems
such as KL-NMF, GMM and ICA. Finding more examples and extending SCI-PI further

to a more general setting is a promising direction for future studies.
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CHAPTER 4

Stochastic Power Iterations

4.1. Introduction

Principal component analysis (PCA) [34] is a fundamental tool for dimensionality
reduction in machine learning and statistics. Given a data matrix A = [a;as . . . a,] € R¥"
consisting of n data vectors ay, as, ..., a, in R, PCA finds a direction x onto which the
projections of the data vectors have the largest variance. Assuming that the data vectors
are standardized with a mean of zero and standard deviation of one, the PCA problem

can be formulated as

7

1 1 :
(4.1) max f(x) = o Z(a-Tx)Q = éarTC'x subject to x € 0By

i=1
where C' = %AAT € R¥? is the covariance matrix of data matrix A. Since the largest
eigenvector u; of C' maximizes f(x), can be solved by the singular value decomposition
(SVD) of A. However, the runtime of SVD is O(min{nd?, n*d}), which can be expensive in
a large-scale setting. An alternative way to solve is to use power iteration |26] which
repeatedly applies z;.; = Cux./||Cxy|| at each iteration. The sequence of iterates {x;}
generated by power iteration is guaranteed to obtain an e-optimal solution after O(%log%)
iterations where A\ > Ay > ... > Ay > 0 are the eigenvalues of C' and A = 1 — \y/\;.
Since each iteration involves multiplying vector z; with the matrix C, the runtime becomes

(’)(nd%log%). When n and d are both large, the runtime of power iteration is better than
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that of SVD. Nonetheless, it still largely depends on n and can be prohibitive when A is
small.

In order to reduce the dependence on A or n, many variants have been developed. To
improve the dependence on A, [79] propose power iteration with momentum (Power+M)
based on the momentum idea of [67]. With the optimal choice of the momentum parameter
[ = A\2/4, the total runtime reduces to (’)(nd\%xlog%). Also, a stochastic algorithm utilizing
a stochastic gradient rather than a full gradient C'w; is introduced in [63]. Since it requires
just one data vector at a time, the computational cost per iteration is significantly reduced.
However, due to the variance of stochastic gradients, a sequence of diminishing step sizes
needs to be adopted, making its progress slow near the optimum.

Table 4.1. Comparison of stochastic variance-reduced PCA algorithms and
their convergence analyses. Types of convergence and complexity results are
summarized. “Local” means that there is a restriction on the angle between
an initial iterate and the first eigenvector u; and “global” implies no such
restriction. For VR Power and VR HB Power, ;1 > 0 is a parameter that
controls the progress of the algorithms through step size n = A*.

Algorithm Convergence Iteration Batch Size Total Runtime
VR-PCA [72] Local O (Azlogl) O(1) O (d(n+ =) logl)

- 1 _1oel Vd_ Vd 1
VR Power+M [79] Local @] (AUQ loge) @) (AS/Z) O(d (n + AQ) log€>
Fast PCA [22] Global O (azpoly (logl)) o(1) O(d(n+ ﬁ) poly (logl))
VR Power Global O (xtrrlogl) O (x) O (d(n+ zz)logl)
VR HB Power Global O (Wlog%) O (ﬁ) O (d (n+ 27)logl)

Built on the recent stochastic variance-reduced gradient (SVRG) technique [33], [72,/73]
propose a stochastic variance-reduced version of Oja’s algorithm (VR-PCA) and its
extension for finding k£ > 1 principal components. Utilizing stochastic variance-reduced
gradients, VR-PCA works with a constant step size and converges at an exponential rate,

reducing the total runtime to O(d(n + 33)log:). The analysis of VR-PCA considers a
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batch of size one. While this implies that it works with any batch size, conditions for
the step size and the epoch size are not precisely given, making it hard to attain the
theoretically guaranteed performance in practice.

A stochastic variance-reduced version of Power+M (VR Power+M) is introduced
by [79]. Due to the momentum term, the iteration complexity is improved to O (ﬁlog%).
However, a batch size of (’)(ﬁ) is required to achieve such iteration complexity, leading
to the total runtime of O(d(n + X—g)log%). This runtime is worse than that of VR-PCA
due to the extra dependency on v/d. Moreover, if the batch size is not sufficiently large,
VR Power-+M may diverge, which makes it hard to use.

On other other hand, [22] reduce the PCA problem into a sequence of convex opti-
mization problems. Each convex optimization problem has the form of the least square
problem and amounts to one step of inverse power iteration [26]. Due to the finite sum
structure of the objective function, the SVRG algorithm [33] can be used to solve the
least square problem. However, solving this strongly convex optimization problem can
be as hard as the original PCA problem since the objective function is (A\; — A\y)-stronly
convex and (2A; — Ay — Ag)-smooth in the accurate regime. Through inexactly solving
these problems, an e-optimal solution can be obtained after a poly-logarithmic number of
iterations.

The shifted-and-inverted approach is also introduced for the leading eigenvector problem
[23] and numerous solvers such as coordinate-descent [75], SVRG [23], accelerated gradient
descent, accelerated SVRG [2] and Riemannian gradient descent [80] have been developed
to solve the least square problem. Other works on power iteration include the noisy [27]

and coordinate-wise [46] power methods. The noisy power method considers the power
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method in a noise setting, which [5] extend to provide an improved gap-dependency
analysis. Moreover, power iteration has been analyzed for incremental or online PCA in
many works [3]4/6/9/32,14759].

In this paper, we introduce two mini-batch stochastic variance-reduced PCA algorithms
(VR Power, VR HB Power) and provide their convergence analyses. They are mini-batch
stochastic variance-reduced variants of power iteration [26] and power with momentum
method [79]. While VR-PCA [72] takes a data vector at a time, VR Power works with
any batch sizes and the accompanying analysis reveals that whatever the batch size is,
VR Power attains the optimal runtime by appropriately choosing the step size and epoch
length. Explicit conditions of the step size, epoch length and batch size to ensure the
optimal runtime of VR Power are derived. On the other hand, VR HB Power is an
enhanced algorithm of VR Power+M. By adding the step size, VR HB Power works with
any batch sizes while VR Power+M can fail unless the batch size is sufficiently large. For
any batch sizes, VR HB Power can achieve the optimal runtime if we appropriately choose
the step size, epoch length and momentum parameter. We derive explicit expressions for
theses parameters. Our analysis improves the analysis of VR Power+M by removing the
dependency on v/d for the batch size. For the comparison of stochastic variance-reduced
PCA algorithms and their convergence analyses see Table [£.1]

In the convergence analyses, we introduce a novel framework of analyzing stochastic
variance-reduced algorithms for PCA. For an inner-loop iterate z;, we decompose E[(u] z;)?]
with u;, an eigenvector with respect to A\; into two parts where the first one is the expectation
term and the second one is the variance term. To obtain a tight bound for the variance term,

we analyze its growth over an epoch rather than focusing on iteration-by-iteration behavior.
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Based on the Binomial expansion of matrices, we come up with a compact bound of the
variance term, which is used to establish an upper bound of ZZ:2 E[(ulx)?/E[(ufz)?]
and derive conditions for the step size, epoch length and batch size to ensure its sufficient
decrease.

The concept of representing the optimality gap as the ratio of two expectations has
been never used for analyzing stochastic PCA algorithms. However, it results in much
simpler convergence statements than probabilistic statements in [72}79]. Note that we are
able to obtain probabilistic statements from the expectation bounds using the Chebyshev
inequality. Using the expectation bounds, we can establish global convergence of stochastic
PCA algorithms. Although stochastic PCA algorithms have been observed to work well
with random initialization |72], an initial condition such as |ufwg| > 1/2 is required in
previous probabilistic analyses. In our framework, such condition is not necessary and the
rate of convergence does not depend on how far an iterate is from u; but is kept the same
across iterations, as in the case of deterministic power iteration. The framework introduced
in this work is not specific to the proposed algorithms; it can be applied to analyze other
stochastic variance-reduced PCA algorithms such as VR-PCA or VR Power+M, deriving
expectation bounds for them and resolving their initialization issues.

This work has the following contributions.

(1) We introduce two mini-batch stochastic variance-reduced PCA algorithms. Re-
gardless of the batch size, our algorithms can attain the optimal runtime by
appropriately choosing algorithm parameters. Explicit expressions for these

parameters are provided.



105

(2) We provide novel convergence analyses for the algorithms where we establish
global convergence by deriving a bound for the ratio of two expectation terms.
The framework in our convergence analyses is general and can be used to analyze
other stochastic variance-reduced PCA algorithms. To this end, we are the first
to establish convergence of VR-PCA and VR Power+M for any initial vector and
in expectation.

(3) We present practical implementations of the algorithms and report numerical
experiments. The experimental results on real-world datasets show that our
algorithms outperform other stochastic variance-reduced algorithms for any batch

size.

This chapter is organized as follows. We introduce the algorithms in Section and
the convergence analyses in Section [£.3] Some practical considerations regarding the
implementations of the algorithms are discussed in Section [4.4) and the experimental results

are followed in Section [4.5

4.2. Algorithms

We consider two mini-batch stochastic variance-reduced algorithms for PCA. The
first one is a mini-batch version of VR-PCA [72] and the second one is an enhanced
version of VR Power+M [79] with a step size incorporated. For eigenpairs (A, ug) of
C, we assume that the eigenvalues A, Ao, ..., A\g satisfy Ay > Xy > ... > Ay > 0 and
the eigenvectors uq, us, ..., uy form an orthonormal basis. Since a symmetric matrix is
orthogonally diagonalizable, we can assume that such eigenvectors exist without loss of

generality. We assume that all norms are Ly for vectors and spectral for matrices.
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Variance reduction algorithms have an outer loop and an inner loop. They periodically
compute exact gradients at each outer iteration and use it in inner iterations to reduce
the variance of stochastic gradients. Let T, and x; denote an outer-loop and inner-loop
iterate, respectively. To get a stochastic variance-reduced gradient of an inner loop iterate

x;, we first decompose the inner loop iterate x; it into two parts as

xTx 5 T xT
Ty = —l; Tg + ([ —_— 2)1’,5
12| [E=A

using the outer loop iterate z,. In the above decomposition, the former term represents
the projection of x; on xs while the latter term represents the remaining vector. Utilizing
the exact gradient g, at T, the exact gradient at the first term can be computed as

5T 5T T
T, T T, T T. T _
Vf(f—txs) = Hgox Tt/

[y |5 [EN e

On the other hand, a stochastic sample S; is used to compute a stochastic gradient at the

second term as

z af
Zalal — joQ Ty

lES

This results in the following stochastic variance-reduced gradient g, at x; as

$$t~
4.2 ~—(s + aja; | I —
(4.2) 9= a0 |StZ ( u2>

lesSt
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4.2.1. VR Power

Using the stochastic variance-reduced gradient g;, we obtain a stochastic variance reduced

version of Power iteration as
(4.3) Typ1 < (1 =)z +1g:.

This update rule has a similar form as the one in VR-PCA, which repeats

(4.4) Tpg1 ¢ Wy + 7 (ait(agxt - aZis) + fjs) )

Note that (4.3) generalizes (4.4) in the following two senses. First, we can obtain an
update rule of (4.4) by letting n = (1 +7)/7 in (4.3). Second, with the choice of n =1,
we can recover deterministic power iteration from (4.3]) while (4.4]) does not. Using update

rule (4.3), we have VR Power exhibited in Algorithm [3

Algorithm 3 VR Power

Parameters: step size 1, mini-batch size |S|, epoch length m
Input: data vectors a;,t=1,...,n
randomly initialize outer iterate Z,
for s=0,1,... do
g+ Czx,
To ¢ T
z1 < (L —=mn)zo +ng
fort=1,2,....m—1do
sample a mini-batch S; C {1,---,n} of size |S| uniformly at random

zoxd T 20) ~

gi ITltl Zlest alalT(I — W)xt + Wg
Tep1 < (1 = n)zs + nge
end for
.fi'5+1 — Ty
end for
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When per sample cost is as expensive as per iteration cost, VR Power is an efficient
algorithm since it attains the optimal sample complexity. However, if per sample cost is
cheap, it might not be effective since its iteration complexity does not improve beyond
O(x log(1)). For this reason, we introduce VR HB Power which works better in the latter

setting.

4.2.2. VR HB Power

Using g;, we obtain a stochastic variance-reduced heavy ball power iteration as

(4.5) Tpyq 2((1 —n)x + ngt) — Bai_q

where n € (0, 1] is the step size and /3 is the momentum parameter. Note that we can
recover the deterministic heavy ball power iteration from (4.5) when the step size 7 is set
to 1 and the exact gradient g, = C'z; is used. The mechanism of controlling the progress
of the algorithm using the step size 7 is not present in VR Power+M [79]. As a result, it
fails to converge unless the mini-batch size |S| is sufficiently large. To the contrary, our
algorithm works with any mini-batch size |S| due to the presence of the step size n. By
selecting an appropriate value of 1 depending on the size of |S| and m, we can always

ensure that the variance terms do not grow faster than expectation terms. Having update

rule (4.5), VR HB Power is described in Algorithm [4]

4.3. Convergence Analyses

In this section, we provide convergence analyses for VR Power and VR HB Power.

Before presenting the convergence analyses, we first introduce some notation.
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Algorithm 4 VR HB Power

Parameters: step size 1, momentum J, mini-batch size |S|, epoch length m
Input: data vectors a;,i =1,...,n
randomly initialize outer iterate z,
for s=0,1,... do

g+ Cig

To < T

z1 < (1 =n)zo +ng

fort=1,2,...,.m—1do

sample a mini-batch S; C {1,--- ,n} of size |S| uniformly at random
w0 (z{ x0)

9 = ot 2ies, ar (I = i) %o + o g
Tpyq 2((1 — )z, + ngt) — Bayq
end for
i’erl — Tm
end for

4.3.1. Notation

Let Cy and P be the sample covariance matrix at inner iteration ¢ and the projection

matrix to the space orthogonal to the outer iterate o = 7, as
T

(4.6) Cy = aay = —
S Z l B

Using (4.6)), we can write ¢; as g. = nCx; + n(C; — C)Px;. Next, we characterize the

variance of sample covariance matrix C; as

= E[[(C: = CYlll,  o* = Ellla;,a;, — C|].

Then, for M, = E[(Cy — C)ugu} (C; — C)], we have

2

g
4. M| < K=—.
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For the analysis of VR HB Power, we define

(4.8) ar(n) = 4(1 —n+n\)%, Bn) = (1—n+nre)”.

Also, we let py(cv, B) and ¢;(av, B) be the Chebyshev polynomials of the first and the second

kind [57] respectively such that

(4.9) pe(a, B) = (a = B)pr-a (e, B) — Bla — B)pe—2(av, B) + Bpe_s(a, B),
(4.10) a(a,B) = (a = B)qi—1(a, B) — Bla = B)g—2(x, B) + Baqu—s(cv, B)

for t > 3 and
(411) pO(a>ﬁ) = 17 pl(avﬁ) = %7 p2<0575) = <% - 5)2:
(4.12) e, B) =1, qi(e, B) = , g2(, B) = (a = B)*.

Since the first eigenvector u; of the covariance matrix C' is an optimal solution to ,
the optimality gap is measured as ZZZQ(ugmt)Q /(uTx,)?, representing how closely x; is
aligned with u;. Note that this ratio is zero if x; = u;. Our analysis studies it in
expectation, providing a bound for 8, = 3¢_, E[(ufz,)?|/E[(ulx,)? given fixed s and

0. =Y, E[(ul7,)?]/E[(ul%,)?] for an inner loop iterate x; and an outer loop iterate Z,

respectively.

4.3.2. VR Power

In Lemmas |4.3.1} 4.3.2] and 4.3.3], we consider a single epoch, which corresponds to one

inner loop iteration starting with z.
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Lemma 4.3.1. For anyn € (0,1], 1 <k <d and 1 <t <m, we have

Bl(ugz0)’] = (1 =0 +n\e)* Bl(ug 20)°] + 0 i(l =+ 0\ B PMPy).
i=1
Proof. Since Pzg = (I — zoxl) o = 0, we have
(4.13) ui x1 = (1 —n)uf zo + nuj Cag + nui (Co — C)Pxo = (1 — 1+ nhp)u zo.
Taking the expectation of the square of , we obtain
(4.14) Bl(afer)?] = (1= 5+ Bl o))
For t > 2, we have

(4.15) urx, = (1 —n+nh\)urx,1 +nui (Co_y — C)Pry_y.

Since S; is sampled uniformly at random, C} is independent of S, ..., S; 1 and xy with
E[Cy] = C, leading to
Eluf v, ui (Cy_1 — C)Pxy] = E|E[ui z_1ul (Cimy — C)Pxy|wg, Si, . . ., Si_s]]
= Eluj v, ui E[C;_1 — C]Px;] = 0.

Therefore, taking the expectation of the square of (4.15)), we have

(4.16)
Bl(ugx.)’) = (1 =0 +n\e)*El(ug2-1)°] + 0° Blag_y P(Cioy — C)ugug (Comy — C) Py

= (L= n+n\)*El(uy2i-1)’] + 0 Bl PMip Py
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where the last equality follows from

Elzl [ P(C\_y — C’)ukuZ(C’t_l — C)Pxy_4]
= E[E[actTflP(Ct_l — C’)ukug(Ct_l — C)Pl’t_1|.T07 Sl, ey St_g]]
= E[ilj’tTilpE[(thl — C)ukuf(Ct,l — C)]P.Z'tfl]

= E[z] | PM, Pz, 4].

Repeatedly applying (4.16)) and using (4.14]), we obtain

t—1
El(upz)*) = (1= n+n ) El(ugzo)’] +0° Y (1= n+n\e)* "V E[x] PM,Px;).

=1

Lemma decomposes F[(ulz;)?] into two parts. The first part represents the
expectation term which grows at a rate of (1—n+n\.)? and the second part is the variance

term which increases as z; strides away from z as captured by E[x] PMPx,).

Lemma 4.3.2. For anyn € (0,1], 1 <k <d and 1 <t < m, we have

d d
> Elxf PMpPx,) < 2K Y Bl(ufx0)?] - [(1—n+n\)? +n*K]".
k=2 k=2
n?*Km
(1 —n+nM)?

1— Ao\ 2" 4K
0, < (77_“7) L Arkm
L—n+n\ (1 —=n+nh)

Moreover, if 0 <

< 1, then we have
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Proof. By Lemma we have
(4.17)
d

d
> Elx{ PMyPx,]) =Y Elx{ PMPz,] = PZMkPmt ] < ||ZMk|| (|| P2
k=2
Using the Jensen’s inequality and the fact that || ZZ , ugup || = 1, we have

||ZMI<:|—HZE Cuuy (Cy = O]l < E[|C, = CIP) = B[|[(C, = O[] = K

resulting in
d
(4.18) > Elx{ PMPx,] < KE[|Px,||?].
k=2

Let

B=(1-n)l+nC, B;=(1-n)1+nC+n(C;—C)P.

Since Pxy = 0 and

1

II B:= 1] Bm(Co—C)P+ [] B: (1 =)l +nC)

i=t—1 i=t—1 i=t—1
1 t—1 j+1

=[] Bm(Co—C)P+>_ I Bm(C;—C)P[(L—n)I+nCY +[(1 - n)I +nC’

i=t—1 7j=1i=t—-1

t—1 j+1

1
- H Bm(Co—C)PJFZ H Bn(C; — C)PB’ + B',
i=t—1

j=1 i=t—1
which can be seen by elementary manipulation, we have
t—1 j+1

0
Ty = H Bizy = Z H Bin(C; — C)PB’ + BY| x,

i=t—1 j=1 i=t—1
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resulting in

t—1 j+1
(4.19) Pz, = |> P[] Bn(C; - C)PB’ + PB'| .
j=1 i=t—1

Since Cy, - - - , Oy are independent with E[C;] = C for all 1 <i <t — 1, we obtain

1
(4.20) E[xg B'P* T[ Bin(C; - C)PBja:O} ~0
i=t—1
J2+1
(4.21) E[x[—fBﬂ — C)y H B,P* [[ Bm(Cj, - PBj2$0] =0
1=J1+1 1=t—1

where 1 < 7, 71,j2 <t — 1 and j; # jo. Therefore, we have

@) BlPnl?) =Y B[P ] Ba(C; - OPB|) + EIPB)

due to cross-terms being 0 from and (4.21) when “squaring” (4.19). Using
LemmalA.2.1|with 2 = x0/|| 7| and the fact that ||zo||2(1—(ul20)?/||lzo]|?) = 320, (uf z0)?,

we have
d
(4.23) E[|PB'xo|”) < 2(1 = n+n\)* Y E[(u) xo)°
k=2

By Lemma and ||P|| = 1, we have

j+1 j+1
(4.24) [P T] Bin(Cj — CO)PBIwo||” < ?|| T Bi(C; — C)PBImy||”.

i=t—1 i=t—1



Moreover, by repeatedly using first the property that B; is independent of zg, C;, Bji1, - - -

and Lemma[A.2.2] we have

j+1
E[|| T Bi(C; — C)PBIx||"]
1=t—1
Jj+1 Jj+1
= E[«TBIP(C; — C) ( I1 B) BY By [[ BiP(C; - C)Bix,)
i=t—2 i=t—2
Jj+1 Jj+1
= ElzTBIP(C; - C) ( I1 B) E[BL,Bi) [[ BP(C; — C)Blxy)
i=t—2 i=t—2
j+1
< |EBI,B]|-E[|| [] Bi(C;—C )PBixy||’]
i=t—2
Jj+1
< [] IIEIB!Bil| - EllI(C; — C)PBixy|).
i=t—1
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In the same way, using the fact that C; is independent of 29 and Lemma [A.2.2] we have

E[|[(C; = C)PB xo|*] < ||E[(C; — CY]|I - EllIPB o],

resulting in

(4.25)

Jj+1 j+1

El| T] BAC; - C)PBo|*] < T] IEIBFBIIl- 1E(C; — C)Il - Bl PBao|).

i=t—1 i=t—1

Since C; is independent of zg and E[C;] = C, we have

1E(B Bl < 1B + n*[| ELP(C; — C)*P]|.
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Since all induced norms are convex, using the Jensen’s inequality, we have
|E[P(C; — C)*Pl||] < E[||P(C; — C)*P|] < B[||(Ci = C)|] = K

leading to

(4.26) IB[B] Billl < [|1B7|| + 0’| E[P(C; = C)*P|| < (1 = n+nAi)* + n’K.

In the same way, we obtain

(4.27) IE(C; = Ol < E[I(C; = CYP|] = K

Using (4.26)), (4.27) and (4.23) for (4.25)), we have

j+1 d
Bl T BAC;— C)PBao|’] < K-> El(ufwo)?] - (1 —n+n\)¥
(4.28) i=t—1 k=2

A =n )2+ 2K T

From (4.22)), (4.23), (4.24) and (4.28)), we finally have

t—

d
E[||Pxi)?) < 20K )" Bl(ufmo)?] - Y [(1=n+ M) +02K] 77 (1= n+nh)¥
k=2 j=1

—

+ 2 (L= nA)* - Y Bl(uf)’]
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where the last inequality can be checked by elementary manipulation. This results in

(4.29)

d d
Z Elz/ PMPx] <2K [(1 —n+n\)* + 772K}t : Z E[(uiz0)?.
k=2 k=2

This proves the first part of the proof.

Next, we have

and

d t—1

S (= n+ )V E] PM, Pr)
k=2 i=1

t_

<A=n+n)* > (1—n+nh)" +1)ZEmPMkP:p,]

—_

i=1 k=2
t—1 .
Y (= +n) (1= n+nh)* + K]
i=1

t—1

< 1 Z((l—n+nA1)2+n2K>i

T (I=ntnh)? < (1 =n+ni)?

1 [ 2K ! 2K

. (1+ ! 2) —1 <1+ ! 2)
PRI\ (L =n+nh) (1 =n+nk)

1 'e ( n? Kt > 11
X — .
7K | P la=n+an

IN

IN

Using the condition that

n?Km

0<
(1 =n+4+nk)?

<1
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and the fact exp(z) — 1 < 2z for all x € (0,1), we further obtain

t—1
2t
L—n+920) 2D [(1 =4 n\)2 + K
;( 0+ nh) 2D (1= 4+ ph)? + K] < fETETyw:
Combined with (4.29)), this results in
d m—1
7Y > (L= n+n\)* "V E[a! PM, Px;]
k=2 i=1
m—1 d
<Y (L=n+n\)*" Y " Ele] PMPx;)
=1 k=2
d
<4Ap’Km(1 —n+nA)*" 0N " El(uf 2)?).

o

=2

Using Lemma for t = m and the fact that (1 —n + n\)*™ < (1 —n + n)g)?™ for

k > 2, we finally have

El(ufwn)?] = Y (1 —n+n\) " El(uf)?]

B

k=2 k=2
d m-—1
+y Z (1 =1+ 0"V E[e] PMy P,
k=2 i=1
d
(4.30) < ((L=n+nX)™ + 4’ Km(L — 1+ p))*" D) >~ El(uf20)?).
k=2

On the other hand, by Lemma and the fact that PM, P is positive semi-definite, we

have

(4.31) (1 =0+ n\)* El(uy 20)*] < El(uy 2m)?]-
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Combining (4.31)) with (4.30)), we obtain

> ois El(uf 21n)?) L—n+n\"  4’Km | 3, Bl(ufxo)’]
E(uT )7 S[(l—nml) +<1—n+nxl>2] E[(u0)?]

O

Lemma m provides a bound for YX¢_, E[z] PM,Px,], which grows at a rate not
greater than (1 —n+nA;)? + n?K. Using this bound and assuming some condition on 7,
K, and m, a bound on 6,, is derived as a function of 6y, n, m, and K. In Lemma {4.3.3

we present explicit conditions for n, m, and |S| to ensure a sufficient decrease of 6,,.

Lemma 4.3.3. Let n = A* for some > 0. If m and |S| satisfy

(1—n+ni)log?2
4.32 =
and
16n%0%m
4.33 S| > ,
(4:33) | |_(1—n+n>\1)2

then we have 6,, < Z - bo.

Proof. From the conditions on n, m and |S|, we have

2
n“Km 1

0< < —.
(I—=n+n\)* 16

Therefore, using Lemma [4.3.2, we have

S Elfrn)?) _ [(L=ntnh\ . apEm | Si, Bl
El(ulx,,)?) S[(l—nml) +(1—77+77A1)2] El(ula)?
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By the choice of n and m, we have

(1—n+m2)2m: (1_ N\ — o) )2m < exp (_277()\1—)\2)m> _1
L—n+n\ l—n+nh/ L—n+nh )~ 2

Also, by the choice of n, m and |S|, we have

apPPKm 40’n*m
(T=n+nr)? IS[(1=n+nk)?

1
< -.
4

Therefore, we have

i Bl(ufwn)?] _

S El(uf0)?]
El(uf )] ‘

3.
4 Bl(ujzo)?]

O

For any s > 0 such that 7 = A¥, Lemma [4.3.3) provides explicit values of m and |S| to
ensure a sufficient decrease of 6,,. In the analysis of VR-PCA, exact values of n and m
to ensure the optimal runtime have not been provided. Instead, only the orders of n and
m have been provided such that n = ¢;A and m = ¢;/A?, making it hard to obtain the
optimal runtime in practice. Contrary to it, our analysis provides explicit expressions for
m and |S], being more practical. Moreover, since the term on the right-hand side of
goes to zero as p increases, it can be also stated that for any |S| > 1, there exists some
p > 0 and thus 7 = A* and m (see (1.33)) such that 6,, < 3/4 -6, holds. This implies
that VR Power can always attain a sufficient decrease of 6, no matter what |S| is used.

We next give the main result.

Theorem 4.3.4. Suppose that an initial vector Ty satisfies ulxo # 0 and let 6y =
(1 — (uT20)?)/(ul79)? > € for some ¢ > 0. If n = A" and m and |S| satisfy ([4.32) and

@33), after 7 = [log(y/€)/log(4/3)] epochs of VR Power, we have 0, < e.
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Proof. By repeatedly applying Lemma 4.3.3, we have

Do B3] _ <§> S El(uf 7)) _ (3)750‘

1) El(l)) i

resulting in

O

Theorem present a convergence result for 7 epochs. Note that our result requires
only a trivial assumption on 6y and thus establishes global convergence. Also, since
7 = O(log(%)), only a logarithmic number of inner loops is needed to be performed to

obtain e-accuracy.

4.3.3. VR HB Poxer

The folloxing Lemmas 4.3.5)], and are counterparts of Lemmas [4.3.1]
and for VR HB Power. For the momentum parameter (3, we let 5 = (1) which is

defined in (4.8). As in the analysis of VR Power, we first consider a single epoch with an

initial inner loop iterate z.

Lemma 4.3.5. For anyn € (0,1], 1 <k <d and 1 <t <m, we have

t—1

El(ufw)’] = pe(an(n), Bn) El(ufzo)’] + 40 Y qr—r—1(an(n), B(n) Elwf PMyPa,].

r=1
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Proof. From z; = (1 —n)xy + ng = (1 — n)xe + nCxq, we have
(4.34) uper = (1= n)ugzo + nuy Co = (1 — 1+ ) ug 2.

Taking the expectation of the square of (4.34]), we obtain

(4.35) El(ujx1)’] = (1 =+ nA)*El(uf0)?] = akin)E[(Ufmo)Q]-

Next, from (4.5), we have

(xl ) (xlz0) -
T =2 (L —n)ay + a;,a; ( : ) + 50| — B(n)zi-
t+1 (( t 77| t| Z t iy ||$0H2 ||.Z'[)||2 (77) t—1

it €Sy

Toxd Toxd
21 (1— $t+77 Z ;@ 'Lt( [ 0“2) t+cth — B(n)xi-1

1t €St
T
— 2((1 —n)x, + nCxy + 77 Z a;,a “ — ( — %)1}) — B(n)xi—
€S,
(4.36) =2((1 = n)xy + nCxy + n(Cy — C)Pxy) — B(n)wy1,

leading to

(4.37) up e = 2((1 =+ nhp)ug e + nui, (Cy — C)Pxy) — B(n)uj 1.
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Taking the square of (4.37]), we have

(upz41)” = 41—+ ) (uj )
+ 4’z P(C; — Cyuuy (C; — C) Py + (B(n))* (uy, 1)
+8n(l—n+ n)\k)ufxtug(@ —C)Pxy—4(1 —n+ n)\k)ﬁ(n)ufxtugxt,l

— 4776(77)16{(6} — C’)Pa:tuf.rt_l.

Since S; is sampled uniformly at random, C; is independent of Si,...,S; 1 and

identically distributed with E[C;] = C. Therefore,
Eluf i (C, — C)Pxy] = Elui 2.ul E[Cy — O]Px,] = 0.
Similarly, we have
(4.38) E[ul (C, — C)Pruix,_1] = 0.
As a result, we obtain

El(ugwe1)?] = an(n) Bl(ug:)’] = 2/ an(n) B(n) El(ug ) (ug 2e-1)] + (B(0))* El(ug we-1)°]
(4.39) + 4n*E[x] PMyPx,).

Using (4.34)) and ({ - in - for t = 1, we have

@a0)  Elfe?] = (4 a) Bl + 4P BT PMPr)
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Moreover, by using (4.37) with ¢ — 1, multiplying it with u] z;_;, taking expectation and

using (4.38]) with z; being z;_; (which can be derived in the same way as (4.38])) , we have
(4.41) Bl(ug o) (up 1)) = Vo) El(ugwi-1)?) = B(n) Bl(wg 1) (ug 2e-2)).
Using (4.41), we can further write (4.39) as

El(uzwe1)’] = an(n) Bl (urze)] = B(n)(2an(n) — B(n) Bl(ugwe-1)’]

(4.42) +2¢/ () (B(n)) E(uy, x-1) (ug we-2)] + 40 Bl PMy, P,
With ¢t — 1 in (4.39)), we have
E[(“gxtﬁ = ax(n)E( Uk;flft 1)7] =2y aw(n)B(n Uk;l’t 1)(“?1}72)]
+ (Bn)?El(ugwi—2)’] + 4° B[z, PM Py ).

Adding multiplied by 3(n) to (4.42), we obtain
(4.43)
El(uges1)?] = (aw(n) — B0)) El(ugz:)’] = B(n)(an(n) — B(m) E(ugze-1)?]

+ (B E(ugw-2)") + 4n° Elay PMyPay] + 40° 8(n) Elw;_ PMy Py ).

With ¢t — 1 in , we finally have
(4.44)
Bl(ug )] = (aw(n) — B(n)) El(ugzi-1)°] = B(n)(an(n) = B(m) E|(uy, xe—2)*]

+(B))*E(uy we-3)%] + 40" Elr,_y PMyPxe] + 40 B(n) E[2,_y P My Paes)].
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Using Lemma for E[(u]z;)?] defined by (4.35]), (4.40) and (4.44) with

a=ayn), B=p5mn), Lo=E[(ux)?, L;=4"Elx{PMyPx],

we have

t—1

El(ufw)’] = pe(a(n), Bn) El(utao)’] + 477 Y qrr—1(an(n), B(n) Ele} PMyPa,].

r=1

O

Lemma breaks E[(u} x;)?] into the sum of expectation part and variance part.
While the expectation term is a function of the Chebyshev polynomial of the first kind,
the variance part is a function of the Chebyshev polynomials of the second kind. That

being said, the variance term grows faster and thus we need a careful analysis for it.

Lemma 4.3.6. For anyn € (0,1], 1 <k <d, and 1 <t <m, we have

: T . y uj 20)°] - ﬂ -
> Elsi PMyPr] < 4K - 3 El(ufao)’ (” 041(77)—45(77))

4 Km
ai(n) —48(n)

pm(as(n), B(n)) | 1289°Km
m = (pm(al(n),ﬁ(n)) e 45(77)) o

Moreover, if 0 < < 1, then we have

Proof. Since || 32¢_, upul|| < 1, we have || S0, My| = || S50, E[(C, — C)ugul (C, —

ONIl < E[IIC: = CIP] = E[I(C: = O)*[l] = K.
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By Lemma [A.2.2] this leads to

d d d
(445) Y Elxf PMyPx] = E[z] PY _ MyPx;] < || Y M| E[|Px||*] < KE[||Px|?].
k=2

k=2 k=2
Let
I 2[(1 =) +nC] —Bn)I
b G- [( ) +nC] (n)
0 I 0
and
1—n)I+nC —Bn)I C,—C)P 0
G — ( M+ (n)  H—m (C—C)
I 0 0 0

From the update rule in Algorithm 4| expressed in (4.36]), we can write
Tt = FT(G + Ht_l)(G + Ht_g) tee (G + Hl)(Go + H())Fl’().

Using Lemma for the expansion of (G + H;_1)(G + Hy—s)--- (G + Hy)(Goy + Hy) ,

we have
(4.46)
t—1 [ i+1 1
Pz, = PFT <G“GO +) lH (G+ H)H,G'Go| + [] (G + H)) ) Fx.
i=1 |j=t—1 j=t—1
Since Cy, C4, - -+ ,C;_1 are independent and identically distributed with mean C', so are
Hy, Hy,- -+, H_y with mean 0. Therefore, the expectation of all cross-terms in the “square”

of (4.46) are zero. Using the fact that HyF'zg = 0, we have

(4.47)
t—1 i+1
Bl Pall) = EIIPF' G GoFaol) + 3 E[|PFT ] (G + H)HG™ GoFa|['].

i=1 j=t—1
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Note that this result is analogous to (4.22)) in the analysis of VR Power. From FTG*1GyF =
Y (1 —n)I +nC, 5(n)) (see (A.36) for the definition of Y;) and (A.40b)) in Lemma

with 2 = zo/||zo|| and the fact that ||z|2(1 — (uT20)?/||z0]|?) = S¢_, (ul x0)?, we have

(4.48) E[|[PFTG GoFro|*] = 4pi(aa(n), B(m) - > El(ulwo)?).

d
k=2

Using Lemma[A.2.2] ||P|| = 1, H, = 2nF(C; — O)PFT, we have
(4.49)
it1
E[|PFT ] (G + Hj)H:G™'GoFo||”]
j=t—1
it1
<4|[P|*- E[|FT ] (G + H))F(Ci — C)PFTG' Gy Fay|”]
j=t—1
i+1 i+1
<af - |B[FT] J] @+ H)] FET TG+ H)FY|E([[(C: = C)PFTG GoF o).

j=t—1 j=t—1

Using mathematical induction on %, we prove that

i+1 i+1
B[ T[ (¢ +H)] ' FFT ] (G + H;)]
Jj=t—1 j=t—1
(4.50) " "
= Z EH H H;*’L)J'Gv]}TFFT H H;fuijj}
(Vig1, e we—1) €{0,1}F 771 j=t—1 j=t—1

for any ¢ <t — 2 and fixed ¢t > 2. Since E[H; 1] = 0, we have
E[(G'+HI )FF'(G+ H,_,)|=G"FF'G + E[H} \FF'H,_,].

This proves the base case for 1 =t — 2.



Suppose that (4.50]) holds for i = k. Then, since Hy, is independent from Hyq, - -

and E[Hy] = 0, we have

G+ )] FFT [T (G +8))]

AL

j=t—1 j=t—1
k+1 k+1
B[ ] @+ 1)) FFT ] G+ )]0
J=t—1 j=t—1
k+1 k+1
+B[H{[ [] @+ )] FF" ] (G + Hy)H,].
j=t—1 j=t—1
From (4.50)), we have
k41 kil
G"E[[ [ @+H)]"FF" ] (@ +Hy]G
j=t=1 j=t—1
k+1 k1
- 2. E[[(I] & em)e) ren(T] mam)al.
(Vk41, v—1) €{0,1}7F1 j=t—1 j=t—1

Also, by the independence of Hy from Hyyq,--- , Hi—; and (4.50), we have

k+1 k+1

B[ [] @+ )] FF" I] (G + H)Hi]
g=t—1 j=t—1
k+1 k41
= E[H{E[[ [] (@ +H)] FF" [] (G + H)]H]
j=t=1 j=t—1
k+1 k+1
el Y BI] e e I e
(Vkg1,ve—1) € {0,1}t71 j=t—1 j=t—1
k1 k1

— - BI[( [T & "6 m) FFT( T] H; "G»)H].

(Vgg1yewe—1) €{0,1}EF~1 j=t—1 j=t—1
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Therefore, we have

k k
[ T ¢ +H)) FFT ] (G + H))]

j=t—1 Jj=t—1
k
S SR (§ ) AR | !
(Vgy e we—1) €{0,1}F7F J=t—1 Jj=t—-1

which completes the proof of (4.50)).

Using the Jensen’s inequality and the norm property of a symmetric matrix, we have

(4.51)
i+1 i+1 i+1
HE[FT[ H [ 1 UJGU] FET H 1 UJGUJ H <E HFT H _UJG’UJ FH }
Jj=t—1 Jj=t—1 Jj=t—1

For (viy1,- - ,v1) € {0,117 let J = {j1, 52, - ,j5} be a set of indices such that
J1<Jja<---<jrandv; =0if j € J and v; = 1 otherwise. Also, let j, = ¢. Using that

H; = FFTH;FFT we have

i+1 1
E(|F" ] [H, 76 F|?] = E[|FTG#F][ (FTH;, FFT G- 'F) ||?]
j=t—1 1=k
1
(4.52) < E[|F'G R T IFT H FIP|FT Qo R

1=k

Since FTG'F = Z,((1 — n)I +nC, 3(n)), using (A.40d) in Lemma we have

(4.53) IFTGFI* < qica(n), B(n)).
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Also, from that FTH,F = 2n(Cy; — C) P, we have
(450)  E[|FTHFIY) < 92E[)(C - O)P] < 4PE[(C, — O)] = 47K,

where the last inequality follows from ||P|| = 1 and the second last equality follows from

the symmetry of C; — C. Using (4.53)) and Lemma [A.2.5] we have

(4.55) ”FTGt—jE—lFH?H ”FTGjl—jl—l_lF||2 < (m> Qt—i—l(al(n)76(n))'

1=k

We use Lemma k times to obtain the term on the right-hand side.

Using (4.51)), (4.52)), (4.55)), and the independence of Cy, CY,--- ,Cy_1, we obtain

i+1 i+1
\B[FT[ I] t#,7 6] FFT ] 11,6 F)|
j=t—1 Jj=t—1

wPK \*
< (m) Gia (o (), B()).

Combined with (4.50)), this results in

i+1 i+1
|E[F' T (@ + )] FET T] (G + HyF]|
j=t—1 j=t—1
i+1 i+1
=| 2 BIETLIT e pET T 11y GolF]|
(Vig1,+ve—1) €{0,1}F 71 Jj=t—-1 Jj=t-1

i+1

i+1
Z |E[FT| H [H;‘“fcvj FFT H H;" G F]||
j=t—1

('UH—I ”Utfl)e{o,l}tfifl j=t—1

IN

. Z (’f —i- 1) (#fiﬁ(m) i 1(en (), ().
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From

= () G ) < (raetm)

we further have

gt

IE[FT[ T] (¢ +H)] FF" [] (G + H)F]|
(4.56) =t =t

S%%4@MWL6WD<P+EE§%%QE>

On the other hand, using Lemma [A.2.2] and (4.48)) for ¢t = i, we have

2E[||(C; = C)PFTG ' GoFay||”]

= B[z FTGH(G T FPTE|(C; — O)Y)PFTG" ' Gy F o)

(4.57) ,
< |E((C; = CYIE(| PFT G GoF o]

d
< 47]2K pi(ai(n ZE ukxo
k=2

Using (4.56) and - to bound - we have

i+1
E[|PF" H (G + H;)H;G"~ 1G0Fac0|| | <16n°K - ZE (up x0)?]

(458) j=t—1 k=2

pilaa(n), B(n)) - qi—i—1(c1(n), B(n)) - (1 + Oq(?]?nf[iﬁ(n)) N '
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Using (4.48) and ({ - ) for (4.47] , we finally have

d

ElllPel) < 3 El(ulno) [4pt<a1<n> B(m)

k=2
t—1

+167°K Zpi(al(n), B) - ae-i-1(aa(n), B(n)) (1 - ﬁfiﬁ(n)) : } '

By (A.52) and (A.53)) in Lemma |A.2.4) we have
2t
< (VO;(U) N \/al(n)2— 4ﬂ(n)> |

pe(a1(n), B(n)) <

2(t+1)
lent).500) < (55 (\/@21(77) Yol - 45(77)) |

Therefore, we obtain

t—1

Api(0a(n), B)) + 167K Y pilen(m), B(m) - do-i-1 (e (), B(m) [1 i #2@)} :

K wK T [Vaw | Jaw —a8m)|
1+_a1(77)—45(77);(1+a1(?7)—4ﬁ(77)) ” 2 " 2 ]

wE N [V | e =48]
<>) [ L ]

<4

_4(1+a1(77)—45n 2

which results in

BllPal <4 (1+ ) [W1(77>+V0‘1(”>2‘4@<’7>] > Elluf )

04177)_4577 2
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Finally, from (4.45), we have

T x ulx . —4U2K -
;;ExtPMkP ) < 4K - ZE T 20)% <1+&< )—45(77))

(4.59)

2

) \/041 \/041 —45 )]

This completes the proof of the first statement.

Next, from ay(n) = 45(n) > ag(n) for k£ > 2 and (A.54) in Lemma

E|(uj o).

]~

(4.60) > pmlai(n), Bm) El(ufw0)*] < pmlaz(n), B(n)) -

=
||

2

Also, using (A.53]) and (A.54) in Lemma [A.2.4] and (4.59), we have

d m—1 2
4’ K Vou Vi
<4y El(ujx)? (1—|— )
2 Bl |1+ o550 2
4’K
Since 0 < TR - 1, using that exp(x) < 1+ 2x for z € [0, 1] we have
a(n) — B(n)

4K met B ox 4’ Km B 82 Km
<1+a1< <n>) = p(m(n)—w(n)) NS m) -8
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leading to

-1

d
k=

3

(4.61) 2=t N
32772Km A /al &1(n) _ 45(”) d . ,
— ai(n) —48(n) [ 2 2 ] ';E[(“k%) ].

Using (4.60), (4.61)) for Lemma we finally have

d d
> El(upzn)’) < El(uyx0)?] - [ m(2(n), B(n))
k=2 k=2

320°Km \/al(n)+\/a1(77)—45(77) "
a1(n) — 4B(n) 2 2 '

(4.62)

Lastly, using Lemma for k =1, we have

m—1

El(u2m)*] = pm(ar (n), B0) E[(uf 20)*] + 417 Y mr1 (e (), B(n)) Elz] PM, Px,).

r=1
Since P M, P is positive semi-definite and ¢;(a(n), 5(n)) > 0 for 1 <t < m by (A.53) in

Lemma [A.2.4] we have
(4.63) El(ufwm)’] = pm(aa(n), B(m)E|(uizo)?].
Also, from ay(n) > as(n) = 46(n) and ( in Lemma[A.2.4] we have

(4.64) pm(ci(n), B(n)) > }l<\/&1 \/O”(n); 19 (77)) .
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Using (4.62), (4.63]) and (4.64), we eventually obtain

St Bllden)’] _ {pm(%(n),ﬂ(n)) L 128PKm ] S, Bl(ufa))
Bl@lzn? = [pm(as(n). B0) () =48] Elllao?

which completes the proof. 0]

Lemma m provides a bound for Zi:g B[zl PMyPz;]. Note that it depends on A
and blows up as A goes to zero due to the term involving 1/(aq(n) — 45(n)). Due to this
dependency, VR HB Power tends to require a larger batch size than VR Power given the
same values of n and m. Lemma also establishes a bound for 6,, as a function of 6,

1, m and K under some assumption.

Lemma 4.3.7. For some pu >0, let n = A* and

_ ( 1 —n+nkh
AMA 4+ /A AR — 1) + (A + A2))
(4.65)
VIAMART =) + (A + A2)) log 8
NAMA + VnMARM —n) + (M + X)) ) 2
and
128no?m
(4.66) 512 AR =0 F i T W)

Then, we have 0, < Z - bp.

Proof. Using the conditions on m and |S|, we have

4’ Km < 1

(4.67) 0S o 150 S T
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Also, from

pa(0a(n). B0n) = (B)™,  pu(onn). ) > & | Y, Vouln) Z 1 “7)]
and the choice of and m, we have
(az().Bn) _ , | 50) "
(a(n), B()) = | Veu(n) + /eu(n) — 48(n)
L[ Ve = VA + e = 8w |
Vai(n) +/ai(n) —
(4.68) oA+ VINAB = ) )
L—n+nM + vnAMARIL =) + 1A+ As))
- [ A+ VIMAR — ) + 10+ o)) ]
<4dexp |—2 m
L—n+n A+ VnMARDL —n) + (A + A2))
<1
=2

Therefore, using (4.67)) and (4.68) in Lemma [4.3.6 we finally have

> s Bluwn)’] _ {pm as(n), B(n 1280°Km | Yy Bl(ujzo)’]
T _—
3
o

2):60)
Bl (), Bn) " aaG) =48] Bl e

(
(@
22[( £ %0)’]
[(ufwo)?]

IN

which completes the proof. U

Lemma [4.3.7] provides explicit conditions for m and | S| to ensure a sufficient decrease

of 0,,. Note that when p = 0, we have |S| > O( A§/2)7 which improves the analysis of
VR Power+M in by removing the dependency on v/d. Also, for any |S| > 1, there

exists some 1 and m satisfying the conditions in Lemma [£.3.7] This implies that VR HB
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Power works with any batch size while VR Power+M does not. The overall convergence is

established next.

Theorem 4.3.8. Suppose that an initial vector T satisfies ul o # 0 and let 0 =
(1 — (ufz0)?)/(u{Z0)? > € for some € > 0. If n = A" and m and |S| satisfy ([1.65) and

[@.66), after T = [log(fy/€)/log(4/3)] epochs of VR HB Power, we have 0, < e.

PrROOF OF THEOREM 4.3.8. By repeatedly applying Lemma 4.3.7], we have

Z%Tégggf]) < (4) ZkET(u%(f:o) 1)2] - @9

Since T = [log(fo/€)/ log(4/3)], we have
n(3) o).

>, Bl(uf,)?]
E(l5,)] = °©

resulting in

The global convergence result in Theorem is based on the single epoch result in
Lemma | Since 7 = O(log(1)), the iteration complexity is 7m = O(xr7am7z log(})).
On the other hand, from |S| = O(W), the sample complexity amounts to (’)((n +
+5)log(1)). Note that VR HB Power has the same sample complexity as VR Power but
may have small iteration complexity. Therefore, if per sample cost is cheaper than per

iteration cost, VR HB Power can be more efficient than VR Power.
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4.4. Practical Considerations

In this section, we discuss some practical aspects implementing the proposed algorithms.
First, to ensure that the algorithms are numerically stable, we consider normalizations as
introduced in [72] and [79]. After updating z;,1, we normalize ;11 as Ti41 < Tep1/||Ter1]2
in VR Power and update x; and x4 as x; < x¢/||ze41]|2 and @41 <= 441/ ||2e41]|2 in VR
HB Power. Since these scaling schemes do not impact the sample paths of z;/||z;||, we
can obtain the same results with numerical stability.

Another practical issue with the implementations of VR Power and VR HB Power is
to estimate A\; and Ay. As appearing in Lemma [4.3.3| and Lemma 4.3.7, accurate values of
A1 and \g are essential to determine the values of 1, m, and 5 (for VR HB Power). In the
experiments, the mini-batch size |S| is given as some percentage of n, so no estimation is
required for |S|. In order to estimate A\; and Ay at a regular interval (at the start of each
inner-loop), we use the exact gradients of two consecutive outer-loop iterates T, ; and
Z,. Since we expect that T, approaches u; as the iterations advance, using the Rayleigh

quotient, we estimate \; as

To estimate Ay in the same way, we need an estimate of us. In Power iteration, an iterate
first approaches the subspace spanned by u; and uy before converging to u;. That being
said, after a number of iterations, we can approximate it by a linear combination of w4

and uy. Based on this observation, we estimate u, as

(4.70) fly = Ty — (TL | 24)Ts.
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The idea of the above estimation is to project Ts_; to the space orthogonal to z,. If
Ts ~ uy and T5_1 = ajuy + qousg for some ay, aa(# 0), we have 4y &~ uy. Using the Rayleigh

quotient of iy, we estimate A\ as

“ il Cieq —20,21C7, 1 + 622TCx
4.71 _ s—1 S SVs S sY's S
(4.71) 3 o

where 0, = 2T | 7,. While two matrix-vector multiplications, CZ,_; and CZ,, are involved
in computing and , they incur no extra computation since they are the exact
gradients of Z,_; and Z,, which are computed regardless of the estimation. As a result,
we can obtain \; and Ay by only computing some inner products. For initial estimation
of \; and A, we run Power iteration five times and use the last two iterates. Note that
the exact gradient of the last iterate is computed at the start of the very first outer-loop
iteration.

Given |S| and estimates of A\; and A2, we use bisection search to find n € (0, 1] such

that the terms on the right-hand sides of (4.33) and (4.66]) are almost equal to |S|. After
7 is found, we use (4.32) and (4.65)) to determine m.

4.5. Numerical Experiments

In this section, we test the performance of VR Power and VR HB Power with that
of (i) VR-PCA [72], (ii) VR Power+M [79] and (iii) Fast PCA [22] for finding the first
eigenvector u; of the covariance matrix C' constructed by data vectors a;,7 = 1,...,n from
real world datasets. Note that all present stochastic variance-reduced PCA algorithms are

compared in this experiment.
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4.5.1. Datasets

The datasets include ijenn [68], covertype [8], YearPredictionMSD [7] and MNIST [44] as
summarized in Tabel 1.2, All of them are obtained either from the UCI repository [18] or
the LIBSVM library [17]. They are carefully chosen to incorporate a variety of datasets

in terms of size and eigen-gap. The first three datasets are standardized with a mean of

Table 4.2. Summary of datasets for PCA

DATASET n d A
ICJNN(TEST) 91,701 22 0.0079
Ccov 581,012 54 0.2106
MSD 463,715 90 0.3224
MNIST 70,000 764 0.8851

zero and standard deviation of one while the last one is scaled to the range between 0 and

1 to preserve its sparsity.

4.5.2. Settings

In order to report a comprehensive comparison of the algorithms, we consider two settings
for selecting hyper-parameters. In the first setting, we use hyper-parameter tuning. Specif-
ically, we use a grid search to find the best values of , m and |S| = p% of each algorithm
and dataset where n € {0.01,0.05,0.1,0.2,0.4,0.6,0.8,1.0}, m € {25,50, 100,200} and
p€{1,2,510}.

In the second setting, we use the following theoretically derived or recommended

hyper-parameter values.
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e VR-PCA:
NG

N==—-, m=mn, |S|=1
Zi:l l|ail|?

e VR Power+M:

A 02221;1 [l as]|? 5] = A2 log 16 T:51210g16)\202\/3.

4’ n VA= VAT =X

e Fast PCA: § = Ay — A\2. We only consider the accurate regime. In order to solve

B

each problem, we use SVRG [33] with ¢ = 1073,

M= . 1
T=7enm 2 T 220 2 |

e VR Power, VR HB Power: |S| = p% - n for p € {1,2} and o? = >, ||a;|*/n.
For n and m, we use bisection search explained in Section [4.4] Also, the scaling
schemes in Section [4.4] are used to ensure numerical stability. The exact values of
A1 and )\, are used to find n and m.

e PF VR Power, PF VR HB Power: As opposed to VR Power and VR HB Power,
adaptive estimates of A1 and )y obtained by the procedure in Section are used

to find n and m.

4.5.3. Results

Figure displays the experimental result with hyper-parameter tuning. In the figure, the

2

Y

x-axis represents time in seconds and the y-axis represents the optimality gap, 1 — (27u,)
in the log-scale. Since VR-PCA and VR Power are related algorithms, their performances

are similar except for cov where the step size of VR-PCA is tuned to the largest possible
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Figure 4.1. Convergence plots of stochastic variance-reduced PCA algorithms
with hyper-parameters tuned

cov

Fast PCA
— —=VR-PCA
————— VR Power+M
—— VR Power(|S|=1%)
— — = VR Power(|S|=2%)
fffff VR HB Power(|S|=1%)
VR HB Power(|S|=2%)
——PF VR Power(|S|=1%)
— — —PF VR Power(|S|=2%)
! -=PF VR HB Power(|S|=1%)
12 12 12 -12 - PF VR HB Power(|S|=2%)
0 100 200 0 100 200 0 50 100 0 50 100
time (seconds) time (seconds) time (seconds) time (seconds)

log(error)

Figure 4.2. Convergence plots of stochastic variance-reduced PCA algorithms
with recommended hyper-parameters and parameter-free algorithms

value of 1.0. If some larger values are included in the grid, VR-PCA would have a similar
performance to VR Power even for cov. On the other hand, VR HB Power always performs
better than VR Power+M due to its additional control through the step size. VR HB
Power works particularly well for ijenn which has the smallest eigen-gap. If the eigen-gap
is large, the performance of VR HB Power is not much different from the performances of
VR Power+M, VR-PCA and VR Power. We were not able to find good hyperparameters
for Fast PCA.

Figure shows the experimental result without parameter tuning. In the figure,
regardless of the batch size, VR Power and VR HB Power outperform VR-PCA, VR
Power+M and Fast PCA. Although VR Power and VR-PCA are similar algorithms, the

performance of VR Power is much better than that of VR-PCA due to the choice of n
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and m. While VR Power precisely choose the values of n and m depending on the values
of A1, Ay and |S|, VR-PCA does not utilize such information and let them depend only
on n. As a result, the step size is too small and the epoch length is too large, leading to
slow convergence. On the other hand, due to the extra dependency on vd, VR Power+M
requires too large samples and thus it is slower than VR Power even for ijenn which has
the smallest eigen-gap. The epoch length m of SVRG in Fast PCA is of the order of 1/AZ
Therefore, Fast PCA takes a significant amount of time to solve each convex problem,
which makes its optimality gap not decrease as sharply as other algorithms. On the other
hand, PF VR HB Power takes longer than VR HB Power while the performance of PF
VR Power looks very similar to that of VR Power. This is because VR HB Power has
the additional momentum parameter 3, which makes its performance more affected by
estimation errors. Nevertheless, both parameter-free algorithms work very well compared

to VR-PCA, VR Power+M and Fast PCA.

4.6. Final Remarks

In this chapter, we present two mini-batch stochastic variance-reduced algorithms for
PCA and derive exact forms of their parameters to attain the optimal runtime. For any
batch size, the result shows that the optimal runtime can be achieved by appropriately
choosing the step size and epoch length. We also introduce practical implementations
which automatically find such values depending on batch sizes. The framework used in
our analysis is not specific to the proposed algorithms but can be applied to analyze other
stochastic variance-reduced PCA algorithms and improve their results. In our framework,

the optimality gap is measured as the ratio of two expectation terms and this enables us
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to develop global convergence statements. Experimental results show that the proposed

algorithms work well for arbitrary batch sizes.
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CHAPTER 5

Stochastic Scale Invariant Power Iteration

5.1. Introduction

We consider scale invariant problems with finite-sum objective functions of the form
1 n
1 a = — i subject to € 0B
(5.1) max  f(x) n;ﬂx) ubj z € 9By

where f; are scale invariant functions of the same type, i.e. f; are either multiplicatively
scale invariant with the multiplicative factor u(c) = |c¢[P such that f;(cx) = u(c)fi(x)
or additively scale invariant satisfying fi(cx) = f;(x) + v(c) with the additive factor
v(c) = log, |c|. It covers interesting problems in machine learning and statistics such
as Ly-norm kernel PCA [39] and the estimation of mixture proportions [41], and three
extended settings cover more interesting problems such as independent component analysis
(ICA) [29,30], Gaussian mixture models (GMM), Kullback-Leibler divergence non-negative
matrix factorization (KL-NMF) |21],45//76] and the Burer-Monteiro factorization of semi-
definite programs [20].

Assuming that f is twice differentiable on an open set containing 034, the scale invariant
problem can be locally viewed as a leading eigenvector problem in the sense that a
stationary point z* is an eigenvector of V2 f(x*). If the Lagrange multiplier \* satisfying
Na* =V f(z*) is greater than the absolute values of eigenvalues of V2 f(z*)(I — z*(z*)7),

a stationary point z* is a local maximum to ({5.1). Due to this eigenvector property, the
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scale invariant problem can be efficiently solved by a general form of power iteration called
scale invariant power iteration (SCI-PI) |38| specified by

Vf(wk)
IV f(zx)ll2

(5.2) Tht1 <

The convergence behavior of generalizes that of power iteration. If x is initialized close
to a local optimum z*, the optimality gap 1 — (z} *)? linearly converges at an asymptotic
rate of (A/\*)? where ) is the largest absolute value of eigenvalues of V2 f(z*)(I — 2*(2*)T).
The convergence rate specializes to (A;/A2)? in the case of the PCA problem [34] where
A1 and Ay are the first and the second eigenvalues of the covariance matrix % S aal
constructed by data vectors a;. This result is consistent with the analysis of power iteration
in [26].

Due to the analogy between power iteration for the leading eigenvector problem
and gradient descent for convex optimization, many advanced algorithms have been
developed for power iteration, including noisy [27], coordinate-wise [46], momentum |79,
online [9,24] and stochastic [40,/63,(72,/73, 79| algorithms. In particular, based on the
stochastic variance-reduced gradient technique [33], stochastic variance-reduced power
iteration [40] reduces the total runtime to obtain an e-optimal solution from O(% log?)
to (’)(d(n + é) log%) where A = 1 — A3/ represents the eigen-gap. This decoupling of
the data size n from the eigen-gap A is significant in a large scale setting where n is large.
More importantly, the developement of stochastic algorithms for power iteration opens up
the possibility to develop stochastic algorithms for constrained machine learning models.

In this work, we develop a stochastic variance-reduced algorithm to solve (5.1). To

solve this general constrained problem in a stochastic manner, we introduce a stochastic
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variance-reduced algorithm of SCI-PI [38] (S-SCI-PI) and provide its convergence analysis.
The update formula of S-SCI-PI generalizes that of VR Power [40] but the scaling factor
for a full-gradient is not simply the dot product of an inner iterate and an outer iterate but
a homogeneous function of it. In the convergence analysis of S-SCI-PI, we derive a bound
on the expectation of the optimality gap. Developing this bound is not trivial since two
types of errors are involved. The first one is attributed to the difference of the Hessians
between the iterate and the optimal solution. To control this error, we derive a condition
on initial iterate, step size and batch size, so that the error is not increasing in the course
of the algorithm. On the other hand, the second error occurs from stochastic sampling
of gradient. Using recursion, we compute a bound of the variance part of the expected
optimality gap and develop a compact decomposition of the expectation of the optimality
gap. We show that the expectation of the optimality gap converges at a linear rate under
some conditions on the initial iterate, the step size, the epoch length and the batch size.

We apply S-SCI-PI to the KL-NMF problem. The KL-NMF subproblem is equivalent
to the estimation of mixture proportions problem, which can be reformulated to a scale
invariant problem. Using the separable structure of the KL-NMF subproblems, we refor-
mulate the KL-NMF problem as a two-block scale invariant problem [38] and alternatively
apply S-SCI-PI to optimize two non-negative matrices. Experiments on synthetic and
real datasets reveal that the proposed stochastic approach not only converges faster than
state-of-the-art deterministic algorithms but also produces robust solutions under random
initialization.

This work has the following contributions.
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(1) We propose a stochastic algorithm (S-SCI-PI) for solving the finite-sum scale
invariant problem. The algorithm adapts the stochastic variance-reduced gradient
technique and adjusts the scaling factor of full-gradients depending on the order
of scale invariance.

(2) We provide a convergence analysis for S-SCI-PI. Deriving compact representations
of error terms, we prove linear convergence of S-SCI-PI where we show that the
expected optimality gap decreases at a linear rate under some conditions on the
initial iterate, epoch length, batch size and an additional condition.

(3) We provide experiments to show that SCI-PI converges faster than the state-of-

the-art deterministic algorithms for KL-NMF and its subproblem.

The paper is organized as follows. We present the algorithm in Section and
provide the convergence analysis in Section [5.3] We introduce the KL-NMF problem and
its reformulation to two-block scale invariant problem in Section [5.4] and discuss some
implementation issues in Section [5.4.2] The experimental results on real and synthetic

datasets are followed in Section 5.5

5.2. Algorithm

Before presenting the algorithm, we introduce some notation used throughout the
paper. For the scale invariant objective function f in , we let p be the degree of
scale invariance. Let V. f(x) be the k-th coordinate of the gradient V f. For a mini-batch
sample S C [n] := {1,2,--- ,n}, we define a stochastic function fs = >, .o fi/|S]. We
present the scale invariant multiplicative case and point out the changes needed for the

additive case later.
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The algorithm has the two-loop structure similar to the stochastic variance-reduced
gradient (SVRG) method [33]. Before the start of each inner-loop, we compute the full
gradient g, at the outer iterate T, and utilize this gradient information to construct
a stochastic variance-reduced gradient ¢g; at the inner iterate x;. In order to derive a
stochastic variance-reduced gradient at x; utilizing the full gradient at x5, we decompose
Ty as

T, ol

lEET T

In the above equation, the first component is the projection of x; onto z, while the second
part represents the orthogonal component of x; with respect to ;. Since Vf is scale
invariant with degree p — 1 by Proposition [3.2.3] using g, we can compute the exact

gradient at the first component as

'z, |aTz, Pt B B
(5.3) Vf ( T ) = Wvﬂ%) = iGs

[ .

where a; = |2T7,P71/||7,||*P~V. To approximate the difference of gradients at x; and

(x1'7,)7,/||Zs]|?, we use stochastic sample S; C [n] as

(5.4) ﬁ S (Vi) — anV filo))

1S

Using ((5.3) and ({5.4)), we obtain a stochastic variance-reduced gradient g, at z; as

G = g+ ﬁ S (V) — ¥V filao))

€St
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To control the progress of the algorithm depending on the variance of g;, we introduce a

step size n € (0, 1]. Using the step size 1, we derive the following update rule

gt
Tyy1 < (L —n)z + ﬁw-

Note that we further scale g; to match its scale with x;. We divide g; by ||z¢||P~2 since
Vf(z) = V2f(z)x and V*f(x) is scale invariant with degree p — 2 by Proposition [3.2.3|

Summarizing all the above, we obtain Algorithm [5]

Algorithm 5 Stochastic SCI-PI (S-SCI-PI)

Parameter: step size n € (0, 1], batch size |5]
Randomly initialize outer iterate oy € 0B,
for s =0,1,... do
To < T
gs «— Vf(l‘o)
fort=0,1,...,m—1do
[
@ g 2D
Sample S; C [n] of size |S| uniformly at random
g 0+t Yies, (V) — ¥ filao))
Tepr < (L= )z + 0=
end for
:i's—i—l — Ty
end for

In the additive scale invariant case, the algorithm remains the same except that we
set p = 0. The analyses remains the same since we only use the property V2f(z)r =
(p — 1)V f(x) for multiplicity while this expression for additive reads V?f(z)z = —V f(z).
These expressions are provided in Proposition Thus p = 0 in the multiplicative case

yields the additive case.
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5.3. Convergence Analysis

For the analysis of the algorithm, we assume that every f; is twice continuously
differentiable on an open set containing B, .. Let z* be a local optimal solution satisfying
Vf(z*) = Mx*, (A, v;) be an eigen-pair of V2f(z*) and o = ||[V2f(z*)||. Due to the
eigenvector property of the scale invariant problem, z* is an eigenvector of V2f(z*).
Without loss of generality, we let x* = vy. Since x* is a local maximum, by Proposition|3.2.4]
we have \* > X\ = maxXocj<q|Ai.

Let H; be the Hessian of V,f and F;(y', - ,y?) = (\* — X\)Limy ] + ijl v H;(y7).
Also, we let Gg(y',---,y?) be the matrix such that VV,gs(y/)T is the j% row of
Gs(y',--- ,y?) where gs = fs — f.

Next, we introduce some constants that are used to derive bounds in the analysis.

First, let M be a constant such that

(5.5) M = max \/Z?Zl(xTFi(yl, o yha)2.

$€Bd, ylv'" 7yd eBd,oo
This constant measures local smoothness of the objective function f near the local optimal
solution x*. We define quantities K and L as

(56) K= max Es[|Gs(y', -y, L= max IGs(y"s -y

Yyl y?€eBos yl, yd€Boo

and let Ly be an upper bound of L which we obtain by setting |S| = 1. K and L measure
deviation of fg from its mean f with respect to stochastic sample S of size |S|. K measures
the mean squared deviation (variance) of fs and L is concerned with the maximum squared

deviation of fg from f. As the batch size |S| is increasing, both K and L are decreasing,
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and both of them become zero when |S| = n. While K decreases as a factor of 1/|5|, L is
a non-trivial function of |S|. Therefore, if some f; is extremely irregular (i.e. |f; — f| has
an extremely large value around the solution), we would have to use a batch size close to
n to ensure that L is smaller than some level.

Next we present the convergence analysis for S-SCI-PI. We first analyze a single inner

iteration which computes x;,1 from x;. Let

* \ T *
an)=1—n+nX*, B(n)=1-—n+nA, Ue = Tl Ay =1—yl "

Since the optimality gap is expressed as 3¢, (z7vy,)?/(z7v1)?, it is important to analyze
how xlv; changes after each iteration. The following lemma provides an expression of

T
T, v as a sum of three components.

Lemma 5.3.1. For 1 <k <d and any t, if x?mo > 0, then we have

zlovr = (1 =0+ + O = X)) 2 v
1 N . N «
+ 577th”(3/t — )V Fe(y - 00 (g — 2¥)

+ 0 (G, @ T (e — (T v0)w)) vk

Proof. From the update rule in Algorithm [5| we have
st = (1= )t s (Vs () = 009 fs ) + )
t
N
) =(1- —V
(5 7) ( n)xt + ||xt||p72 f(wt>
n

+ i Vs (e) = V(@) — a (Vs (yo) = Vi (%0))] -

[ [P~
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Since V, f is twice continuously differentiable on an open set containing 0B, using the

Taylor theorem, we obtain

(58)  Vif(w) = Vif(e) + VY@ ) (g — 2) + = (5o — 2% HlG) (e — 2°)

2

where §i € Ny, #*) £ {z: 25 = pal + (1 — pj)ye, 0 < p; < 1, j € [d]}. We let the j*
coordinates of z, 2%, y;, vx as zj, T}, Yy, Vkj, respectively. Since [ is scale invariant with
the degree of p, by Proposition V f is scale invariant with the degree of p — 1, leading
to

(5.9)

Vf x TU]C * * * 1 * : ~1 *
W) 0 _ G (00T + (3 — 292 LYo = 20T S o3 e — ).
i=1

lellP= 2

For k =1, using v; = z*, we have
Vi) v =N, (g —a") V(o = (g — 2) ' VIf(a")2" = My 2" - 1),
which results in
d
=N = A (1= yTa") + yt — )" o () (e — 2)
=1

d
* * * * 1 * ~7 *
= Ny a" + (N = ) (1 —yla") + Sl — )" o Hi(§;) (ye — %)
(5.10) i1

1
= Nyl o* + = (yt—x) (A= X\y) I+th ) (ye — 2¥)

1 * ~ ~ *
_(yt_x )TF1<y1}a 7?/5)(%—5” ))
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For 2 < k < d, from (5.9), (z*)Tvx = vlvpy = 0 and Vf(z*) v = Mvlv, = 0, we have

Vf(x) v

k * 1 * ~ ~ *
(5.11) =My 2 Sy — ) F(Gy 0 (e — 7).
[ | 2

Since V f; is scale invariant with the degree of p — 1 for each [ € [n], we have

V(@) = 2PV fily), ¥ filyo) = P~ (4 w0)" ™'V filwo),

which leads to

1

e[ [P

(Vs (z) = Vf(z) — o (Vs (y0) = V(W) = Vs, (%) — Vs, (v v0)vo)-

Using the Taylor approximation of Vgs, around (y!yo)yo, we have

Vs, () — Vigs, (uFv0)vo) = Vs, (75)" (v — (T v0)w0)

where 7 € N (s, (y] vo)yo). This leads to

(5.12)
1
[P~

(Vs (2e) = Vf(xe) = 0t (Vfs, (o) = VI (10)) = G, (G-, 52) (e — (7 y0)o)-

Using (7). (E-10), (E-T1) and (5-12), we have
(5.13) 1
rlove = (1 =040+ N = A)Lr)) zf v + 577!\%“(% — ) F(G 0 (g — 2)

+ 0 (G, @ T (e — (T v0)w)) v
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In Lemma the first term represents the growth of x7vj,. The multiplicative factor
isl—n+n\if k=1and 1 —n+ n)\; otherwise. The second component is attributed
to the difference of the Hessians at x; and z*. As x; closes on z*, this term goes to zero.
The last term is the stochastic error. The stochastic error is affected by the batch size |S|
and how closely x; is aligned with xy where we compute the full gradient. The following
lemma provides a condition on 7, L, M and x, to ensure that y! x* is not smaller than
yl x* for every stochastic realization.

In the below, we frequently use the fact that for 0 < n < 1, n < max(1,r)~! implies
(5.14) nv < 1.

This can be easily proved by nv < max(1,v) v <1 for v > 0 and nv < 0 for v < 0. Also,

we often use that ([5.16|) implies

VAy l _ 3

<1

(5.15) A, =0 T-A, V7

Lemma 5.3.2. For any positive integer m, if the step size n, |S| and x¢ are chosen to

satisfy

. 1 (=22
(5.16) Ay < min {1 ~ 5 100 2\/L_0)2}

and either one of the following conditions:

(A — X —2M+/Ay)?

(5.17) L< = (5.18) n < max(1, v, v, v5) "

where
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(5.19a)
vV = 1=\ + le\/ QAO
(5.19Db)

A
(5.20a) 6, :/\*+0+M\/70+2\/Z

(5.20b) 6 = X* — X — 2¢/Ag(M +2VL),

vy =mA* 41— (m+ 1)(A+ My/Ao)
(5.19¢)

12810, \*m? -
= SOERATY L (A My/A
T N A, ( 0)

then we have xlzg > 0 and Ay < A for all 0 <t < m.

Proof. We prove by induction. Suppose that we have A; < Aq for s <t < m. Since

Ay <1 —1/+/2, this implies that y/z* > 1/v/2 and ydz* > 1/+/2. Therefore, we have

* * * * T * * * *

yiyo = [ a")a" + y — (yl 22" [(yda")a* + yo — (yg 2*)x"]
= (gl o)yl x*) + (v — (yF ) 2") (o — (Yl 2*)a*)
> (g o) (yo 2) — llye — () 2*) ™| lyo — (yg %)z

> (")l a") — 1 - ()21 — ()2

>0

Y

which leads to

lze = (22 yo)yoll* = llzel*(1 = (i y0)*) < 2llwel*(1 — 9 wo) = llell*llye — wol®



By the triangular inequality, (a + b)* < 2(a? + b%) and A; < A, we have
e = woll* < 2([lye — 2"[1* + llyo — 27[|*) < 4llyo — 2”|*.
From yl'z* > 0, we further obtain
(5.21) 2 = (27 yo)yolI” < 4llael*[lyo — 2*[|* = 8|z ]|*(1 — yp 2*)
d
(5.22) < 8|12 (1 = (yo 7)) = 8lll* Y (w5 vw)?
Using Lemma [5.3.1} the definitions of M and L, (5.21]) and that A; < Ay, we have

* 1 *
v > (L=n+n\)ajvr = onM|zillllye — *|* = 0Vl — (x]vo)wol

(5.23) > (1=n+n\)zfon =M (1 =y a")Ja]] = ny/SL(1 — yf )| |

MA, +/SLA,
> |1— . _
—[ 77+77(A 1— A, 1—A0>]

UEER
By (5.15)), (5.16)) and that L < Ly, we have

P

M ST e B0 D,

This leads to =} v, > 0.

Now, we prove that A, 1 < Ag. Since

d d
(5.24) > (M= n+n\e)* (@l o) < (1= 400> (xf o)
k=2 k=2
d
(5.25) (1T =+ + A = M) 1i=1))? (2 ve)® < (1 =540\ [l

B
Il
—

>0
2M + 4+/Lg -

157
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(5.26)
S Be@l gD — 2] <7 [ — 2T Fli) 3w — 27)]
< M|y, — =*|*
(5.27)
Z [U;?;FGSt (gtl7 e 7@?) ($t - (x;fyl))yOHQ < Z [U’Z:GSt (gtlv e 7??) (xt - (ﬂffyo)yo)f

< Ll — (27 yo)yoll”

where ((5.27)) follows from || ZZ Lopvf || = 1, using Lemma and the Cauchy-Schwarz

inequality, we have

d

2
> (afu)?+ nMHwt||Hyt—x||2+n\/_llwt (2 yo)yoll]
k=2

(5.29)

o 1 . 2
lzeall* < [1=n+nA"+ SnM]lyo — 27 + VLl — (! yo)woll] Nl

First, we consider the case (5.17). Since A; < Ag < 1, we have 0 < ylz* < 1 and
d * * d . .
dohmaWio)? =1 = (yf2*)? < 1= (yga*)* = D04 _o(yg vk)?, resulting in

(5.30)

ly — a1 = 241 — yFar /1 — (yF )2 < 2/A Zy w)? < 2v/A Z yiv)?

k=2




159

Plugging (5.22)) and (/5.30) into ([5.28)), we have

d

631) Sl < [1-n+n (3 MyEy+2vaL)] P Z

k=2

Combining (5.23)) and -, we have

(5.32)
Zizz(thHW [ L=+ 77(5‘ + MVA + Qm) ] ? Ziz2(ygvk)2
(zfv)? T [ 1=n+n (A= MAg/(1— Ag) — 2y/2LA/(1 — Ay)) (yhvp)2

Using ((5.15) and - we have

A*_lMAAO —21 QLAAO—(MM Ao +2V2L) > (A" = \) — 2M /Ay — 4V2L > 0.
A, A, V vV

Therefore, from (5.32)), we finally have

. d d d %
1 - (ytTHx )2 _ Zk:z(ytjji-lvk)2 _ Zk:z($tT+1vk)2 < Zk:2(yoTUk)2 _ - (yoTx )2
(i 2%)? (yfy1v1)? (zfqv)* = (yow)? (yg x*)?

Since (1 — 2?)/2? is decreasing for x > 0, this leads to Ay =1 —y/ 2" <1—ylz* = A,.

Next, we derive Ay 1 < Ay from . From and -, we have
2 * 1 * 12 * 2 2
leeil < [1=n+n(X +50Mlyo = 2|+ 2VEllyo — 2°1) |l
Using induction, this leads to

. 1 . . 2(t+1)
(533 lewnl® < [1=n+n(X +5Mlyo -2+ 2VElgo —21) | llaoll®
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On the other hand, from (5.13)), (5.21)) and the definition of L, we have
nV f ()" yo _ _
Tipayo = (L= m)zi yo + W +0yo G, (Trs - 90 (@ = (2 %0)yo)

nV f () yo

— 99V Ll|yy — 2* .
N NV Lllyo — x| |||

> (1- U)xtTyo +

Replacing vi, with 3 in (5.9) and using V f(z*) = A\*z* and the definition of M, we have

Vf(xt)TyO

[P~

= V@) o+ (g — 2 )TV (5 )y + S —a' Zym )y — @)

— )\*yg“yo + (yt . x*)T <V2f($*> . )\*I) Yo — §M||yt o 'T*H2

* * * 1 *
> XNyl yo — (N +0)llye — 2*|| — §M||yt — z*||%.
This results in

* 1 * *
it > (L= n+nA\ )zl yo — (N + o + S M|lyo — 27| + 2VL) |lyo — *||||2])

(1—77+7])\ xt Yo — ?791\/ 2A0th|l
Using ((5.33)), we obtain
whayo = (1= 0+ N2l yo — n0iy/206[1 — 1+ A"+ 101v/280] |20 |-

By mathematical recursion, we further have

t+1
(5.34) Tayo > (2(1 —n ) - [1 — N+ A"+ by QAO] ) [[zol-
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Since ||z — (7 yo)yoll* = [lzell* — (27'y0)*, using (5.33) and (5.34), we have

n61v20, )t _ 1] N

— (o)l < 4(1 — A*Qt[<1 V=R
Iz = (i go)yoll” < 4L =n+nA)H {1+ 77 ==

By (5.18), (5.19a) and (5.14), n(1 = A" + 6hmy/200) < 1 or nbhimy/200/(1 =n+nA") < 1.
Since nf1tv/200/(1 — n+n\*) < nbimy/280/(1 —n+n\*) <1 and (1 + )" < exp (vt) <

2zt + 1 for ot < 1, we obtain

(5.35) 2 — (27 yo)yol> < 8nbr (1 — n +n\*)* /200t || 2o]|>.

Plugging (5.30) and (5.35) into the square root of (5.28)), we have

(5.36)
d —
D (@loe)? < [T=n+n(A+ My/A)]
k=2
87]L61\/2A0 t
SEPIVAT0 G - )it
+1 1—77+77A*( 1+ ")tz

81nLO1v/2Ng o 4 - =i
SV ERON T (1 -+ )L - A+ My/Dy .
e 2ot (L= I L= M/ Bo)] ™

=1

For a positive integer ¢ and a non-negative real number r > 0 such that ¢/t < 1, we have

(1+T)t—1:7“((1+T)t_1—{—(1—|—r)t_2+...+1) > rt

(14+7)" =1 <exp(rt) — 1 < 2rt,



which leads to

< 147

2
(T+7)t
r

(5.37)

<2(1+7)t2

By (5.13), and (5.14)), we have 1 (m(X\* —

which implies
1—n+n\

((1 +7r)t —

1—n+n\+ MyAy)

1)

) —

-1

Also, by (5.16)), we have \* — X — M+/Ay, leading to

D4yt = 4 )1+ 1)+ 1)

(tQ+r)*T —t1+7r) —rt)

MVRG) 41— %~ My/ZA)

1
<=
m

L—n+n)\" o MV =A=MVA)
L —n+n(A+ MvA) L—n+nA+MyAg) ~
Therefore, using ((5.37)), we have
t
. *\ N t—1
D (=X)L =n+ )+ My/A)]
=1
t %
(5.38) _ [ 5 t { L —n+nA
= |1 —n+nA+ M\/A i _
[ n+n( 0)] 2 1—n+n(h+ M/Dy)

=1

<201 =+ A1 —n+n(d+ My/Ag)] 7"

162

<

L,
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Plugging ((5.38)) into ([5.36[), we obtain

(5.39)

d
th-i-lvk 1_774‘77)\"‘]\/[\/ }Hl
k=2

+ 277\/8(1 — 4+ AL/ 200 7 [1 — n + n(X\ + M\/AO)}t_leoH.

On the other hand, from (5.23)), we have

MA, 2\/2LA0>} R

(5.40) zl v > [1 —n+n ()\* 1A 1A Ty V1.

Combining (5.39)) and ( -, we have

(5.41)
d T 2 < t+1 d T, \2
\/Zk:Z(xt-‘rlvk) < L —n+nA+ MVA) > (T k)
xtT_Flvl 1= n+n [)\* - (MAO + 2v/ QLAO)/(l — AO):| xgvl

20t2\/8(1 — i + nA)nLbiV200 [1 — 0+ n(h + My/Bg)] ™
(1= n+n [N = (MAG+2v2LA,) /(1 — A0)]) Tyl

Since 0 < n < 1, we have

(5.42) AS 1—n+nA < 1—77+77()\—|—M\/A0).
AT 1l —n+nh 1 —n4+nA*

Let

— A= M/Ayg — (MAg +2V2LA) /(1 — Ay)

(5.43) 7= 1—n+n [)\* — (MAy + 2\/TAO)/(1 - AO)]
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By (5.15)) and 65 > 0 due to (5.16)), we have

(5.44)
1 o l 1
L—n+nA+MVA)  1=ny [N = X—MVA;— (MAg+2v2LA)) /(1 — Ay)
i
< —
~ 0(1—1ny)
Using (5.42)), (5.44) and that ydv; > 1/4/2, we have
2t2\/8(1 —n + 77)\*)77L91\/2A0 <82 /)\* Lo/ Ay nyt?
g vi(l —n+nA+ Mv/Ag 1—n+nA+M\/ 0) O2(1 —17)

By (5-18), (5199 and (5.1d), we have

128L¢91)\*m2 —
— + 1 - (A +MVA <1
K ( 030 Ao/ A * A+ 0)> N

or

7’]L01\/ AQ < Q%S\A%
L—n+n(A+ MyAy) ~ 128 m?’

which results in

2nt? \/8(1 —-n+ 1_7)\*)17L91 V2A, < nyt2Ag < nyt? 2212(953%)2
(L =n+nA+ MyAg))2 — (L—=ny)m — (L—=ny)m  (zfuv)?

(5.45)

The last inequality follows from

d T., \2 d T, \2

% # _o(yo vr) Zk:Q(xO Vi)

Azl_y%él_y%2gzkz( _ ‘
° 0 v ) (yg v1)? (24 v1)?
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Plugging (5.43) and ([5.45) into (5.41)), we have

\/ZZ:Q(%THW)Q

T
L1Vl

< (1 —ny)! [1 +

iyt } > o (xvr)?
(1 —=ny)m '

v

Using 1 + nz < (14 z)" for > 0 and the fact that v > 0 by (5.16|), we have

(1= ny)t*! {1 + %} - {1 . Kl + 3 Tmyﬂ S e ffi)m} (1- m)”l}

< {1 - (t+ 1— §>m(1 —m)t}

which yields

VEialan? _ SLoafny

xﬂrlvl T§v1
due to t < m. From that

* d d *
1- (ygjrﬂ )2 _ Zkzg(xalvky Zk:2($gvk)2 1= (Z/gx )2

(Yl 127)? (@iv)?® 7 (zgw)? (o 2*)?

and (1 —2?)/2? is decreasing for > 0, we finally have A,y = 1—y/ 2% <1—ylz* = A,.

O

Note that \* — )\, is an eigen-gap at the solution and L and A, are decreasing functions
of the batch size |S| and the dot product yl z*. Given that A, is moderately small, we
can satisfy conditions or by increasing the batch size |S| or decreasing the
step size 7, respectively. Conditioning on x;, the next lemma derives expectation bounds

.. . . T 2
for several quantities involving (x;,,v;)* and norms.
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Lemma 5.3.3. For any positive integer m, if n, |S| and xq satisfy (5.16)), (5.17) (or

(618)) and

(5.46) n <max(1,1— N+ vV2MAy) !,
then for any 0 <t < m, we have

ElleenlPle] < [(am) +nMA)" + K] ||z,

d d
ELS (@l qv)a] < (B0) +nMyV/A)®Y (2] vp)? + 812K |l Zyovk 7
k=2 k=2 k=2

Bletae e 2 [ot) ~ 2]ty

Proof. By Lemma [5.3.1] we have

riqve = (L= 040+ N = X)) o) ve
1 o ) .
+ gnllwell (ye — @ VI E (G, 9 (ye — o)
_ _ T
+1n (G5t<yt17 T 7ytd) (xt - (mtTyO)yO)) Vk-

Since S; is sampled uniformly at random, E[fs,(y)] = f(y) for all y € R?, which leads to

(5.47)
* 1 * ~ ~ *
El(ziyyo)* o] = [(L=n+nA)zi v+ gnllzl (e =« R 0 (e — 2 )]

T _ _ _ _
+ 0 (ze — (2 yo)yo) EGs, (Gt 48) vivf G, (4, -+, ¥ (@ — (@] o) o).
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In the same way, for 2 < k < d, we have

(5.48)
1 * ~ ~ *\12
El(wtio)? |2 = [(1=n+nh)aive+ gnlledl (e — ) Fu(@y - 90 (e — 7))

T _ _ _ _
+ 0 (2 — (2 yo)wo)” E[Gs, (G, ) opvy G, (G- -+ 0] (2 — (2 o) o) -

Using the definition of M and that || 32¢_, vpol|| = 1, we have

(5.49)

d
T _
n(ze— (2l yo)wo)” > ElNGs. 5+ 7)) okll”) (2 — (@ yo)wo) < n°K ||z — (2 yo)wol>
k=1

Using (5.47), (5.48)), (5.25), (5.26]), (5.49) and the Cauchy-Schwarz inequality, we have

* 1 * *
Elllzea Pl < (1 =n+nX)llzell® + 5nM (1 =5+ X 2| llye — 27
(5.50) X
+ 3 Ml Pllye = 271+ 0? Kl = (o ol

Using [[z¢ = (27 yo)yoll* < [l:]* in (5.50), we obtain

* 1 3 2
Blleralled < [(1=n+ 03+ snM s — o [2)? + 02K o]
(5.51) 2

* % 2
= [(1—77+7M +nM (1 —y/ ")) +772K]||xt|!2,

which establishes the first statement.

In the same way, using ([5.48)), (5.24)), (5.26]), (5.49) and the Cauchy-Schwarz inequality,

we have

d 2

1 *
> (@F o2 + uM g — |
k=2

+ 7K ||z — (xtTyo)yOHQ-
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By Lemma , we have A, < Ag <1 —1/v/2 and thus yla* > 1/4/2 and ylar > 1/v/2.

Since y{ z* > 0, using (5.30)), we have

d

1 *

SMlzllllye — 2" |* < nMV/ Ay | Y (af vr)2
k=2

As a result of ((5.22)) which we can use since A; < Ay, we obtain

(5.53)
d B 9 d d
E[Z(fctTHUk)Q’xt] < [1 —n+nA+nMy At} D (@ o) + 8K e (w6 ve)?,
k=2 k=2 k=2

which shows the second statement in the lemma.

Lastly, from ([5.47)), we have
1 2
Bllaf oo 2 (L= n-+a3)aon + Galled o= 2" Filid o )0 - )
By (5.46) and (5.14), we have n(1 — \* + MA¢v/2) < 1. Since 1/(1 — Ag) < v/2 by (5.16),

we further have
MA,
1—-X) <1.
! (1 AV " ) -

Due to A; < Ay, this implies that

* 1 * [ *
(1 =+ m\)afon = SoMlallge — | = [ (1 =0 +0") (1= Ag) = nMA] ]

= [1-n(E - x) - kel

> :1 - U(lj\/_[AAOO +1- Xk)] (1= Al

> 0.
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Since (a + b)* > (a — ¢)? holds if a > ¢ and |b] < ¢, we finally have

* 1 * 2
E[(th+1U1)2|$t] > [(1 —n+nA )%%Fvl - EUMH%HH% - ||2
MA,1?
= [otn - 5]

O

Using induction on the single iteration bound in Lemma [5.3.3| we derive an upper
bound for E[ZZZQ(xtTUk)z] and a lower bound E[(z7v,)?] as functions of E[>}_,(x8vx)?]

and E[(zlv;)?] for a single outer iteration.

Lemma 5.3.4. For any positive integer m, if n, |S| and zq satisfy (5.16)), (5.17) (or
E18), (F-10) and

(5.54) 77gmax(l,l—)\*—M\/Ao—i-\/Km)_l,

then we have

B[ (@lon)?] < B[S (@l on)?] [(B(n) + nM /Do) + 1607 Kt (aln) + nM /D)™ ],

nM A,
1—-Ag

Bliaf )] = o) ]QtE[me?].

Proof. By Lemma [5.3.2] we have A; < Aj. Repeatedly applying Lemma [5.3.3] we

have

Ell|z]1?o) = E[E(|2]*wi-1]|z0] < [(a(n) + nMAg)" + 0 K] El||zi—1]||0)
(5.55)

< [(aln) + nMAg) + 7 K] ||zo|.
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Using ([5.55)), we have
d d d
Bllad® > ve?| = BB {lwd Yo la] | = B Elled®a] Y 8 v0)?]
k=2 k=2 k=2

(5.56) = B[ [(aln) +nMA0)* + 72 K] |zo Z@MV]

= [(a(n) + nMAo)* +*K]'E [i%vk }

Using Lemma [5.3.3| and that A; < Ay, we have

(5.57)
E[iuka) ] < (Bn) + M V/Bo)’E [i (et o0’ +8n2KE[||xt_1||2i<y$vk>2}.
k=2 k=2 k=2

By induction on ((5.57]) using , we have
d d
[Z (zf ve)?] < (B(n) + M/ A [Z% 10k) ]
k=2 k=2
d
+ 82K [ (a(n) + nMAo)* + K] T B Y (e u)?]
k=2
d
< B (o] [ (80 + nd /Ag)™

+ 8K [a(n) +nMy/Bo) 7 [(aln) + nd/Bo)” + K]

+8(a(n) +nM\/A_0)2tK1 + o +n727§\{4\/A_0)2)t - 1”
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By (5.54) and (5.14)), we have 17(1 — N = MAy+ V Km) < 1, which leads to

n*Kt

(a(n) +nMV/A)

0< S <1

Using (1 + )" — 1 < exp(xt) — 1 < 2zt for zt € [0, 1], we have

E[Z(xtTUk)Z] < E[Z(fcgvk)ﬂ [(5(77) + nM\/A_O)% + 16n° Kt (o(n) + nM\/A_O)w_I)} .

d d
k=2 k=2

On the other hand, using A; < Ag and Lemma [5.3.3, we have

558 Bl(al o) = BB e > o) - 2230 | Blel )

By induction on ([5.58)) using A; < Ay, we finally have

Bliafo?) > Jatn) - 2250 | Ellaf o’

The inequalities in Lemma are important since we can combined them to yield a
bound on the optimality gap which is expressed as [ Y ¢_,(z] vi)?]/E[(z]v1)?]. In the
next lemma, we show that under some conditions on 7, m, |S| and zy, the optimality gap

decreases at least by 1 — p after each outer iteration.

Lemma 5.3.5. For any positive integer m, if n, |S| and zq satisfy (5.16)), (5.17) (or
ET3) ond

(5.59) n < max(1,vy,v5)""
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where

64K
5.60 =1-\N"-MA K =
(5.60) Uy vV 0+max(v m, )\*—)\—ZM\/_)

(5.61) V5:1—)\*+M\/A_o+max(2 (A =X —2M/A,), 4mljé\g_>,

then we have

B[y (ko) _ B[y (o))

DT I (7 Y8E)
where
(5.62) 0<p= (A=A = 2MVA)

20—+ nv —MVBY)

Proof. By (5.59) and (5.60), we have (5.54]). Also, (5.59)), (5.61) and the fact that
V2Ay < 1 due to (5.16) imply (5.46). Therefore, by Lemma [5.3.4, we have

B +nMVE,  \™ | 162 Km[a(y) +nMyB] """
" 5m§[<a<n)_nMA°/<l_A°>> T aln) = nMBy/ (1= Ag)] " "

where 0, = E[>¢_, (zTv,)?]/ E[(zFv1)?]. By (6-15) due to ( and the fact that 1 4+ 2z <

exp(z) for all z € R, we have

( Bn) +nMv/Ag )2’”<(1_ " = X~ 2MV/A) )’“
(M) —=nMAy/(1—Ag))  — 1—n+n(A = MyA)

2nm(\ — X — 2M+/Ay)
Se’“’( T—n+a0 MF))
_m(A = A = 2MVA)
1 —n+nA\ — MyA)

=1—-2p

(5.64)
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where the last inequality follows from that exp(—z) <1 —2/2 for 0 < x < 1 since ((5.59)),

E61) and T3) imply 2gm(X — X — 2My/Aq)/(1 7+ (X — My/Bo)) < 1.
On the other hand, by (5.15)) due to (5.16) and the fact that (1 4+ z)" < exp(nx), we

have
(5.65)
1602 Km[a(n) +nMy/Bg) " B 1602 Km ( , MM/ >2’”
[a(n) =M Ag/(1 = Ag)] ™™ (aln) +nMVAg)* ' aln) —nMVA,
< 16n°Km ox ( dnmM /Ay ) .
= (aln) + nMVA,) a(n) —nMy/A,

By (5.59), (5.61)) and (5.14]), we have 77(1 — N = My/Ap+ 64K/ (A —5\—2M\/A0)) <1,

which leads to

(5.66)
P 16n°Km S nmm(N* — X — 2M+/A) B 16n°Km
2 (a(m) +nMyEy)® ~ A0 —n+n(\+ MVA))  (1—n+ (v + My/Ag))®

> 0.

By (5.59), (5.61)) and (5.14)), we have n(1 — A\*+ M+/Ag+4mM+/Ay/log2) < 1, resulting

m

(5.67) exp < MV A, ) <9
(6%

(1) —nM~/A,

Using (5.64)), (5.65)), (5.66) and (5.67)) in (5.63)), we finally have

E[Y i p(hon)’]

Bl (g ve)’]
El(af01)?] '

El(zgv1)’]

<(1-p)-
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Finally, we analyze the entire algorithm. Let

< ) - B, (Tw)Y
Ap=1— T, % S = k=2\"s
° S (FE

By repeatedly applying Lemma m, the following theorem states that 0, decreases at a

liner rate under some conditions on 7, |S| and Zj.

Theorem 5.3.6. For any positive integer m, if n, |S| and &q satisfy (5.16)), (5.17)) (or
(5.18) ) and (5.59) with Ag = Ag, then for any € > 0, after 7 = [(1/p) log(gg/eﬂ epochs of
S-SCI-PI (Algorithm @, we have o, < e.

Proof. Since 7, |S| and zy = &, satisfy (5.16), (5.17) (or (5.18)) and (5.59), by
Lemmas |5.3.2| and |5.3.5|, we have A} = A,, < Ag = Ay and §; = 6, < (1 —p)oo =

(1 — p)do. By repeatedly applying the same argument, we have 0, < (1 — p)7dy. Since

7> (1/p)log(dy/€), we finally obtain

0 < (1= p)70o < exp(—7p)dy < €.
This completes the proof. O

Theorem [5.3.6 states that for epoch length m, if 7y is moderately close to z* and the
step size 1 and the batch size |S| satisfies certain conditions, the optimality gap vanishes
at an exponential rate. If there are few irregular f; and sampling costs are cheap, we
can satisfy by making L small. In this case, n can take a large value and we are
able to obtain rapid convergence. On the other hand, if there are many irregular data

samples and sampling costs are not cheap, we may not satisfy (5.17)). Nevertheless, we
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can always ensure linear convergence of Algorithm [5| by choosing a small enough step size

n as in [72].

5.4. KL-divergence NMF

Let V € Rf *M be a given non-negative matrix, which we want to compress into the

product of W € RY* and H € RE*M.

Consider the KL-NMF problem defined in (3.4.4)). Let H; be the j-th column of H.

Note that the objective function Dy (V||W H) is separable in Hy,-- -, Hy and thus

(5.68) H}*" = argmax Y [Vi;log(WH;)i — (WH;)]

H;>0

serves as the j-th subproblem. By Lemma |3.4.5] the j-th KL-NMF subproblem ([5.68)) is

equivalent to the following mixture proportion problem

(5.69) XV = argmax 3,1, Vi log(LX;);

X]'ESd

with L, = Wi /(> Win) and the original solution can be recovered via

new Zz‘/; new
(5.70) Y = Z-W;Xjk , k=1, .d.

This result implies that the KL divergence NMF subproblem for H, namely

H™ = argmax [V;;log(WH);; — (WH),;],

H>0

can be solved by S-SCI-PI after we reformulate problem ([5.68)) into ((5.69) for j =1, - --
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Using a stochastic sample S C {1,---, N} of size |S|, our S-SCI-PI updates H by

2

H,?;W (-ij +772 l Z]‘ Vkaja
(571) zES

H™" « column-rescale( H*"),

where column-rescale(.X) is rescaling the columns of X to have sum 1. The update for W

is similar due to

Drr(V|WH) = D (VT |HTWT).

Rather than dealing with M sub-problems , we tackle a single optimization prob-
lem. Let X = [Xy,---, Xy be the concatenation of the M column vectors Xy,--- , Xy €
RX defined on the unit simplex. Lemma states that in the exact alternating mini-
mization algorithm, the update of H amounts to solving
(5.72)

mln Zvec ilog[(Iyy ® L)vec(X)]; subject to vec(X;) € SX, j=1,--- M

where vec(X) = (X1, , Xg1, -+ Xin, -+, Xgar) is a vectorization of X € REXM,
vec(V) € REM ig defined similarly and Ip; ® L = kron([y;, L) € RVMXEM jg the Kronecker
product of I, and L.

This allows us to exploit fast matrix multiplication routines (i.e. efficient matrix
computation library such as OpenBLAS or intel MKL) in solving the aggregated problem

(5.72) instead of solving the j-th subproblem sequentially for j = 1,---, M.

5.4.1. Related Algorithms

Let Z = W H henceforth. We omit the update of W since it can be derived similarly.
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Multiplicative Update (MU/EM) [45): MU updates all Hy;’s simultaneously by

> WikVii /1 Zi

H;ﬂl;w = Hy; > Wik

for all k£ and j.

Let us emphasize that the MU update is identical to the standard EM algorithm for
the estimation of mixture proportions.

Cyclic Coordinate Descent (CCD/SCD) [28,60]: For all j and k£, CCD/CSD runs
coordinate-wise updates of H

> Wi(1 = Vi /[ Zi)
H“‘?W:maX{O,Hk-— t /2
& B AT Y

sequentially in a pre-fixed cyclic order.
Projected Gradient Descent (PGD) [48]: PGD given element-wise step sizes (denoted

by ai;’s) updates all Hy;’s simulataneously via
Higi = max {0, Hyj — oy (32, Wie(1 = Vi / Zij)) } -

Note that Multiplicative Update (MU) is a special case of PGD when aj;, = Hj /(> -, Wir),
which does not require projection onto the non-negative orthant. Also, CCD updates
Hjj, one at a time with a coordinate-wise optimal step size aj;, = 1/ >, (ViW;/Z7). By
contrast, PGD uses a single step size a; = a1 = - -+ = a;k for each column j for fast line

searches.
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The proposed S-SCI-PI algorithm ([5.71)) is most similar to MU since W and H are
updated multiplicatively as well. As a special case of S-SCI-PI, the full-batch S-SCI-PI is
denoted by F-SCI-PI.

Let us highlight that S-SCI-PI and all the comparison methods belong to the family of
alternating minimization algorithms, which update H given W and then update W given

H iteratively.

5.4.2. Practical Considerations

Various Sampling Scheme. In this part, we compare several sampling schemes for
the update of H. The sampling scheme for the update of W can be similarly discussed,
but omitted.

. . |S|xM |S|xD .

Vector-wise Sampling: We construct Vg € R, and Wg € R by sampling rows
of V e ]Rf *Mand W e Rf *D yniformly at random, respectively. The stochastic gradient

reads
n

VI ) = g

WST[VS @ (WsH)].

For a dense data matrix V', we prefer to use this vector-wise (or row-wise) sampling scheme
for the update of H, since it allows us to exploit fast matrix multiplication libraries.
Element-wise Sampling: We vectorize the problem by introducing the element-wise

iterator ¢ = (iy,12) € [N] x [M] = [NM]. This yields

D
FH) =Y Vilog» Wi Hyy,
=1

1€l k=
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where Z is the subset of [NM] such that V;, ;,, = 0 if and only if i = (i1,42) € Z. In other
words, Z is the index set of the nonzero elements in V.

We construct S by sampling |S| elements of Z uniformly at random, and consider the
stochastic gradient as

I‘ z k‘/z )
velemf ’ 1, 1,02 Ek:,i
|S‘ Z Z Zk’ . k’Hk’,iz 2

€S k 217

where Ej;, is the standard basis matrix having 1 at (k,i2)-th entry and 0 otherwise.

For a sparse data matrix V', we prefer this element-wise sampling scheme for H over
the row-wise sampling scheme, since each column has a different sparsity pattern.

Numerical Issues. Since the KL-NMF objective function and its gradient are
unstable when entries of V' and W H are close to 0. As reported in [38] and based on the
experiments in Section [5.5] MU and the full-batch version of F-SCI-PI are numerically
stable. On the other hand, S-SCI-PI has certain numerical issues since randomness of the
stochastic gradient may lead entries of W and H arbitrary close to 0. Thus we have added
safeguard to avoid this by rejecting the stochastic gradient when it produces a numeric
error (i.e. when any of the elements of stochastic gradient is negative). In such a case we

proceed to the next iteration.

5.5. Numerical Experiments

We test the proposed algorithm S-SCI-PI on synthetic and real-world data sets. All
experiments are implemented on a standard laptop (2.6 GHz Intel Core i7 processor and

16GB of RAM) using the C++ programming language.
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We use 4 real data sets publicly available online (See Table and three synthetic data
sets generated from Poisson distributions. We preprocess the real data sets by removing few
rows and columns having sums less than 20 for NIPS and KOS data sets. For synthetic data,
V € RV*M generated from i.i.d. Poisson random variables, i.e. V;; ~ Poisson(—log(1—p)).
Here p denotes sparsity or proportion of nonzero entries of V. This corresponds to the
null signal case since in this case KL-NMF is the maximum likelihood estimation problem

when WH = 0.
Table 5.1. Summary of synthetic datasets for KL-NMF

‘ Name ‘ # of samples ‘ # of features ‘ # of nonzeros ‘ Sparsity ‘

Poisl 1,000 1,000 900,000 0.90
Pois2 3,000 3,000 900,000 0.10
Pois3 9,000 9,000 900,000 0.01

We set K = 20 features. All the reported values are averaged over 10 independent
replicates started at different initial points, each of which is obtained by running 5
MU/EM steps on a Uniform(0,1) random matrix. In certain runs due to numerical errors
the outcomes were peculiar and thus they were disregarded (but each observation has 5
normal runs). The benchmark algorithms are MU/EM, CCD/SCD, PGD, and F-SCI-PIL

For S-SCI-PI, we perform grid search on the parameters by selecting the best parameters
among different batch proportions |S|/n € {0.0001,0.001,0.01,0.1}, epoch lengths m €

{10,100, 1000} and step sizes n € {0.01,0.1,1}.

5.5.1. KL-NMF Subproblem

First, we compare the performance of S-SCI-PI against the four benchmark algorithms

(F-SCI-PI, MU/EM, CCD/SCD, PGD) on the KL-NMF subproblem ({5.72)). We run the
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algorithms until they attain an optimal solution W* and compare relative objective values

over time.

NIPS data WT data NIPS data WT data

value

jective value

e i
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Figure 5.1. (Left 2 figures) Convergence plots for the KL-NMF subproblem.
(Right 2 figures) Boxplots showing the relative errors after 30 seconds from
10 independent replicates. The red colored boxes indicate the selected batch
sizes and epoch lengths, respectively.

The left two figures in Figure display the results for the two larger size real
world data sets (NIPS, WT). It shows that S-SCI-PI is an overall winner solving the KL
divergence subproblems and hence an efficient method for exact alternating minimization.
However, it does not outperform F-SCI-PI significantly on the sparse NIPS data set. As
reported in [28], CCD/SCD is faster than MU/EM for the dense WT data set. However,
our result on NIPS shows that CCD/SCD is very slow mainly due to the expensive
coordinate updates.

Next, we compare convergence of S-SCI-PI with different batch sizes, epoch lengths
and step sizes. We select two data sets (NIPS and WT) and report the relative objective
values of S-SCI-PI with few selected parameters choices in the right figure in Figure [5.1]
They show that a careful choice of the batch size |S| and epoch length m yields non-

negligible improvements on the convergence of S-SCI-PI. Again, we confirm that the
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stochastic approach (S-SCI-PI) has a remarkable improvement over the full gradient

approach (F-SCI-PI) for the dense WT data set.

5.5.2. KL-NMF Problem

To solve the entire KL-NMF problem , we update H via a single iteration of each
algorithm (a single epoch for S-SCI-PI) and then update W in a similar way. We compare
S-SCI-PI with F-SCI-PI and MU/EM. We leave out CCD/SCD and PGD since they are
much slower.

For dense data sets (WT, MITF), we apply vector-wise sampling only on the columns
(of dimension 19,200 and 2,429, respectively) since the other dimension is small (287 and
361, respectively). For sparse data sets (NIPS, KOS), the element-wise sampling scheme

is applied to both dimensions, which turns out to be more effective.

N =1000, M = 1000, tho = 0.5 N =1000, M = 1000, rho = 0.9 N =3000, M = 3000, tho = 0.1 N = 9000, M = 9000, rho = 0.1/9

ssssssss

relative objective value
lative objective val
lative objective val

relative objective value

500 1000 250 500
computation time (seconds) computation time (seconds)

Figure 5.2. Convergence plots (relative error vs. computation time) of
one-step alternating minimization on synthetic data sets.

Figure displays the results for the four synthetic data sets. By comparing the left
two figures in Figure [5.2] and the right figures, we conclude that S-SCI-PI performs much
better than F-SCI-PI for dense matrices, but is the winner also for sparse matrices.

Figure displays the relative errors with respect to the computation time for the

4 real data sets. Overall, S-SCI-PI with the chosen batch and epoch size improves the
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Figure 5.3. Convergence plots (relative error vs. computation time) of
one-step alternating minimization on real data sets.

convergence over F-SCI-PI. However, S-SCI-PI does not outperform F-SCI-PI for the
MITF data set, which has a relatively small number of columns (2,429). Also, both
S-SCI-PT and F-SCI-PI exhibit much faster convergence than MU/EM. This clearly attests

that S-SCI-PI is an excellent practical option for the KL-NMF problem.
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Figure 5.4. Convergence plots (relative error vs. iteration) of one-step
alternating minimization on real data sets.

Figure displays the relative errors with respect to the outer loop iterations. S-SCI-PI
takes longer steps per outer loop iteration than F-SCI-PI and MU/EM, at the expense
of larger computational complexity. The batch size and the epoch length balance the
trade-off between them. We also notice that F-SCI-PI and MU/EM have almost the same

computation time but F-SCI-PI takes longer step than MU/EM.
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5.6. Final Remarks

In this work, we introduce a stochastic variance-reduced algorithm (S-SCI-PI) to solve
finite-sum scale invariant problems and provide its convergence analysis. Our analysis shows
that under some conditions on initial iterate, epoch length, batch size, and an additional
condition the algorithm attains linear convergence in expectation. This algorithm is
applied to solve the KL-NMF problem. The experimental results demonstrate its superior

performance over state-of-the-art methods.
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CHAPTER 6

Conclusion

This thesis introduces scale invariant problems and studies deterministic and stochastic
solution methods. Starting with the L1-norm kernel PCA problem, we develop a novel
dual reformulation of scale invariant problems and derive an iterative algorithm based on
geometrical understandings of the dual formulation. Our algorithm, SCI-PI, not only has a
general form of power iteration but also extends the attractive linear convergence property
of power iteration. The second half of this thesis studies scale invariant problems with finite-
sum objective functions. In order to exploit the finite-sum structure, we develop stochastic
generalizations of power iteration and SCI-PI to solve PCA and finite-sum scale invariant
problems. Built upon the recent stochastic variance-reduced gradient technique, our
stochastic algorithms attain linear convergence in expectation. Our numerical experiments
on various unsupervised machine learning models reveal that the proposed deterministic
and stochastic algorithms are computationally competitive to state-of-the-art algorithms

as well as often yield better solutions.
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APPENDIX A

Additional Lemmas

A.1. Chapter

On several occasions, we use if z € 0By, y € 0By, then
Iz —y|* =[] + lyl* — 227y = 2(1 — 2"y).

Note that if 27y > 0, then

VI= 9 = I = aTy) (1 + aTy) > /T — Ty = %

By Cauchy-Schwarz, we also have

V1= (aTy)? = (1 —aTy)(1 +2Ty) < V2y/1—aTy = [z —y]|.

A.1.1. For the Proofs of Theorem [3.3.2] and Theorem [3.4.2|

Lemma A.1.1. Let {vy,...,v4} be an orthogonal basis in R with x* = v, and
{k }k=01,... be the sequence of iterates generated by SCI-PI. If for every x € 0By we have
d

(AL V@ To =X ta@), D (V@) < (Rl =] + )’

where
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then there exists some § > 0 such that under the initial condition 1 — zlz* < 8, we have

k-1 , 5 2 <
* >\2 * >\2 .
1— (zgz*)? < tIOI (F + %) (1 — (2dx )2) v + v <1, and 1}1—>Holo% = 0.

Proof. By (A.1)) for every x € 9B,, we have

Yia(VI@)Tv)? (AQHx — 2| + ﬁ(x)>2 |

(Vf(z)Tv)? N+ o)
Let

Dollz — 2|+ B(x) _ Ao )
Then, we have 0(x) = o(||x — z*||) and

S (Vi@ (e 6@ N

A2 S < (R pea) b
Letting
(A3) (5) = ok

we can further represent (A.2)) as

(% + 7(56))2 (1 - (@"a%)?)

S (V (@) v)?
(Vf(2)Tv,)?

IN

—~
>
o

S~—

Il
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where
(A5) () o 1 —a2Tz* T () 1+1—93Tx*
. x) = — e(x -
7 AN\ T+ 2Tz 4+ 1/2(1 + 2Tx*) 1+ 2Tz

From ([A.1)), there exists some §; > 0 such that if 1 — 272* < §;, then
(A.6) Vf(x) v > 0.

Also, by (A.3)), for any 7 > 0 satisfying

A
(A7) )\—i+’_y< 1,

there exists some constant dy > 0 such that if 1 — z72* < &5, then
,7
(A.8) le(x)] < 1

Let 6 = min{d;, 0o, 3\\—;7, 1}. Before proving the main statement, we first prove the
following two statements:

1. If 1 — z{ 2* < 4, then we have

5\ 2
(Ag) xz—klx* > 07 1- ($g+15(7*)2 < <)\_z + ’YIC) (1 - (ZL’%CL’*)2) ) and Yk < -

Since & < 1, we have z}2* > 0. Also, from 1 — z]2* < §; and z* = vy, using the
Vf(xk)T'Ul

update rule of SCI-PI and (A.6]), we obtain z{, 2" =
IV f (@)

> (0. On other the hand,
since |27, 01| < [|gs1]|[lo1]] = 1, we have

1 - (-73%-5-1“1)2

1— (zp2%)? <
o (5’7{“”1)2
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Also, from the fact that {vy,...,v4} forms an orthogonal basis in R%, we have V f(z}) =
Z?Zl(Vf(mk)Tvi)vi and |V f(zx)||* = Z?Zl(Vf(mk)Tvi)2. Using the update rule of SCI-PI,

we have

L= (@i0)® V@) = (V) ) 3 (V () v)?

(Thyyv1)? (V[ () Tvr)? (VI (@e)To)?

resulting in

1—( T *)2 < Z?:Q(vf(xk)Tvi)%

R (Vf (wx) 01 )2

Let v, = y(z1) and €, = e(x). Since z]x* > 0 and 1 — 2] 2* < min{d,, %7}, from (A.5)),

we have

Ao 1—alz 1—alar 5 7
T =15 te 1+ —F-<s+5=7
A* (1 + ala* + /2(1 + xfz*) 2 2

2. Using mathematical induction, we show that if
(A.10) 1—atz* <6,
then, for all £ > 0. we have
(A.11) 1 —aiz" <6.

By (A.10), we have 1 — zl2* < §, which shows the base case. Next, suppose that

1 — zf2* < § holds. Then, we have (A.9)). Also, from § < 1, we have z! z* > 0. Since

< 2
A
zpat >0, xixt >0, 1— (vi,,27)% < ()\—i + ’_y) (1—(zf2*)?) <1-— (zfz*)?
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we have
1—af 2" <1l—xpa* <9,

which completes the induction proof.
Now, we prove the main statement. Since (A.11]) holds for all £ > 0, we can repeatedly

apply (A.9) to obtain

L)\ 2 h %o
2 . 2
1_<xk33)2§g<;+%> (1 (:Cgl‘)),and F+’)/k<)\—+’7<1
Since
5\ 2k
(A.12) 1— (zfa")? < <)\* + ’y) (1 - (zgz*)?),

we have (z12*)? — 1. Moreover, from that xlz* > 0 for all k > 0 by (A.11]), we have

xp — o, and thus limg_,. 7 = 0 by (A.5). With (A.12)), this gives the desired result. [

Lemma A.1.2. Let {v1,...,v4} be an orthogonal basis in R, If 2* = vy, and a

sequence of iterates {Tg r—o1,... generated by SCI-PI satisfies

(A.13) Vi(rg) vy > A— Bl —afa*) — Cy/1 —ala*

and

(A.14) Z(Vf(xk v;)? < <D\/1— alx*)? + Ey/2(1 — ala*) + —ka—g; Hz)
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where A >0 and B,C, D, E, F are non-negative real numbers such that

D+ FE

1.
1 <

B+C >0,

Then, under the initial condition that 1 — xlz* < § where

A \? A-D—-FE \?
Al 0 = mi 1
(A.15) mm{(B+C) ’(B+C’+E+F> ’ }
we have
/D4 E 2 D+ E
1_(93;€$*)2§t1_£( 1 +%) (1—(x§x*)2), n -I—%<1,andkli_>1£107k20.

Proof. Before proving the main result, we first show the following two statements:

(1) If 1 — zf2* < ¢, then we have

. . D+E 2 .o D+E
(A.16) 2" >0,1— (v, )2<( I —i—vk) (1— (zp2%)?), T +v <1

for all £ > 0 where

(A(E4+ F)+ (B+C)(D+ E))\/1—afz*

A(A_<B+C)W)

Since 0 < zfz* <1, we have /1 — zfz* > 1 — 2] z*. Using 2* = vy, the update rule of

(A.17) Vi =

SCI-PI, (A.13)), and the fact that § < (A/(B + C))?, we have

. Vf(xp) v, . A— Bl —zlz*) —Cy/1—xlz
A. T ot = ;
AA8) et = T = VD] >0




since

A—B(1 —ala* C\/l—xkx —(B+0O)y/1—x

203

T %
kl'

> 0.

||Vf(ka)|f IV f ()]
Using the same arguments in Lemma we have

(2T )2 Z?:2(Vf(xk)TUi)2
(A.19) b @t S G T

By (A.18)), we have

A—B(1—ax{z*) — C\/1 —xla* > 0.

Therefore, by plugging (A.13)) and (A.14)) into (A.19) and using that =] z* > 0, we have

(1= (ax2")?)

2
T %2 Dvl—xf*z—l—E 1_1{ *)"‘Eka_x*HZ
1_(5%-1-15”) < T To
D+E 1+lmkz+F lrkaz
1+x1: 1+$33 (1 ( )2)
= — (z. 2
A — Bl—xkx* C\/l—xkaz* F
D+E(1+\/1—x;€x*>+F\/1—x;€x*
<
- A— (B+C)\/1—zlax
D+E 2
(A.20) =< 1 +7k) (1= (z5a*)?)

where we use the fact that /142 < 1+ /z for x > 0 to derive the second inequality.

Lastly, from

A-D—-F
1 — *
1—aTx <\/_—B+C+E+F
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we have

D+ FE

<1-—
Yk A

(2) Using mathematical induction, we show that if
(A.21) 1—alz" <6,
then, for all £ > 0, we have

(A.22) 1 —axiz* <6.

By (A.21]), we have 1 — 2l z* < §, which proves the base case. Next, suppose that we have

1 — af2* < 6. Then, we have (A.16)). Also, from § < 1, we have 2l 2* > 0. Since

zpa* >0, xiat >0, 1— (vi,07)% < 1— (zp2%)?

we have
1 T

—rp gt <1—aia* <.

This completes the induction proof.

Now, we prove the main statement. Since (A.22)) holds for all £ > 0, by repeatedly

applying (A.16]), we obtain

k—1 2
D+E D+E
(A23)  1—(afa") <] ( - ) (1= (zfz")?), and ; + < L.

t=0
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Since (D + E)/A + y < 1 for all k£ > 0, 1 — (z]2*)? is monotone decreasing, and so is
1 — zl'2* by non-negativity. Moreover, from that 7, is a monotone increasing function of
1 — zfz*, we have 4,1 <, for all £ > 0, resulting in

k-1 D+E 2 D+ E 2%k
7% < 1 +% | -
0

t=

Since (D + E)/A+ v < 1 by (A.16)), we have (x12*)? — 1. Due to 1 z* > 0 for all k > 0,
this implies x — 2*, and thus limg_,o 7% = 0 due to (A.17). With (A.23)), this gives the

desired result. O

A.1.2. For the Proofs of Theorem [3.4.6l and Theorem [3.4.8

Lemma A.1.3. Suppose that f(w, z) is scale invariant in w € R% for each z € R%
and twice continuously differentiable on an open set containing 0By, x 0B,,. Let (w*,z*)

be a point satisfying

Vof(w*, z") = Xw*,  Af > /_\’2" = maXo<i<d, [N\, w" =0}

where (A, v¥) is an eigen-pair of V2, f(w*, 2*). Then, for any w € 0By, and z € OB,_,

(2 ’L

we have
Vo f(w, z) v =X+ (2 z*)Tvzwf(w*, 29w + a*(w, 2)

and

dw

> (Vuf (w,2)"v)? < (A1 = (wlw)? + 0|z — 2*|| + B*(w, 2))*

=2
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where

a® (w, 2) :0<

w — w*
z—zF

)= [22]

)

Therefore, we have

(Vuf w20 _ (3 P e )
- |V f(w, 2)]|2 = (A* 1 — (wTw*)? + e |z — 2|+ 6 (w7z)>

w
where
Proof. Since V2 f(w*, z*) is real and symmetric, without loss of generality, we assume

v = V8w, 2, mw@_4M“”ﬂ

zZ—Z

that {v}’,..., vy } forms an orthogonal basis in R%.

By Taylor expansion of V,, f(w, z)Tv¥ at (w*, z*), we have

TV, fw )
V2, f(w, 2)

)

Vof(w, 2)Tv" =V f(w*, 2)Tv" + v + R (w, 2)

where

e =o(| |27

Using V., f(w*, 2*) = A\ w* and w* = v}, we have
Vol (W 2) v =X, (w—w) Vi, f(w", 2)vf = =AY (1 — wpw”).
Therefore, we obtain

(A.24) Vof(w, 2) v = X5 + (w — w*) V2, f(w*, 2)w* + o*(w, 2)
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where

a¥lw.2) = By, 2) = AL (1= ) = of |

w — w*
z—z2*

)

In the same way, for 2 < i < d,,, we have
Vof(w*, )00 = X (w) o =0, (w—w)'VE, f(w,2)v" = \w
resulting in
(A.25) Vof(w, )"0 = \Nwv? + (2 — 2*)'V2, f(w*, v + RY(w, 2).

From ({A.25]), we obtain

3Tt 7 = S+ 3 (R )

doy dw
Y (B (w.2)P +2) A (o) (2 = )V f (w2
i=2 i=2
dw
+ 2 Z A (w v )R (w, z)

—I—QZ (z — 2)'V2, f(w*, 2 v RY (w, 2).

Since {vY,..., vy } forms an orthogonal basis in R*, with w* = v}’ and ||w|]* = 1, we

have

Z(A?)Q(w%l”f < (A3)* (1= (w'w")?)
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and

QL
S

> (2= 2V w0, 2er) < Iz = 2T V2, f, 2P < ()2 = 27

=2

Let RY(w, z) = maXo<icq, |RY(w,2)|. Note that

e =of |22

Using the Cauchy-Shwartz inequality, we have

)

d’lU
> ATz = =)V w2l S A = VT T,
=2
Also, we have
duw
Z)\w WYRY (1w, 2) < NYRY (w, 2)v/duwy/T — (wlw*)2

and

ZR“’ w, z) ZNVINV2 L f(w*, 2ol < VPR (w, 2)\/dyl|z — 2.

Therefore, we obtain

dw

(A26) 3 (Vuf(w,2) ot < (VT = @0+ 0z = 7] + 57w, 7))

12v))

where

BY(w, z) = RY (w, 2)\/dy = 0(
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Since {vy’, ..., vy } forms an orthogonal basis in R* and |w”w*| < |lw||[|w*|| =1, we

have

(Vs (w0, 2) 0 _ Sy (Vo f (w, 2) 0
[Vuf( ) = (Vuf(w,Top?

Using ((A.24)) and (A.26)), we have

1—

S (Vi f(w, 2) o)
(Vo f(w, z)Toy)?2

IN

j\w wz 2
()\—i 1 — (wTw*)? + V)\* |z — 2| + 9“’(10,2))

w

where

0o, z) = 2102) (Xé” 1= (wTw)? + Vw;|lz — 2| + VB (w, z))

(Z - Z*)Tvaf<w*7 Z*)w* + Bw(w7 Z)
' (A; + (2 — 2)TV2, f(w*, 25 )w* + B (w, z>) '

Since

(2 = 2) " Ve f(w", 2 )w'| < vz = 27|,

we have

(2 = 2TV, (w2 | T= (@ < o (1= 7w ) + 50 = |
and
V(2 = 2)TVE (W', 2wz = 2 < ()22 = 2
From

o[22 v =of 22
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we finally obtain

e =o(|[2=]])

This completes the proof. [l

Lemma A.1.4. Suppose that f(w,z) is p-strongly concave in z € R% with an L-
Lipschitz continuous V , f (w, z) for each w € 0By, and three-times continously differentiable
with respect to x and y on an open set containing OBy, and R%, respectively. Let (w*, z*)
be a point such that V,f(w*, z*) = 0. Then, for any w € 0By, and z € 0By, , with

a=2/(L+ pn), we have

2 zZw L_
(A27) |lz+aV.f(w,z)—z"| < <L:M> |lw —w*|| + (L——i-Z) |z — 2| + 0% (w, 2)

where

v = V2, ()], 07w, 2) = (H [w - w*}

z—z"

Proof. Let V_,f be the i"" coordinate of V, f and

ww wz

H. — Hz,i Hz,i
U sz sz
2,0 2,0

be the Hessian of V,;f. By Taylor expansion of V,,f(w, z) at (w*, z), we have

(A.28) Veif(w,2) = Ve f (', 2) + Vi, of (w, 2)" (w — w") + R (w, 2)

where V2, f(w*, 2) = V,V.; f(w*, z) denotes the i'" column of V2, f(w*, z) and

(A.29) Ri(w,z) = %(w —w)THY (@', 2)(w —w*), @' € N(w,w).



Also, from f being three-times continuously differentiable, we have

(ASO) Viw,-if(w*a 2) = ng,if(w*v Z*) + H,Tzl,]f<'lU*7 2Z)(Z - Z*)a 2Z S N(Za Z*)

Since
|(z = 2 HZY (w*, 2') (w — w*)| < [|HZE (w*, 2) |[[lw — w*|||z — 27|
< SHHES G, 2 (o = w4 1= = 7]7).
we have
(A.31) (2 — )T H (w*, 2 (w — w*) = o< {UZ{ - 2”] D

By (A.28), (A.29), (A.30), and (A.31)), we have

(A.32) V.f(w,z) = V.f(w*, 2) + V2, fw*, 2*)(w — w*) + R*(w, 2)
where

Ri(w, 2) = Ri(w, 2) + (2 — 2T H (w', 2)(w — w) = (

w — w*
z—z*

Using (|A.32)), we have

z4+aV, fw,2) — 2" =z — 2" + aV,f(w*, 2) + aV2, f(w*, 2*)(w — w*) + R*(w, 2),
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resulting in

Iz 4+ aV.f(w,z) — 2" < [lz = 2" + aV.f(w", 2)]
(A.33)

Since — f(w*, z) is p-strongly convex in z with an L-Lipschitz continuous gradient —V, f(w*, z),

by theory of convex optimization [13| p. 270], we have

(A.34) Iz = 2* + aV.f(w", 2)|| < (i—lz) Iz — 27|

due to o = 2/(L + p). Also, we have

Plugging (A.34)), (A.35) into (A.33)), we finally obtain

L_M 013w
Lk ; *7 < -~ ok _ * 02’ ,
|z — 2"+ aV. f(w Z>H_(L+u) |z Z||+(L+,u)”w w*|| + 0% (w, 2)

where

Lemma A.1.5. Let M be a 2 x 2 matriz such that

M [a e/b]
efc d
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for some a > 0,b>0,c>0,d>0,e >0 and let p be the largest absolute eigenvalue of M.

Then, there exists a sequence w; such that

k1
| M*|| = H(p+wt) and  limy_yo0 wy = 0.

t=0
Proof. The characteristic equation reads

2

det(M—M):AQ—)\(aer)Jrad—Z—:O
C

with the discriminant of

4e?
—d)?+—>0.
(a )—l—bC_O

Thus, all eigenvalues are real.
First, we consider the case when det(M — AI) = 0 has a double root. We obtain the

condition for a double root as

4¢?
—d)?*+—=0.
(a—d)”+
Since b > 0 and ¢ > 0, this implies
a=d, e=0

Therefore, M = al and p = a. From M* = a*I, we have
|M*|| = Vak = p",

resulting in

(RYiaall .
[ M|
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for all £ > 0.

Next, we consider the case when M has two distinct eigenvalues A\; and \y. Since
a-+d >0, we have \{ + Xy > 0. Without loss of generality, assume A\; > \o. Then, p = ;.
Let v; and vy be corresponding eigenvectors of A; and s, respectively. Since v; and v,
are linearly independent we can represent each column of M as a linear combination of vy
and vy as

M = [oqvy + frva  agvy + Savs).

By repeatedly multiplying M, we obtain
Mk = [al/\’f_lvl + 51A’2€_1U2 az)\]f_lvl + 52)\];_11)2].
Let C* = (M*)T M*. Then, we have

Ch = 2220 4 232 490, 81 (A )

Ok = a2V 4 82035 4 2008, (A ) T 0y
and
Ok, = a1ao Y 4 818055 7Y 4 (0B + o) (Mdo)F ol vy, CF = CF,.
Since

Ol > 3N 4 B — 20081 (AP = (a0 X = BT > 0



and
_ _ B _ N2
Cs, > a%Xf(’“ Rt 522/\§(k - 20080 (M1 A2)F T = (AT = BoASTH)T >0,
we have
1 2
IMF] = \/5 {Oﬁ +Chy o+ (Ch — Ol +A(Ch)2),
leading to
M| O O (O — O Al
ME| 2 ‘
1M Ol + Cly + 1/ (Ol — C)” + 4(C)?
From
Ch 2 & 2 Chy Oy
i Sy = o i St = b Jin Sty = i Sty = e
we obtain
k+1”
lim
k,Loo HMkH =yA=
From
lim wg = lim H M —p=p—p=0

we obtain the desired result.
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A.2. Chapter

In the proofs below, for a, 8 > 0, we let Y;(A, ) and Z;(A, 5) be matrix polynomials

such that

(A36) Y;S(Aaﬂ) = 2AY;§—1(A7 5) - 5}/;5—2(‘47 5)7 tZ 27 le(Aa 5) = Av Yb(AHB) = [a

(A37> Zt(Aaﬁ) = QAZt—l(A76) - ﬂZt—2(Avﬂ)v t Z 27 Zl(Avﬁ) = 2A> ZO(A7 6) = 1.

and let y;(a, B) and z(a, B) be recurrence polynomials such that

(A38)  w(e, B) = Vayii(a, B) — By—a(a, B), t > 2, yi(a, B) = @, Yo(a, B) = 1,

(A.39) 2z, B) = Vaz_1(a,8) — Bzio(a, B), t > 2, z1(a, B) = Va, z(a, B) = 1.

For a sequence of matrices By, By, B, - - -, let
k B;Bj_y---By itj>k
B; =
=J I otherwise
Since the eigenvectors uy, us, . .., ug form an orthogonal basis, we frequently use the fact

that for w € R?, we have ||z]|> = 320_, (u}z)?.
Lemma A.2.1. Let x € 0By. Fort >0, we have

(A.40a) 1P [(1 = +nC) af® < 2(1 —n+n\)* (1~ (uf2)?),
(A.40b) 1PY:((1 = m)I +nC, B(m)z|* < 4(1 — (ug 2)*)pi(en(n), B(n)),

(A.40c) 1Z:((1 = )T +nC, B(n))|I> < @(ca(n), B(n)).



: . d
Proof. Since uy,us, - - - ,uy forms an orthogonal basis in R?, we have z = >, (u

From that (Ag,uy) are eigenpairs of C', we have
d
(A.41) (L= +nCl' 2z =) (ugz)(L—n+n\e) w
k=1
From the definition of x and P in (4.6)), we have P = I — za”. Since

IP[(1 =) +nC] z|l* = 2" [(1 =) +nC) P*[(1 =)l +nC]'x

=" [(1=n)I +nC]' P[(1 =) +nC]'x

= 2" (1= +nC)" (I —axz") [(1 = )] +1C]'z

= |[[(1 = )T +nC) al* = (" [(1 = )] +nC)' z)",

using (A.41]), we have

d

IPI0 =)+ 0Tl = 32—+ ma0* — (3l —n+an))

k=1
< (1—n+nA)* = (uj )" (1 —n+nA)*

< 2(1 = (ug2)*)(1 — 0 +nAr)*
where the last inequality follows from
(A.42) 1— (uj2)' = (14 (uf2)*) (1 — (u]2)?) <2(1 - (uf2)?).
To prove , we first show that

(A.43) Yi((1 =)L +nC, B(n))ur. = ye(aw(n), B(n))ur.

217
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First, consider the cases when ¢ = 0 and 1. For ¢t = 0, we have Y5((1 —n)l +nC, B(n))ux =

yo(ak(n), B(n))ug. For t =1, it follows that

~—

Yi((1 —=n)I +nC,B(n))ur = (1 —n+ nhg)up = a2k(77

wr = y1(ak(n), B(n))ux.
Suppose that holds for t — 1 and ¢ — 2. Using the definition of Y; in (A.36)), we have
V(X =) +nC, 5(n))w
= 2((0 =T +nC)Yer (1 =) +0C, B(n)) — B(n)Yia((1 = )T +1C, 5(n))] w
= [2(1 =+ n o)y (ew(n), B(n)) — B(n)ye—2(c(n), B(n))] ux

= [Vermye1(ar(n), B(n)) — Bn)yi—a(ck(n), B(n))] w
= yi(aw(n), B(n))up.

This completes the proof of (A.43)).

Next, we show that

(A.44) (ye(aw(n), B(n))? = pelow(n), B(n)).

For the base cases, we have

(yo (e (n), B(m)* =1 = po(ax(n), B),  (yalew(n), BM)* = 7 = pr(aw(n), B(n))

and

(yo(o(n), B(n))” = (@ - ﬁ(n)) — palon(n), B(n).



Using the definition of 3, in ({A.38)) for ¢ and ¢t — 1, we have

(ye(e(n), B(n)))* = (V ar(m)ye-1(ar(n), B(n)) — Bn)ye—a(ar(n), B(n)))?
= () (-1 (ar(n) )2 = 2v/ () B()ye—1(cx(n), B(n))yr—2(cu(n), B(n))
+ B() (ye—2(ar(n), B(n)))*

and

(ye—1(ax(n), B(n)))?
= o () (ye—2(ar(n), B)))* = 2+/ () B(0)ye—2(a(n), B(n))ye-s(ar(n), B(n))
+ B(n)*(ye—s(cw(n), B(n)))>.

Moreover, since

Ye—1(cw(n), B(n))yi—2(ar(n), B(n))
= Vo) (ye—2(ar(n), B(n)))? = B yi—2(ar(n), B(n))ye-s(cx(n), B(n)),

we have

(we(aw(n), B(n)))? = (ar(n) — Bn)) (ye-1(ow(n), B(n)))?
— B(n)(cw(n) = BM)) (ye—2(c(n), B(n)))* + B(n)* (ye—s(cw(n), B(n)))>.

This proves (|A.44]).
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Now, using (A.43)), we have

M=

(A.45) V(1= +nC, )z =Y yelar(n), Bn)(uj, x)u.
Since w1, U, - - -, ug form an orthogonal basis in R¢, we have
d d
IV ((1 =) +nC, B> =Y (wilaw(n), Bm))* (upa)® = pulan(n), B(n)(uix)*.
k=1 k=1

Using and in Lemma for k > 2, we have
(A.46) pelan(n), B(n) < pilar(n), B(n))
Since 2¢_, (ufx)? = 1, we have

IVe((1 = )T +nC, B(m)=[I* < pe(ar(n), B(n)).

Moreover, using (ul'z)? <1 and (A.45), we obtain

(W Yi(1 = )] +nC, B(n)z)”
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Therefore,

IPY:((1 —n)I +nC, B(n))z|?

2

= V(1 =) +nC, B(n))x||> = («"Ye(1 = n)I +nC, B(n))z)
< (ye(ea(n), Bm))*(1 — (ui 2)*) + 2(ge(ar(n), B(n)))* (1 — (ujx)?)
< 4(y(aa(n), B(n))*(1 = (ufx)?)

where the last inequality follows from ({A.42]).

Lastly, we prove (A.40c). In the same way we prove (A.43) and (A.44]), we can show

that

(A.47)
Z(1 =) I 4+ nC, B(n)ur, = z(aw(n), B(n))ur,  (zu(ow(n), B(n)* = alow(n), B(n)).

Using (A.53)) and (A.54) in Lemma [A.2.4] for k > 2, we have
(A.48) ai(ax(n), 8(n) < a(ea(n), B(n))-
Using (A.47)), we have

d

e Z((L =) +0C, B(n)x =Y z(an(n), Bm) (ufz)* <Y |z(ar(n), B(n))| (ufz)*.

k=1 k=1

Moreover, using (A.48) and the fact that 32¢_, (ufx)? = 1, we have

> lzilan(n), Bm)I(ux)® < [zelaa(n), Bm)I Y (uia)* = |zl (n). Bn))].
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This results in

2T Z,((1 =) +nC, 3(n)x < |z(a1(n), B(n))],

leading to

1Z:((1 =) +nC, B)I* < ze(aa(n), B)I* = a(en(n), B(n)).

This complets the proof. 0

Lemma A.2.2. Let x be a vector in R? and let M be a d x d symmetric matriz. Then,

we have x7 Mz < || M]||||=|*.
Proof. By the cyclic property of the trace, we have
o' Mz = Tr[a? Mz] = Tr[Max2™].

Since zz’ is positive semi-definite, we have Tr[MzaT] < ||M||Tr[zz”]. Again, by the

cyclic property of the trace, we finally have

' Mz < || M||Tr[za"] = || M| Trla" 2] = [|M|][|=]*.

Lemma A.2.3. Let A; and B; be d x d matrices fori=0,--- ,t —1. Then, we have

(A.49)

0 0 t—1 i+1 0
[T (4420 = (et B (e = TT 43 [H 4 BB T A
1=t—1

i=t—1 = =t—1 k=i—1
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Proof. We prove the statement by induction. For t = 1, we have

0 0 [+l 0 1 0
HAH_Z H(Aj+Bj)Bi H Ap| = Ao+ H(Aj+Bj)Bo H A | = Ao+ Bo,
i=0 i=0 [j=0 k—i—1 =0 k=—1

which proves the base case. Next, suppose that we have (A.49) for t — 2. Then, we have

0

I A+ B) = (As + Biy) [ (Ai + By)

i=t—1 i=t—2

0 0 t—2 [ i+l 0
=[] 4+B [ 4+ (Z LH (A4 +B)B:i [ 4 )
i=t—1 i=t—2 i=0 |j=t—1 k=i—1
0 t—1 [ i+l 0
=] 4+>_ [H (A;+B)Bi [ 4
i=t—1 =0 L[j=t—1 k=i—1
This completes the proof. O

Lemma A.2.4. Let z; be a sequence of real numbers such that
zp = (o — B)wi—1 — Bla — B)xi—o + B°2i—3 + Lyt + BLi—o
fort >3 and xg = Lo, v1 = $Lo, 12 = (% — 6)2L0 + Ly. Then, we have
t—1
(A.50) ry = py(a, B) Lo + Z Qt—r—1(c, B) L.
r=1

Moreover, fort > 0, we have
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o if 0 < a=4p3,

(A.51) pi(4B,8) = B =20, q4B,8) = (t+1)°8 >0,

o if 0 <45 < q,

(A.52)
piosd = [ (5 + ) A (Y] s s o,
(A.53)
o) = | (R LSBT (VS BT s o,
o if 0 < a<d4p,
(A54) ples6) < (15, 8), e B) < (48, 9)

Proof. It is easy to check that xy, z1, and x5 satisfy (A.50). Suppose that (A.50)
holds for t — 1,t — 2,¢t — 3. Then, we have

= (a— Bz — fla— B)r—a + B3wy 3+ Ly 1+ BLi o
t—4
=pi(a, B)Lo+ Lioy + aLis + (@ = B)°Lisg + Y _ g, B)L,
r=1
t—1
= pt<aa 6)[10 + Z Qtfrfl(cu B)Lr
r=1

Therefore, ((A.50) holds by induction.
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Next, we prove (A.51)), (A.52)), (A.53|) and (A.54). The characteristic equation of (4.9))

1s
(A.55) r* — (= B)r?* + Bla — B)r — B> = 0.

If 0 < o =48, (A.55) has a cube root of » = 5. From initial conditions (4.11]) and
(4.12), we obtain

(A.56) pi(4B,8) = ' 20, q4B,8)=(t+1)°8' > 0.

If 0 <48 < a, the roots of (A.55)) are

_Ba—25+\/a2—4a5 a—28 +Ja?—4dap
= B, — 5 .

2 2 2

With initial conditions (4.11]), we obtain

2 2

Using the fact that o > 45 and the arithmetic-geometric mean inequality, we have

pt(aaﬁ) > Bt 2 0

Moreover, we can further write py(a, 3) as

o= (£ E) (£ )

2 2 2 2

by expanding this expression.
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On the other hand, using (4.12)), we have

1 _2 2_4 t+1 _2 2_4 t+1
Qt(a76):&_4ﬁ[(a2/@+va2 045) +(02/3_\/042 045) _2/3t+1:|
1 \/a a—1p t+1 \/5 a—18 t+1 2>0

() (R )

Using the fact that A" — B! = (A — B)(A' + A"™'B + .-+ B') for any A, B € R, we

have

w0, ) = [Z (@ ; @)Ui . @)} .

, 2 2 2 2
=0

Again, using the arithmetic-geometric mean inequality and the fact that o > 43, we have

VY (T

t/272
: =YY ] = 12 = 10,

a(a, ) = {(t +1) <@ +

If 0 < o < 44, the roots of (A.55|) are
a—25+\/4aﬁ—a2,a—25 Vadaf — a?
i - i
2 ’ 2

r =0, 5 5
Setting
cosQ—a_Qﬂ sin@——'élo{ﬁ_oz2
PTTep 0 P T T op
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it is easy to verify that

t

1 t 1 1
pi(a, B) = Zﬁt [COS 0p + i sin 94 + Zﬁt |:COS 6, — i sin Qp] + 557*
1 . 4 1
— 1(61% + 6729t>ﬁt + iﬁt
1. . . 1
_ Z|616’t + 6—29t|ﬂt + §/Bt
< (™) + e )8+ 58
=7 5
= B
Moreover, with
0080:&_26 Singz—\’élaﬁ_(ﬂ cos & :l—i sin ¢ :_\/4045—042,
q 26 ’ q 25 ) q 25, q —2/8

it can be seen by using elementary calculus that

| 2p 20
N 4ﬁ—a+4ﬁ—a

(A57) @, 8) cos(y + t0,) | 5

Let

(48, 8) — @l B)

4
Qt) = 5

Then, from (4.9) and (4.11]), we have

(A.58)

Q) =0, Qu)=2r_¢

/B )

Q(2) =
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resulting in

(A.59)

sl (23848 -a) _

p° -

Q3) - Q1) =

In order to show Q(t) > 0 for t > 0, we prove Q(t+2) — Q(t) > 0 for ¢t > 0. Using (A.56]),

(A.57) and standard trigonometric equalities, it follows that

Qt +2) = 2Q(1) + Q(t —2) — 8 + %O‘cos(qsq +10,).

In turn, we have

Qlt+2)— Q) = Q) — Ot —2) + 8+ %cos(qﬁq +16,)

> Q) - Qt-2)+5 -7
- Q) - Qe —2)+ 2=

(A.60) > Q1) - Qt - 2).
From ({A.58)), (A.59), and (A.60), for ¢ > 0, we obtain Q(t) > 0 implying

(o, B) < q(45,B).

Lemma A.2.5. If a > 48 > 0, then for 0 < t; < to, we have

1
a— 40

qtl(a7ﬂ) ' Qtz(a?ﬁ) < ( ) qt1+t2+1<aaﬁ)'
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Proof. From (A.53) in Lemma [A.2.4] we have

G (@, B) - g (@, B)
() (57 (0

(e (e ]

2 2 2 2

Since
Va o — 48 a o — 48
0= 5 S T3
we have
\/a+\/m t1+1_ Va o a— 48 firl
2 2 2

(682550 (8- 2

B <\/— m>t1+t2+2 o a_45)t1+ ( Oz+ Oz—4ﬂ)t2+l
2 S\ 2 2 2

2 2 2 2
t1+1 \/& o — 46 to+1 N a B o — 4/8 t1+t242
2 2 2 2

< (£+ \/ﬁ)twtzﬂ_ (_a_ a_4ﬁ)t1+t2+2
= 5 .

2

Therefore, we have
1
G (@, B) - qey (v, B) < m Gty +to+1(, B).

This completes the proof.
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