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ABSTRACT

Continuum Modeling of Multidisperse and Polydisperse Granular Materials in Transient

and Developing Flows

Zhekai Deng

Segregation of polydisperse granular materials remains to be a challenging problem
in many industrial processes. However, most studies have focused either on bidisperse
(two different particle size species) materials, which are not representative of most real
mixtures, or on polydisperse materials in an idealized simple geometry. Additionally, most
studies have focused on steady granular flows (time-independent flow kinematics), even
though many flows encountered in industrial applications are unsteady (time-dependent
flow kinematics).

To address these challenges, we study and extend the application of the modified con-
tinuum model for bidisperse segregation that captures the effects of segregation, diffusion,
and advection to polydisperse (continuous distribution of particle size) segregating mate-
rials in three ways. First, we consider tridisperse (three different particle size species) size
segregating flow in developing inclined chute flow, which is an important stepping stone

between bidisperse segregation and polydisperse segregation. The continuum model is



validated using DEM simulations over a wide range of flow conditions. The approach
accurately models tridisperse chute flow as indicated by the close agreement between its
predictions and results from DEM simulations over a wide range of flow conditions in-
cluding different incline angles, particle size distributions, flow rates, and flowing layer
thicknesses. Second, we consider polydisperse segregating flow in developing segregation
and transient segregation. In both cases, several terms in the model that were zero in the
previously examined case of fully-developed streamwise-periodic steady segregation in a
chute are now non-zero, which makes application of the model substantially more challeng-
ing. Predictions of the model agree quantitatively with experimentally validated discrete
element method simulations of both size polydisperse and density polydisperse mixtures
having uniform, triangular, and log-normal distributions. Finally, the continuum model is
then extended to unsteady flows (time dependent flow kinematics) in feed-rate-modulated
heap flow and hopper discharge flow, which could be viewed as a simplified version of in-
dustrial 3D conical heap filling and discharge operation. The model accurately predicts
the segregation patterns inside the hopper and the discharge segregation profiles for both
initially well-mixed and segregated conditions resulted from center filling. The agreement

between experiment and continuum model further corroborates our modeling approach.
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CHAPTER 1

Introduction

Granular flows are commonly encountered in many industrial settings. For example,
many industrial processing units frequently handle granular materials such as pharma-
ceutical powders, agricultural products, and polymer pellets. Granular materials with
different size, density or other material properties tend to segregate when they flow. How-
ever, in almost all industrial settings, segregation of granular materials is undesirable. For
example, in the pharmaceutical industry, achieving a uniform mixture of the active phar-
maceutical ingredients and excipient (fillers) is a key step to ensure drug efficacy and

safety.

Flowing Mixture Segregated Particles

Figure 1.1. Segregation through particle percolation. Small particles fall
through the voids between large particles under shear.
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Despite its ubiquity and importance, segregation of polydisperse granular materials
remains a challenging problem. Segregation of granular materials can be caused by dif-
ferences in many material properties including size [86], density [102], 112], particle shape
[119], and surface roughness [70]. Among these particle properties, size and density segre-
gation are usually considered the most prominent mechanisms. Although many explana-
tions have been proposed for the segregation mechanism, only a few studies have proposed
a model that can predict segregation quantitatively because of the difficulty in capturing
the relationship between local particle environment and particle segregation. As shown
in figure|1.1} as an initially well bidisperse particle mixtures flows, small particles fall into
the voids between large particles and percolate downward, resulting the large particles
being pushed upward to the free surface. Consequently, this mechanism often leads to
segregation, in which small particles are concentrated near the the bottom of the flow and
large particles are concentrated near the free surface. In density driven segregation, due
to the density difference between the light and heavy particles, light particles tend to rise
toward the free surface, while heavy particles tend to sink toward the bottom of the flow.
This mechanism often results similar segregation patterns to size segregation.

There is no universal governing equation for granular flow analogous to the Navier-
Stokes equations for Newtonian fluid flow. As a result, most previous research [60, 80,
62, 811, [1T), 47, 84, 26] has relied on canonical granular flow geometries including inclined
chute, bounded heap, rotating tumbler and hopper flow, as shown in figure , to better
understand the granular flow kinematics and segregation scalings [76]. One way to study
granular flows segregation and flow kinematics is through experiments through quasi-2D

flows, in which the flow is confined within a narrow gap with thickness T to allow detailed
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Figure 1.2. Canonical granular free surface flow geometries.

observation. These geometries are typically considered as simplified versions of 3D flows,
which are frequently encountered in many industrial processes such as hopper filling.

As evident in figure [I.2] the simple chute flow makes it well-suited for the study of
granular flows. As granular material flows down a chute, segregation drives the formation
of layers enriched in a particular particle size. At steady state, the streamwise velocity
in the chute flow remains essentially constant at different streamwise locations so the
only thing that is changing with position is the particle concentration due to segregation.
Flow in the bounded heap, shown in figure is similar to chute flow in that particle
concentration deposited on the heap is time-independent when feed flow rate is sufficient
and constant. However, bounded heap flow differs from chute flow in that the velocity
field is developing along the streamwise direction, which can affect the segregation. In
quasi-2D one sided bounded heaps flows, particles mixtures are added to the heap at the
top left corner at a volumetric feed rate (). With a sufficient steady feed rate, a well mixed

bidisperse particle mixture enters the heap at the top left feed zone and then particles
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segregate as they flow downstream, resulting a small particle enriched region at the up-
stream portion of the heap and large particle enriched region at the downstream portion
the heap. Flow in rotating tumblers, shown in figure [1.2] is similar to bounded heap flow
in that the streamwise velocity and particle concentration both vary with streamwise po-
sition (5% # 0). However, rotating tumbler flow differs from steady bounded heap flow in
that the segregation in rotating tumbler flow is transient (% # 0) during tumbler rotation.
For initially mixed bidisperse particles in circular rotating tumbler flow, small particles
percolate to the bottom of the flowing layer and deposit near the center of the tumbler,
while large particles remain in the flowing layer and deposit near the periphery of the
tumbler. Hopper discharge flow, on the other hand, differs from the chute flow, bounded
heap flow, and rotating tumbler flow in that materials are first fed into the hopper and
then discharged out of the hopper. As particles flow out of the hopper, particles initially
on the center of the hopper flow out first followed by particles on the sidewalls. Conse-
quently, the segregation in the hopper depends strongly on the detailed flow kinematics
and initial conditions of the hopper.

A typical segregation pattern corresponding a quasi-2D heap is shown in ﬁgure (a).
When particle mixture flows, small (red) particles percolate downward within the thin
surface flowing layer, segregate out of the flowing layer first, and deposit on the upstream
portion of the heap, while large (blue) particles rise toward the free surface, flow further
down the heap, and deposit on the downstream portion of the heap before they reach the
downstream endwall. The result is a segregation pattern in the deposited heap with small

particles deposited near the feed zone and large particles deposited further from the feed

zone, as shown figure (a).
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(b} Simulation

Figure 1.3. Segregation of a size bidisperse mixture (1 mm (red) and 2 mm
(blue) glass sphere particles) of (a) experimental and (b) simulation in a
quasi-2D bounded heap with width W = 0.44 m and gap thickness 1" =
0.09 m. Figure from Schlick et al. [89], (©2015 John Wiley & Sons.

While it is relatively easy to perform experiments and observe segregation phenomena
using particles of different colors, measuring flow kinematics and extracting segregation
parameters from experimental observations are often challenging and require sophisticated
non-invasive experimental techniques. Alternatively, kinematics can also be explored by
performing discrete element method (DEM) simulations to simulate and analyze particle
flow. In DEM simulations, the forces on particles are calculated based on its contacts

with other particles, and then each particle’s velocity and position are updated according

to Newton’s Second Law at each time step. Due to increasing computation power, it is
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possible to simulate millions of particles and achieve quantitative agreement with lab-
scale experiment. This technique makes it possible to extract information that is difficult
or impossible to obtain experimentally. An example of DEM simulation is shown in
figure (b), which demonstrates quantitative agreement between DEM simulation and
experiment, justifying the use of DEM simulations. In DEM simulation, because the
position and velocity are calculated at each time step, detailed flow kinematics such
as concentration distribution, packing density, and stress distribution can be extracted
easily. While DEM simulations can simulate lab-scale granular flow systems efficiently, it
is still too computationally expensive to simulate large scale systems encountered in many
industrial applications. For example, a typical industrial processing unit handles 10'? to
10** particles, which is several orders of magnitude larger than what DEM simulations can
currently candle (millions of particles). Consequently, DEM simulations are mainly used
to understand the flow kinematics and extract segregation scalings. These scalings and
parameters then become the inputs to the continuum model that can be solved quickly
to quantitatively predict segregation.

Unlike experiments and DEM simulations, continuum models can be solved relatively
quickly, thus allowing parametric studies to be performed. Additionally, and similiar
to fluid flow, when governing equations are nondimensionalized, specific dimensionless
parameters are identified. These dimensionless parameters control the system, yielding
insight into the mechanisms that drive mixing and segregation. Various continuum mod-
els have been proposed for characterizing and modeling segregating granular flows. We

focus on the advection-diffusion-segregation model derived from fluid mechanics, which
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Figure 1.4. Comparision between continuum model, DEM simulations and
experiments under the same operating conditions. Small-particle concentra-
tion from (a,b) DEM simulations and (c,d) continuum model. (e,f) Small-
particle concentration, c,, at the bottom of the flowing layer along the nor-
malized streamwise location z/L, measured from DEM simulation (blue),
continuum model (red), and experiment (green). Figure from [27], (©2014
Cambridge University Press.

describes how material is transported and mixed from a continuum viewpoint:

(1.1) %? +vmm+% — V. (DVe,),
advection — diffusion

segregation

where for each species i, ¢; is the particle species ¢ concentration, w the velocity field,
w,,; the relative segregation velocity, and D the diffusion coefficient. Here we define
wp; = w; — W, that is, the normal direction velocity difference between particle species
1 with respect to the bulk mean flow. This approach is similar to previous approaches
for modelling segregating granular flows [41], 42, [38], 100, 36, [72]. Numerically solving

equation with appropriate boundary conditions gives the local particle distribution of
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segregating multidisperse granular materials. For example, figure [1.4| compares the small
particle volume concentration contours at two different feed rates, predicted by equation
[1.1] with results from DEM simulations. In both cases, the agreement is good. Similar
quantitative agreement is also achieved when modeling segregation in size bidisperse quasi-
2D tumbler flow [90], density bidisperse bounded heap flow [112], tridisperse bounded heap
flow and polydispese periodic chute flow [91].

While bidisperse systems (two particle sizes or densities) are helpful in revealing segre-
gation mechanism in the flow and in developing predictive model, almost no physical flow
system involves only two particles species. In contrast, multidisperse and polydisperse
systems (i.e. involving three or more monodisperse species or a continuous distribution of
particular particle properties, respectively), even though far less studied, are nevertheless
frequently encountered in many physical systems. Only a handful of studies have proposed
models for polydisperse granular segregation, and these have been limited to idealized pe-
riodic chute flows in which periodic streamwise boundary conditions are used to model
fully-developed segregation in a section of a chute [72, [71, O1]. While streamwise-periodic
chute flow is suitable for initial model development, it is not representative of flows en-
countered in most physical systems. In this dissertation, we extend the application of the
continuum model to substantially more challenging and realistic situations in both steady
flows (time-independent kinematics) including developing (spatially-dependent) segrega-
tion in a bounded heap and transient (time-dependent) segregation in a rotating tumbler,
and in unsteady flows (time-dependent kinematics) including modulated heap flow and

hopper flow segregation.
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Figure 1.5. Segregation in unsteady flow. (a) Striped patterns produced
using sinusoidal rotation rate modulation for mean frequencies of 4, 6, 8
cycles/rotation. Figure from [29], (©2005 Cambridge University Press. (b)
Stratified pattern generated by feeding a bidisperse size mixture (ds = 0.5+
0.04 mm red particles and d; = 2.00+0.07 mm blue particles) onto a quasi-
2D bounded heap with a modulated 2D feed rate of ¢; = 23.6 cm?/s for
ty =5 s and ¢ = 2.0 ecm?/s for tg = 20s. Figure from [113], ©2017 2017
Elsevier B.V..

The steady flow segregation (time-independent kinematics) cases described above are
already challenging to understand and model. The unsteady flow segregation cases are
even more challenging to understand and model. Because segregation depends strongly
on flow kinematics, segregation in unsteady flow differs significantly from segregation in
steady flow. The time dependent flow kinematics, which impacts the segregation of gran-
ular material in the normal direction, advection in the streamwise direction, and diffusion
in both the normal and streamwise directions, controls the final particle distribution in

the bed of particles below the flowing layer. Thus, a deeper understanding of the unsteady
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flow kinematics is important to model the segregation mechanism for the modulated seg-
regation pattern in the bounded heap and rotating tumbler. However, the few studies that
focused on unsteady flow revealed complicated flow kinematics. In previous work [29], a
rotating tumbler was forced with a sinusoidally-varying rotation speed to create striped
patterns as shown in figure (a). Another example is the stratification of particles in a
quasi-2D heap. In figure (b), a bidisperse particle mixture is alternately fed at a fast
feed rate (¢ = 37 cm?/s for a period t; = 3 s) and a slow feed rate (¢; = 0.4 cm?/s for a
period t; = 62 s). While the unsteady flows are significantly more challenging to under-
stand and model, using the modulated feed rate offers the opportunity to intentionally
create stripped granular layers that could potentially enhance streamwise mixing of the
deposited materials on the heap. Additionally, in many industrial operations, the flow
kinematics are unsteady due to unintentional modulation. For example, in hopper flow,
as materials move downward toward the outlet, the materials in the surface flowing layer
encounters different velocity at different depth of the hopper. Consequently, developing
a predictive model that incorporates time dependent flow kinematics for polydisperse

granular materials has important implications in many industrial processes.

1.1. Outline of the dissertation

In this dissertation, experiments, computational simulations, and theoretical modeling
are utilized to understand granular flow and multidisperse and polydisperse segregation.
A number of the chapters (Chaps. 2 and 3) are reproduced from published work and are

preceded by a short introduction.
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Chapter 2 describes multidisperse segregation in developing chute flows, and validates
the model using DEM simulations over a wide range of flow conditions. Additionally, a
parametric study of the influence of the dimensionless parameters demonstrates the effects
of advection, segregation, and diffusion on multidisperse segregation.

Chapter 3 describes the results of extending the advection-diffusion-segregation con-
tinuum model to predict polydisperse size segregation (equal particle density) and poly-
disperse density segregation (equal particle size) in developing flow (bounded heap) and
transient flow (rotating tumbler). Predictions of the model agree well with DEM simu-
lation for both size polydisperse and density polydisperse mixtures over a wide range of
operating conditions.

Chapter 4 applies the advection-diffusion-segregation continuum model to size bidis-
perse modulated heap flows. The results are validated against experiments.

Chapter 5 presents the results of applying the advection-diffusion-segregation contin-
uum model to size polydisperse hopper flow, which consists of both hopper filling and
hopper discharge operations. The results are validated against both DEM simulations
and experiments.

Chapter 6 summarizes the main results of the dissertation and outlines possible future

directions for the research.
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CHAPTER 2

Continuum modeling of segregating tridisperse granular chute

flow

Segregation and mixing of size multidisperse granular materials remain challenging
problems in many industrial applications. In this chapter, we apply a continuum-based
model that captures the effects of segregation, diffusion, and advection to size tridisperse
granular flow in quasi-2D chute flow. The model takes as inputs the kinematics of the flow
and other physical parameters such as the diffusion coefficient and the percolation length
scale, quantities that can be determined directly from experiment, simulation or theory
and that are not arbitrarily adjustable. The predictions from the model are consistent
with experimentally validated discrete element method (DEM) simulations over a wide
range of flow conditions and particle sizes. The degree of segregation depends on the Péclet
number, Pe, defined as the ratio of the segregation rate to the diffusion rate, the relative
segregation strength r;; between particle species ¢ and j, and a characteristic length
L, which is determined by the strength of segregation between the smallest and largest
particles. A parametric study of particle size, x;;, Pe, and L demonstrates how particle
segregation patterns depend on the interplay of advection, segregation, and diffusion.
Finally, the segregation pattern is also affected by the velocity profile and the degree of

basal slip at the chute bottom. The model is applicable to different flow geometries, and



28

should be easily adapted to segregation driven by other particle properties such as density
and shape.

The material in this chapter was published in a slightly different form in Deng, et
al., “Continuum modeling of segregating tridisperse granular chute flow” Proc R Soc A

(2018) [19] ©The Royal Society, reprinted with permission.

2.1. Introduction

Segregation of multidisperse granular materials is common in natural and industrial
processes, such as landslides and processing of ores and polymers [4, [I8] [45]. In grav-
ity driven flows of initially well-mixed particles of different sizes, smaller particles fall
through the interstices between larger particles causing size segregation. This mechanism
is commonly referred to as particle percolation. In this chapter, we use a multidisperse
segregation model to better understand the segregation of multidisperse mixtures in de-
veloping chute flow, and validate the model using DEM simulations over a wide range
of flow conditions. While other researchers [36] have considered multidisperse develop-
ing segregation from a theoretical standpoint, here we utilize a segregation length scale
unique to developing segregation, introduce a new non-dimensionalization scheme to ac-
commodate multidisperse mixtures, and quantitatively compare the model results to DEM
simulations. We further examine the effects of particle size, operating conditions (using
dimensionless parameters), and the velocity profile on segregation in chute flow.

Most theoretical approaches to modelling segregation in granular flows have focused
on bidisperse mixtures in order to understand the underlying mechanisms and develop

predictive frameworks [21], 86, 22], 411, 42| [38], 100} [73, 110, 24] 99, 64, 104, 65]. Although
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not as commonly studied, segregation in multidisperse (multi-component) systems made
up of several discrete particle sizes and in polydisperse systems containing a range of
particle sizes characterized by a continuous probability distribution, such as a log normal
distribution have been explored both in experiments [80, [16] 46, O] and in simulations
using the discrete element method (DEM) [72, 146, [82] 9] for different flow geometries. In
spite of this previous research, a generally applicable model for predicting multidisperse
or polydisperse segregation is only now developing.

The simple geometry of chute flow makes it well-suited for the study of multidisperse
and polydisperse flows. Over the past three decades, there has been substantial study of
segregation in chute flow, see table for a sample of past research on the topic. For
example, Gray and Ancey [36] developed a continuum model to describe the segregation
of flowing multidisperse mixtures based on the interaction of advection, segregation, and
diffusion in the flowing layer. [72] developed a continuum model for polydisperse segre-
gation that relies on a fitting parameter determined from DEM simulations. Recently,
a stochastic lattice model incorporating the effects of segregation, mixing and crushing
was used to predict steady-state grain size distributions in uniformly sheared granular
flows [71]. Although this approach can connect micro- and macroscale advection-driven
processes for polydisperse systems, it provides only qualitative agreement with experimen-
tally measured grain size distributions. These and other models often include adjustable
parameters, some of which are challenging to directly relate to physical quantities, mak-
ing it difficult to apply the results to specific particle sizes, shapes, and densities or to

generalize the model to a continuous distribution of particle sizes.
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Table 2.1. A sample of past dense granular segregation research in chutes.

References Methods Dispersity
Savage and Lun [86] Theory & Experiment Bidisperse
Dolgunin et al. [22] Theory & Experiment Bidisperse
Dolgunin and Ukolov [21] Theory & Experiment Bidisperse

Gray and Thornton [41] Theory Bidisperse

Gray et al. [42] Theory Bidisperse

Gray and Chugunov [3§] Theory Bidisperse
Thornton et al. [T00] Theory Bidisperse
Wiederseiner et al. [110] Theory & Experiment Bidisperse
Thornton et al. [99] DEM Bidisperse
Tunuguntla et al. [104] Theory & DEM Bidisperse
Larcher and Jenkins [64] Theory & DEM Bidisperse
Larcher and Jenkins [65] Theory & DEM Bidisperse

Gray and Ancey [36] Theory Multidisperse
Marks et al. [72] Theory & DEM Polydisperse
Bhattacharya and McCarthy [9] | DEM & Experiment | Multi- & Polydisperse
Marks and Einav [71] Theory Polydisperse
Schlick et al. [91] Theory & DEM Multi- & Polydisperse

Recently, a continuum-based segregation model for bidisperse mixtures that was suc-
cessfully applied to gravity-driven flows in quasi-2D bounded heaps [27] and circular
tumblers [90] was extended to fully developed multi- and polydisperse segregation, where
it demonstrated quantitative agreement with DEM simulation results [01]. The modeling
approach utilizes segregation parameters and material-dependent scalings obtained from
DEM simulations that are directly connected to the physics of segregation and are ap-
plicable to a wide range of flow rates, particle size ratios, particle size distributions, flow
geometries, and even density driven segregation [112]. Here, we use this continuum model-
ing framework to examine the segregation of tridisperse (rather than bidisperse) granular
mixtures for developing segregation (rather than fully developed segregation) in chute flow

resulting from the interaction between advection, segregation, and diffusion. We further
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introduce a new non-dimensionlization scheme for multidisperse systems incorporating a
streamwise segregation length scale that characterizes developing segregation.

As granular material flows down a chute, segregation drives the formation of sublay-
ers enriched in a particular particle size while, simultaneously, collisional diffusion acts
to remix particles. The velocity field of the flow is determined by the chute’s surface
roughness and inclination angle as well as the volumetric flow rate. In steady state, the
total streamwise flux of each species remains constant along the entire length of the chute.
Sufficiently far downstream, fully developed segregation occurs in which there is a bal-
ance between segregation and diffusion, and, consequently, the concentration profiles of
the material through the depth of the flowing layer remain constant.

Here we compare the theoretical predictions of our continuum modeling framework
for tridisperse chute flow to results from equivalent DEM simulations and explore the
model predictions for a range of parameters to gain insight into multidisperse segregation
in developing flows. Even though the model and parameters can be easily extended to
more than three particle species, the tridisperse system provides an important stepping
stone between bidisperse and polydisperse systems and, at the same time, allows easy

data visualization.

2.2. Segregation model

We consider size segregation of tridisperse granular materials flowing down a chute,
shown schematically in figure (a). The streamwise and normal directions are x and
z, respectively, and the origin is at the most upstream position of the bottom of the

flowing layer. A ¢§ thick mixture of three particle sizes flows at volumetric flow rate,
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(2) inital state ®)  u(z)

Figure 2.1. (a) Sketch of quasi-2D chute flow showing the flow geometry,
evolution of the segregation, and a schematic streamwise velocity profile.
(b) The characteristic streamwise segregation length scale, L, is defined as
streamwise distance traveled by a small particle as it moves from the free
surface to the bottom of a flowing layer composed of large particles at a
characteristic streamwise surface velocity gy

(), down a chute inclined at angle 6 with respect to horizontal with a fully developed
velocity profile u(z), that is assumed, to first order, to be independent of the local particle
concentration. The gap thickness between the two side walls of the chute is T', and the
two-dimensional flow rate is ¢ = @/T. While there can be streamwise variation in the
flowing layer thickness under certain conditions [3|, [110], here we assume that § is constant
for purpose of simplicity, similar to previous studies [110, A1), 36]. In section [2.4.1] we
show that a constant value of § reproduces spatial concentration fields consistent with
DEM simulations.

The model is based on the scalar advection diffusion transport equation for the con-

centration of species i:

' Awic) =V - (DVes
8t+v (u;c;) =V - (DV¢),
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where u; is the velocity of species 7, ¢; is the volume concentration of species 7, and D is the
scalar collisional diffusion coefficient. For quasi-2D chute flow, we assume no net motion
of species in the spanwise (y) direction (i.e. zero spanwise velocity v; = 0). Consequently,
u; = u; T + w; 2 with streamwise and normal velocity components u; and w;, respectively,
for species 7. The streamwise velocity component of species ¢ is written most generally
as u; = u+u,,;, where u,; is the streamwise component of the gravity-driven percolation
velocity of species 7 relative to the mean streamwise flow velocity u. However, for this case
and most other free surface flows, u,; < u so that u; can be accurately approximated as
equal to u. The normal velocity component of species ¢ is written as w; = w + w,,;, where
wp; is the segregation driving normal component of the percolation velocity of species
1 relative to the mean normal flow velocity w. With these assumptions, the transport

equation 2.1 can be written as [27, [89] 90]

de;  O(uc;)  O(we;)  O(wpici) 0?¢; 0?¢;
: =D D )
o " Tor TTa: T o 92 oz

(2.2)

Although diffusion can be anisotropic [106], for simplicity we assume here that D is
isotropic and homogeneous. This simplified assumption has yielded results that reproduce
data from experiment and simulation in a variety of situations including plug flow [38],
chute flow [72], 110, 99, [01], and bounded heap flow [27, 9T, T12].

This approach to modeling segregation in flowing granular materials was first sug-
gested by Bridgwater et al. [13] in a slightly different form. Over the last decades, many
researchers have used similar approaches with a variety of expressions for the segregation

flux, which is the last term of the left hand side of equation [2.2] [21, 22| 41, 136, [72, (104} 5]
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Here we follow the form used by [27] and [90, 89, OT]. The key to the subsequent formu-
lation of the model is the semi-empirical relation for the component of the segregation
velocity normal to the free surface, w,;, which is derived from size bidisperse mixtures
composed of particles with diameters c; and «a;. The segregation velocity of species i

depends on the local shear rate, ¥, and the concentration of the other species, ¢;, as
(2.3) wp,i = S, )76,

where S is an empirically determined segregation length scale [27]. Equation can be
obtained by linearizing a more complicated expression for size segregation of bidisperse
particles derived by Savage and Lun [86]. Gray and Ancey [36] used an approach simi-
lar to equation except that their formulation did not explicitly include shear rate, *,
which the [86] model requires to account for local effects due to relative flow that allow
percolation to occur. We further note that equation |2.3|is applicable only to free surface
flowing layers where the relatively small effects of lithostatic pressure on segregation are
included in the coeflicient S(oy, a;), unlike other situations where there is a large over-
burden [34]. For spherical glass particles, the segregation length scale can be expressed

as a function of the particle size ratio:
(2.4) S(ay, o) = Bmin(ay, o) In(oi /o)),

where In is the natural logarithm and B is a constant dependent on intrinsic properties
of the particles [89]. Based on DEM simulations of spherical glass particles in bidisperse
bounded heap flow, B = 0.26 for particle size ratios in the range 1/3 < a;/a; < 3 and

I mm < o; <3 mm [89]; we use this value of B for the rest of chapter.
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Equations and capture the downward percolation of small particles and the
upward movement of large particles in a flowing mixture. Equation [2.3|is based on the
local shear rate and local particle concentrations, and, thus, is valid everywhere in dense,
bidisperse, and gravity driven granular surface flows provided ¥ and ¢; are known. Using
equations [2.3| and in the framework described above, quantitative agreement between
segregation in the model, DEM simulations, and experiments has been demonstrated for
size bidisperse flow in a bounded heap [27] and in a circular tumbler [90], and for density
bidisperse flow in a bounded heap, where particle sizes a; and «; are replaced by particle
densities p; and p; [112]. We note that there is a slight asymmetry in the segregation
velocity for shear flows in which a small particle surrounded by large particles moves
downward faster than a large particle surrounded by small particles moves upward [86),
34, [107,32]. However, equation captures the leading order behavior and is sufficient to
accurately predict the overall behavior of segregating flows [90], 27, OT], T12]. It is possible
to extend equation equation and to a wider size ratio as long as S(a;, ;) can be
measured from DEM simulations. Furthermore, for size ratios greater than about 6, “free
sifting” occurs, in which small particles percolate between large particles without being
significantly influenced by the large particle flow [92] [66] 25 [86]. The model described
here will not properly account for the physics in this situation.

The expression for the segregation velocity in bidisperse mixtures (equation was
recently generalized to describe multidisperse (more than two different particle sizes)
and polydisperse (continuous size distribution) segregation [91]. This generalization as-
sumes that the segregation velocity of particle ¢ depends on a linear combination of the

segregation length scales S(a;, ;) weighted by the corresponding concentration of each
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surrounding species j, and neglects higher order interactions. For n distinct particle sizes
in a mixture, each with diameter o; and local concentration c¢;, the percolation velocity

is generalized to

(25) wp,i = Z S(Oéi, Oéj)’.)/Cj.
j=1

This equation differs from the approach used by [36] for a tridisperse mixture (n = 3)
by virtue of the crucial explicit inclusion of the shear rate in equation that allows
the expression to describe the local flow effects. As will be shown later, it is necessary
to include the shear rate to account for the impact of different velocity profiles that
can occur in chute flow on the segregation. Equation has a further advantage over
the approach of [36] in that S(a;, ;) can be defined purely in terms of the particle sizes
(equation7 whereas the [36] approach provides no means to determine their equivalent
parameters. Equation also differs from the approach proposed by [72], which includes
a free parameter C' (equation 3.2 of [72]), which was postulated to be related to particle
shape, surface roughness, and the shear rate profile.

Substituting equation [2.5| into equation yields the full scalar transport equations

for particle mixtures with n distinct particle sizes:

Oc;  O(uc;))  Olwe) o . d%c; 9%c;
)~ (3eie) = D pZ&
ot * ox * 0z * ZS(O‘”O‘J)az (ejei) Ox? * 022

Jj=1

(2.6)
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Later in this chapter we demonstrate that the streamwise velocity profile, u, can be
accurately assumed to be fully developed and independent of the local particle concentra-
tion or position along the length of the chute. Through conservation of mass, the overall
mean particle velocity normal to the free surface, w, is zero. Consequently, the transport

equation in the chute can be expressed as

8ci 8Ci - 0 . 8202- 62Ci
(2.7) 5 + U + ZS(O@,O@)& (Feje) = D@:E? +D 52

j=1

This system of n coupled partial differential equations can be simplified to n—1 partial
differential equations because the sum of the species concentrations . | ¢; = 1. Equation
describes how the local volume concentration of species ¢ is determined by advection
due to the mean flow, segregation due to percolation, and diffusion due to random particle
collisions. It includes the dependence of the segregation velocity on both the spatially
varying local shear rate and the local particle concentrations, as well as the dependence
of concentration on advection via the streamwise velocity v and diffusion via the diffusion
coefficient D.

Equation [2.7]is non-dimensionalized using characteristic streamwise and normal length
scales L and 9§, respectively, and a characteristic streamwise surface velocity scale 2¢/0 as
follows:

t u s '7

T z ~
2. ~:_ ~:— = —_—— ~:— = —
(2:8) =T TS 'S5y “Tags ™M 7T g
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The dimensionless governing equation for the concentration of species ¢ is then:

aCi ~8ci L - 0 v ) 82Ci L 02Ci
(2.9) 5 Tlge T (ﬁ) [; S@‘ia@j)&(V@Q)] = <2q_L) Do+ (@) Doz

The streamwise segregation length scale, L, characterizing the developing segregation

is based on the streamwise distance traveled by the smallest species, see figure (b).
The time for a small particle to move from the top to the bottom of a flowing layer is of

order

2.10 ty :
(2.10) ol

From equation [2.3] a small particle in a flowing layer comprised entirely of large particles

has the characteristic segregation velocity

(21].) wp,i X <7>Sl,sa

where () is the depth averaged shear rate, and the subscripts [ and s refer to the largest
and smallest particles, respectively. We define the characteristic length scale, L, as the
idealized streamwise displacement of the small particle as it moves from the free surface

to the bottom of a flowing layer composed only of large particles:

4] 52
o

<;Y>Sl,s Sl,s’

(2.12) L o ugysts o< (4)0

where we assume that, regardless of its depth, the particle continues in the streamwise
direction at the surface velocity, uguf, which is the maximum velocity in the flowing

layer. Since L is based on segregation for the smallest and largest species, it represents
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the shortest segregation length scale in a multidisperse or polydisperse system and is
independent of particle species concentration. A similar expression could be achieved
using similar logic for a large particle to move from the bottom to the top of a flowing
layer ignoring asymmetric segregation effects. An alternative definition characterizes the
average velocity in the flowing layers as ug,/2, assuming a velocity profile linear in depth.
However, the difference is only a factor of 2, which we prefer to avoid for simplicity later
on. The influence of L on the model predicted segregation is discussed in Section [2.5

Substituting expression into equation yields

Oc; _0c; & o - S \% 1 9% 1 ¢
2.13 Yy L Gee) = (2] L G
(2.13) ot +“8f+;“”az<%0) ( 4] ) P68x2+P68z2

where k;; = S;;/S,s and Pe = 2¢S,,/(0D). Since S(a;, ;) = —S(ay, ), it follows
that k(o) = —k(y,q5), ks = 1, and Ks; = —1 by definition. Pe is the ratio
of the diffusion time scale, 6*/D, to the segregation time scale L/(2q/d) = 0L/2q =
63/2¢S, 5, and k(wy, ;) is the ratio of the segregation length for species ¢ and species j
to the segregation length for the smallest and largest species pair. x;; and Pe depend
only on particle and flow properties, which are either determined directly by the control
parameters of the problem («; and ¢) or can be directly measured from experiments or
simulations (9, S, and D).

S(ay, o) is O(a/10) [O0], where & is the average particle diameter, and § is generally
O(10a) [3, T10]. Consequently, the ratio, (S;s/d)?, in the streamwise diffusion term is

O(107). Thus, the first term on the right hand side of equation can be safely ignored.
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The non-dimensional multidisperse scalar transport equations can then be written as

801 (’90Z - 1 ¢
(2.14) Z Rij oz (T (Yejci) T Pe o

The boundary conditions for this equation are based on balancing the segregation flux
with the diffusive flux at the top and bottom of the flowing layer (2 = 1 and 0) [42]. Thus,

at these two boundaries, the boundary conditions can be expressed as

1 0%¢
(2.15) Z/{”a~ jeic;) = Do

Particles enter at the upstream end of the domain and exit at the downstream end of the
domain via advection due to the streamwise velocity. Because k; ; = —k;; by definition,
we use k; ;, where x; ; > 0, and replace k;; with —&; ; in the rest of this chapter.

Lastly, because Z?Zl ¢; = 1, equations for a tridisperse mixture (n = 3) can be

expressed as

ae. 5 ) 1 0%,
~ . A 1 _ _ —
U P Ki,s 0z [7( Cm cs)cs} “msa (70’”65) Pe 072
(2.16)
~(9«: 0 9 = L P

e + Fim,s 7= (YCsCm) — Rtn = [7(1 —Cg — cm)cm] = e
for steady flow, where s, m, and [ represent small, medium and large size particle species,
respectively.

They can be solved using standard initial boundary-value routines for systems of

parabolic equations. Here, the pdepe routine in Matlab is used. The inlet concentration

profiles can be arbitrarily specified (e.g., perfectly mixed or perfectly segregated) or can
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be based on concentration profiles measured from experiments or DEM simulations. The
streamwise velocity profile u is assumed to be fully developed and independent of the local
particle concentration or position along the length of the chute, though these assumptions
are not required to apply the formalism. The boundary conditions (equations at
the free surface and the bottom of flowing layer can be specified in terms of the fluxes of

small and medium particles as

0 . 1 0%c,

e A1 — e — _ (A _ — 7"

217 g [0 = )] = oz (emer) = o
o ﬁ(*cc)_,i 3[7(1_0 _C)C]_ia%m
m,sag VCsCm l,mag Y s m)tm| — Pe 932 °

Numerically, the inlet values for concentration are integrated forward from z = 0
to the furthest downstream extent of the flow to determine the concentrations of small
and medium particle species ¢, and c¢,,, respectively. The large particle concentration is

ag=1—c¢cs—cp.

2.3. DEM Simulations and Flow Kinematics

To validate the predictions of the model and to acquire necessary kinematic informa-
tion for the model, DEM simulations of a tridisperse mixture of spherical glass particles
in a developing chute flow are performed based on the flow geometry shown in figure 2.2
Particles are dispensed from a vertical channel at volumetric flow rate (). At a given
chute angle, 0, and below a critical flow rate, q., the flowing layer thickness, 9, is essen-
tially constant [3]. For the DEM simulation example presented below, an equal volume

by component particle mixture with mean particle diameters, a; = 2, 3.2, and 5 mm
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u(z)

v

Figure 2.2. (a) Sketch of quasi-2D segregating chute flow with transverse
gap thickness T" and chute angle 6. Granular material is fed into the chute
at a volumetric feed rate @). (b) Sketch of the computational domain in a
rotated coordinate system.

(corresponding to size ratios of R =1: 1.6 : 2.5 with respect to the smallest particle) and
density p = 2500 kg/m? flows down a 2.5 cm wide chute inclined at an angle of § = 26.5°
with a simulated flowing length [ = 0.7m. To reduce particle ordering, the diameter of
each species is distributed uniformly between 0.95 «; and 1.05 «; for all DEM simula-
tions. The parameter r;; is based on the mean diameters. The bottom wall boundary
condition is set such that particles that initially contact the flat bottom wall are immo-
bilized to increase surface roughness and friction. Thereafter, all particles flow over these
immobilized particles. The smooth, flat vertical side wall uses the same parameters as
the particle-particle interaction. The DEM simulation parameters used here have been
validated by numerous experiments using spherical glass particles; further details of the
DEM methodology can be found in related publications [14] [117] 118, 26} 27, 112, O1] and
Appendix [A]

To implement the segregation model for tridisperse mixtures, the flowing layer depth,

velocity profile, and diffusion coefficient are needed. Here, these characteristics of the flow
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are measured from the DEM simulations. However, DEM simulations are not necessary
to determine the parameters used in the model. For instance, the diffusion coefficient
can come from correlations based on shear rate and particle size [89], 28]; the velocity
profile can be based on theory, such as the Bagnold profile [0, [76], and so on. In all
cases, the model results are calculated using parameters derived directly from the flow.
Parameter values used in the model are either measured from DEM simulations, use values
from previous studies based on bidisperse mixtures of particles, or are based on standard
velocity profiles typical of chute flow. In other words, if S, D, and the velocity profile
are known, whether from simulations, theory, or experiment, the model can be used to
predict the segregation.

From previous studies [94], 95|, [10], the streamwise velocity in the flowing layer can be

approximated as
(2.18) u(z) =Uf(z),

where f(z) characterizes the depth dependence with f(§) = 1 so that u(d) = U, and U is

determined by ¢ and f(z) as

q

2.19 U=—"—-—.
( ) f06 f(2)dz

The segregation model used here allows any functional form f(z) to characterize the ve-
locity profile, so that later in this chapter we can consider how the segregation pattern
depends on the form of the velocity profile. To obtain the velocity field to compare
the model results to DEM simulations, a bin averaging method was used to characterize

streamwise velocity profiles at different streamwise locations as shown in figure (a). A
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Figure 2.3. Kinematics of a particle mixture (o; = 2,3.2 and 5 mm) at
q = 3400 mm? s~! from DEM simulations. (a) Averaged streamwise velocity
profile vs. depth at different streamwise locations. Black curve is a least
squares fit of the data to a “relaxed” Bagnold velocity profile, see equation
2.20L (b) Surface velocity u, is nearly independent of streamwise position.
(c) Scaled average normal direction velocity w/(2q/d) is approximately zero
through the depth of the flowing layer at different streamwise locations. (d)
Normal direction mean squared displacement, (AZ(At)?), over the entire
flow domain vs. time for nine different time intervals (colors) (see text).
Error bars in (a-c) indicate one standard deviation.

“relaxed Bagnold” expression f(z) = 1—(1—z/d)? [10] provides a reasonable approxima-

tion to the velocity profile. This expression becomes the classic Bagnold velocity profile

when § = 1.5. Combining equations and [2.19] the dimensionless expression for
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the mean velocity field is:

u(z/d)  B+1

(2.20) (%) = 20)5 — 25 [1-(1-2"].

Fitting data from the DEM simulation to this equation gives = 1.37, which is similar to
other numerical simulations [94, [95]. Hence, this value is used for the velocity profile in the
continuum model for comparison to DEM simulations, in Section [2.4.1. The streamwise
velocity profiles and free surface velocities are nearly constant along the entire length of
the flow domain, as shown in Figure (a) and (b), supporting the assumption that the
velocity field is fully developed. The scaled normal velocity in figure (¢) is approxi-
mately 100 times smaller than the characteristic streamwise free surface velocity. Within
the flow domain, advection dominates in the streamwise direction, so we assume that
diffusion is important only in the normal direction. To obtain the diffusion coefficient,
the mean squared displacement normal to the free surface for the entire flow domain,
(AZ(At)?), was measured over nine time intervals, each with a duration of At = 0.3 s.
The details concerning how the diffusion coefficient is obtained from (AZ(At)?) are in-
cluded in Appendix [C] Assuming diffusion to be homogeneous and isotropic within the
entire flow domain as in earlier work [27, 01 O0, 112], the diffusion coefficient in the

normal direction is approximated as D = (AZ(At)?)/2At. The resulting diffusion coeffi-

1 1

cient is D = 5.1 mm? s~!, consistent with the value D = 6.22 mm? s=! calculated using
a semi-empirical relation for the bidisperse quasi-2D bounded heap [89]. The difference
between these two values of D is likely due to the different velocity fields for each flow,
correspondingly different mean shear rates , and the fact that the value for D in this study

is for tridisperse flow while the previous study considered bidisperse flow. Even though
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there is 20% difference between D obtained from the two different methods, segregation

is relatively insensitive to D, as will be shown later for different values of Pe.

2.4. Model predictions

2.4.1. Comparison with DEM simulations

To validate the continuum transport model for tridisperse segregation, we compare steady-
state concentration fields predicted by equation m (using the velocity profile obtained
from fitting the DEM data to equation and D = 5.1 x 107°m?s7!) with DEM
simulation results at the same operating conditions (feed rate, flowing layer thickness,
and inlet condition). In DEM simulations, the particles segregate slightly before leaving
the vertical feed channel, so ¢4(0, 2) # ¢,,(0, 2) # (0, 2) # 1/3. To account for this, the
inlet concentration profile at the upstream end of the computational domain for the model
was matched to the corresponding profile in the DEM simulation. Figure compares
results from the model and DEM simulation for an equal volume concentration mixture
of 2, 3.2, and 5 mm diameter particles (for which we use the shorthand for the ratios
R =1:16:25)at ¢ = 3400 mm?/s and 6 = 26.5°, which results in § = 22mm in
the DEM simulation. In the model, the values of the four dimensionless parameters & g,
Kims Km,s, and Pe were calculated based on the imposed feed rate (¢), § and D from
DEM simulations, and the semi-empirical expression for the segregation length scale (5)
for bidisperse spherical glass particles obtained from DEM simulations of bounded heap
flow [89].

The volume concentration contours of the three different species for both the DEM

simulation and the model are shown in figure (a,b). Each image represents the flow
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Figure 2.4. Comparison of concentration from DEM simulation and con-
tinuum model for tridisperse chute flow. (a) Particle concentration from
DEM simulation. (b) Particle concentration from model. (c¢) Particle con-
centration profiles from simulation (markers) and model (curves) at differ-
ent streamwise positions, /L, from 0 to 0.7, where red, yellow, and blue
represent the concentration of small, medium, and large particles, respec-
tively. S;s = 0.48mm, S;,, = 0.37mm, S,, s = 0.24mm, D = 5.1 mm?/s,
§ =22mm, ¢ = 3400mm?/s, § = 26.5°, ks = 1.0, K, = 0.78, Ky s = 0.52,
Pe = 29.

domain extending from the free surface at the top of the image to the bottom of the chute
and from the domain inlet on the left to 0.7L on the right, where the segregation is nearly
fully developed. The DEM simulation results exhibit a slight decrease in the flowing layer

thickness with downstream position, reflected as a step change in the upper surface of
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figure (a), which is not included in the model. Blue, red and yellow represent pure
concentrations of large, medium, and small particles, respectively. Where species mix, the
corresponding color is also mixed based on the concentrations of each species. Thus, an
equal mixture of large (blue) and medium (red) particle species is represented by purple;
an equal mixture of medium (red) and small (yellow) particle species is represented by
orange; and an equal mixture of all three species is represented by brown. Figure [2.4
(a) demonstrates tridisperse segregation similar to the qualitative prediction by [36] using
their multi-component particle size segregation model (Figure 15 and Figure 16 [36]). It
is evident that segregation occurs in the direction normal to the free surface of the flowing
layer. Large particles segregate toward the free surface and form a layer of segregated large
particles at the top of the flowing layer (blue region). Small particles percolate downward
to the bottom of the flowing layer and form a layer of segregated small particles just above
the bottom surface of the chute (yellow region). Medium particles segregate upward from
small particle rich regions and percolate downward from large particle rich regions to
form a middle layer of segregated medium particles (red region). Because the flux of any
species 1, fo(s u(z, z)¢; dz, is conserved at any streamwise position x, the upper layer of
large particles is thinner than the lower layer of small particles due to the higher velocity
near the surface. Figure (b) demonstrates how the model accurately predicts the
tridisperse segregation pattern, similar to the general pattern from the approach used by
[36], but with physical parameters that are easily connected to actual flow conditions.
The reason behind the close match between DEM results and the model is two-fold.
First, as the tridisperse system starts to segregate, two bidisperse systems form locally:

a large and medium bidisperse flow in the upper portion of the flow and a medium and
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small bidisperse flow in the bottom portion of the flow. Second, it has been shown that
segregation is not strongly affected by the shear rate dependence of the diffusion coefficient
[27]. Thus, a constant diffusion coefficient is sufficient to generate quantitative agreement
between model and DEM simulations.

Compared with previous work [36], the physical parameters (5;; and D) needed for
the model are reduced. In [30], the segregation parameters equivalent to those used in
our approach (S, in their work) were not specified. In fact, the number of segregation
parameters needed, N,,, grows quadratically for a mixture of n components (N,, = in(n—
1)). While it is possible to apply the model proposed by [41] and [36] to a bidisperse
case (N,, = 1) by manually fitting model parameters to experimental results as done by
[TT0], this only achieves qualitative comparison with the bidisperse case. This is further
complicated by the increased number of parameters for three or more components, which
makes the model proposed by [36] even more challenging to apply.

The segregation predicted using the model matches DEM simulation results not only
at the end of the simulated region, where the three components of the mixture are nearly
fully segregated though there is ongoing remixing between species because of collisional
diffusion, but also at different streamwise positions where segregation is still developing.
This agreement is remarkable considering the simplifying assumptions incorporated in
the model. First, the model uses a single velocity profile that is assumed constant at
all streamwise positions, independent of the concentration. Second, the model uses a
single averaged diffusion coefficient even though the diffusion coefficient depends on local
particle size and shear rate [89, 28]. Finally, the model uses a segregation coefficient

derived from an entirely different flow geometry (bounded heap flow) for bidisperse (not
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tridisperse) segregation. Nevertheless, concentration profiles from the model still match
well with the DEM simulation at different streamwise positions, as shown in figure
(¢), demonstrating not only the accuracy of the model but also its robust character. Note
that the DEM data is plotted in figure (c) such that the free surface data is always at
Z = 1 to account for the small decrease in surface height in the flow direction. Since the
dimensionless parameters Pe, x;;, and characteristic segregation length scale L depend on
physical control parameters, we further validate the predictions of the model by comparing
with DEM simulations over a wider range of flow operating conditions in the Appendix

DI

2.4.2. Influence of «;, Pe, and k;; on segregation

Having validated the continuum model against DEM simulation, we now use the model to
systematically investigate the effects of a; and Pe on segregation for a well-mixed inlet.
We first illustrate the effect of «,, on segregation for fixed o, and o, at different Pe, but a
similar analysis can be performed for any of the species. We use a no-slip linear velocity
profile because of its simplicity and ability to accurately approximate the velocity field
for flow depths < 20 particles diameters thick [94], [76]. Figure depicts an array of
concentration contour maps, as in figure (b), each corresponding to the flowing region
for 0 <z <1land 0 <2z <1 over a wide range of Pe and «,,. Here we set oy = 1 mm
and oy = 3 mm to investigate the effects of a,, and Pe. k;; are calculated based on the
corresponding set of particle diameters. At high Pe, segregation dominates resulting in
segregated layers, while at low Pe, diffusion dominates resulting in mixed particles (brown

in the concentration contour maps). In the high Pe regime, the borders between different
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Figure 2.5. Tridisperse particle concentration contours in the flowing layer
from the continuum model for different «,, and Pe for a well-mixed inlet
condition with a no-slip linear velocity profile (u = wugyu¢Z), as = 1 mm,
and oy = 3 mm. FEach small box shows the entire flowing layer domain
(0<z<1,0<z<1). Colour are as in ﬁgure

species are relatively sharp for 1.4 mm < «,, < 2.6 mm, indicating a distinct transition
from one pure species to another. However, the smaller difference in particle size for small
o, at high Pe in the upper left of figure results in reduced segregation of the small and
medium particles (orange region). For Pe < 100, the small size difference between medium
and small particles (a; = 1 mm and «a,,, = 1.4 mm) along with strong diffusion results in
no fully segregated layers of small and medium particles at one characteristic length scale
downstream. As Pe increases, even a small size difference produces segregated layers of

small and medium particles. The model predictions for the tridisperse case collapse to the
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bidisperse case when «,, is close to either its lower bound, «ay (left column) or its upper
bound, «; (right column). When o; > «,, =~ «, (left column), large particles quickly
separate from medium and small particles, which remain in a mostly mixed state (orange
region) unless the diffusion is minimal so that segregation dominates (high Pe). When
s Ky, &~ oy (right column), small particles quickly separate from medium and large
particles, which remain mostly mixed (purple region) unless segregation dominates (high
Pe). An interesting observation is that in the high Pe region, the segregation between
small and medium particles is stronger when «,,, approaches a; (upper left corner) than
the segregation between medium and large particles when the size of the medium particles
approach the size of the large particles (upper right corner). There are two reasons for
this phenomenon. First, the segregation length scale, .S, in the empirical expression in
equation depends logarithmically on size ratio, and the size ratio is larger when the
medium particle size approaches the small particle size than when the medium particle
size approaches the large particle size. Second, the flow is slower in the lower portion of
the flowing layer giving small and medium particles more time to segregate. Note that Pe
measured from the DEM results presented in previous sections are generally less than 100.
However, this does not imply that Pe is restricted to be less than 100 for all operating
conditions. Considerable insight can be gained from the high Pe region (Pe ~ 103) in
figure where the impact of the size ratio R is clearer.

In addition to the effects of o; and Pe on segregation, the model can also reveal
the effects of x;; on segregation where k;; is the relative segregation strength between
particle species ¢ and j. Because k;, = 1 by definition, the remaining parameters are

Kim and K., s. While similar analysis can be done for systems with more than three
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Figure 2.6. Tridisperse particle concentration contours in the flowing layer
for different k;,, and K, s for the well-mixed inlet condition with a no-
slip linear velocity profile and Pe = 100. Each small box represents the
entire flowing layer domain (0 < Z <1, 0 < Z < 1). The unshaded boxes
represents the physically accessible region for spherical glass particles with
1/3 < a;/a; <3 and 1 mm < o; < 3 mm. Colour are as in figure .

particle species, tridisperse flow provides an intermediate step between bidisperse and
polydisperse while allowing easy data visualization for aiding physical insight. Figure
shows an array of concentration contour maps for a well-mixed inlet condition over a
range of k;,, and Kk, s, again assuming a no-slip linear velocity profile. The magnitude
of Ky, controls the segregation between large and medium species. As x;,, increases at
fixed Ky, s (rows), the segregation between the large and medium species increases. On the
other hand, the magnitude of &, , controls the segregation between medium and small
species. As Ky, s increases at fixed ry,, (columns), the segregation between medium and

small species increases. Restrictions imposed by particle size (o < «,,, < ) and the
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empirical expression for S (equation limit the physically accessible range of &;,, and
Km,s for 1 to 3 mm glass spheres to the unshaded region in the figure . This is because
the size of the medium particle bounds S, ; relative to Sy, ;. To explain, when ,, s is near
1, oy, must be close to oy so that S, s = S; 5. But when this is the case, &, is necessarily
small. Likewise, when &y, is near 1, ,, must be close to o, so ks is necessarily small.
Consequently, only the two extreme cases located at the upper left and lower right corners
in figure are possible for k,, s = 1 and s, = 1, respectively. When x;,, = 0 and
kms = 1 (upper left), the model collapses back to the bidisperse case because the large and
medium species are the same size. The physical context corresponding to this scenario
is medium and large particles so similar in size that they are inseparable, while small
particles segregate from medium and large particles. A similar situation occurs when
Kim = 1 and K, s = 0 (lower right). In this case, the medium and small species are the
same size and do not segregate.

Since K; ; is defined as the ratio of S;; to S; s, which may depend not only on size
ratio, but also on other particle properties such as density ratio, shape difference, surface
roughness, and so on, the empirical expression for the segregation length scale (equation
may be different. Consequently, the value and functional dependence of S; ; could be
different and, along with it, the x; ; space. For example, based on equation , there is
a small region where S;,, is slightly larger than S;, because of the dependence of S on
the actual particle size. This results in a small region where &, ,, is slightly greater than
1 (not shown in figure . Relationships for S other than the logarithmic expression in

equation result in a different physically accessible space than that shown in figure [2.6]
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2.5. Interplay of advection, segregation, and diffusion

The dimensionless governing equation indicates that the dimensionless param-
eters ;; and Pe control the concentration field through the interplay of segregation and
diffusion in segregating chute flow. However, advection also plays a role via the stream-
wise segregation length, L. This is readily apparent when one considers the time scales
for segregation, t; = 6 /w,, diffusion, t; = §?/D, and advection, ¢, = [ /ugyt, where [ is the
streamwise length of the domain. Segregation dominates advection within the domain
when t; < t,, which after some simple manipulation can be shown to be equivalent to
L < [. By considering the analytical solution of equation [2.14]in the absence of advection
and segregation, the dimensionless form of the diffusion time scale, ¢z, can be estimated
as ty = Pe/m? ~ Pe/10. The competition between different time scales is evident in
figure . If the flow domain is at least L long (& > 1), then particles remained mixed
when diffusion dominates (small Pe) and segregate when diffusion is weak (large Pe). If
| < L (z < 1in figure , then the strong advection preserves the inlet condition to a
significant extent.

To better understand the competition between different time scales, it is helpful to
consider an “inverted” segregated inlet condition, where small particles are initially at
the top, medium particles at the center, and large particles at the bottom of the flowing

layer, such that
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Figure 2.7. Tridisperse particle concentration contours for the “inverted”
inlet condition for different «,,, and Pe with a no-slip linear velocity profile,
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With this inlet concentration boundary condition and a no-slip linear velocity profile,
the fluxes of small, medium and large particles entering the chute at © = 0 are approxi-
mately equal. Figure shows an array of Pe — a,, contour maps (similar to figure
for an “inverted” inlet condition with a no-slip linear velocity profile. Consistent with
physical insight gained from figure for a mixed inlet condition, a strongly segregated
state occurs at high Pe, and a well-mixed state occurs at low Pe. As Pe is increased, the
situation is more complicated than for the mixed inlet. At high Pe and low «,, (upper
left), segregation between medium and small particles is smaller than between medium
and large particles. Consequently, medium particles stay below the small particles but
large particles quickly rise through the layers of medium and small particles to the top of
the flowing layer. As a,, approaches oy (upper right), segregation between medium and
small particles is stronger than between medium and large particles. In this case, medium
particles stay above the large particles but the small particles quickly percolate through
the medium and large particle layers to the bottom of the flowing layer. Thus, varying
a.,, changes the trajectory of the medium particle species to downward at small «,,, and to
upward at large «;,,,. At moderate values of «,,, medium particles that are initially close
to large particles, first sink together with the small particles to the bottom of the flowing
layer and then move upward away from the small particles. In contrast, medium particles
that are initially close to small particles, first rise together with large particles and then
later percolate downward to form a layer rich in medium particles below the large particle
layer and above the small particle layer. Of course, if advection is significantly faster than

segregation, corresponding to small & (or [ < L), then the inlet condition is preserved.
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2.6. Influence of the velocity profile on segregation

Previous studies have demonstrated that segregation patterns in granular low depend
on the depthwise variation of the streamwise velocity [27]. Using an information entropy
approach, Savage and Lun [86] predicted the dependence of the segregation velocity on
the local shear rate ¥ leading, in part, to the percolation model in equation where the
local percolation velocity depends on the velocity profile through the local shear rate. For
a no-slip linear velocity profile, which has been assumed to this point, the local shear rate
is constant and the segregation velocity only depends on the local concentration. For a
non-linear velocity profile (e.g., Bagnold or exponential), the local shear rate is a function
of depth. As a result, the segregation velocity varies with depth even if the local particle
concentrations are the same. This can significantly change particle distributions. In this
section, we consider several different velocity profiles to demonstrate the dependence of
the concentration field on the velocity profile.

To explore the effects of the velocity profile on segregation, we consider no-slip linear,
Bagnold (6 = 1.5 in equation , and exponential velocity profiles with the same flow

rate ¢ for a mixed inlet condition with equal volumes of small, medium and large particles.

Combining equations , .18, and [2.19| with f(z) = €%/, a dimensionless expression for

the exponential velocity profile is given by
. k kz
(’Z) - 2(€k - 1)6 ’
where k determines the slip velocity at the wall. When k = 3, the slip at the wall is 5%

(2.22) i

of the surface velocity.
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Figure 2.8. Comparision of tridisperse particle concentration fields for no-
slip linear (left), Bagnold (middle), and exponential (right) velocity profiles
(solid curves). For (a-c), solid curves represent the dimensionless streamwise
velocity (bottom axis) and dashed curves represent the dimensionless shear
rate magnitude (top axis). For (d-f), solid curves indicate the ¢; = 0.75
contour for each species. Pe = 100 and k; s = 1.0, Ky, s = 0.63, K, = 0.74,
which correspond to ay = 1 mm, v, = 2mm and «; = 3 mm, respectively.

The dimensionless velocity profiles @(Z) and the corresponding dimensionless local
shear rates 4 are shown in figure (a-c) for the three velocity profiles. The correspond-
ing segregation patterns for identical Pe and k;; are shown in figure (d-f). Near
the free surface of the flow, the exponential velocity profile produces the strongest and
fastest segregation of medium and large particles compared to the other profiles, while
the Bagnold profile results in the weakest and slowest segregation. This is because the
exponential profile has the largest shear rate in the upper part of the flow, while the Bag-

nold profile has the smallest shear rate. Near the bottom of the chute, the Bagnold and



60

(@) 5 % Slip (b)  10% Slip ()  20%sSlip
4 5 5
1 =
0.75 ¢t
W 05¢
0.25¢t
O 1 1
0 0.5 1.5 2 2

e

0.75

N 0.5

0.25

O I I I I I I I I I
0 025 05 075 1 0 025 05 075 1 0 025 05 075 1

X

Figure 2.9. Effect of bottom boundary slip condition on tridisperse particle
concentration in chute flow for exponential velocity profiles with 5%, 10%
and 20% slip. For (a-c), solid curves represent the dimensionless streamwise
velocity (bottom axis) and dashed curves represent the dimensionless shear
rate magnitude (top axis). For (d-f), solid curves indicate the ¢; = 0.75
contour for each species. Pe = 100,k;s = 1.0, Ky s = 0.63, Ky, = 0.74,
which correspond to ay = 1 mm, v, = 2mm and «o; = 3 mm, respectively.

no-slip linear velocity profiles have faster initial segregation than the exponential velocity
profile because of their relatively large shear rates near the bottom of the flowing layer.
Moving upward in the flowing layer the shear rate for the exponential velocity profile be-
comes large compared to the no-slip linear or Bagnold profiles leading to stronger overall
segregation and a thicker layer of segregated small particles further downstream.

The roughness of the bottom wall of the chute also affects the velocity profile. With
a rough bottom wall, the basal velocity ((0)) is approximately zero [3], 83, 95]. However,

with a smooth bottom wall, slip is possible at the bottom wall [I08], 94, [67], which can



61

be expressed as a percentage of the free surface velocity. Recent work suggests that
slip or nonslip boundary conditions can be predicted by their proposed base roughness
parameter which is a function of basal particle size ratio and basal particle construction
[52, 54]. Figure demonstrates how slip affects particle segregation in the flowing layer
for an exponential velocity profile with constant streamwise flux. As noted above, k = 3
provides a slip of 5%; when k = 2.3, the slip is 10%; and when k& = 1.61, the slip is 20%.
The velocity profiles for these three values of k are plotted in figure (a-c) along with
the corresponding local shear rate profiles which vary substantially with the degree of slip,
particularly the magnitude of the local shear rate near the top of the flowing layer. The
corresponding solutions of the continuum model are shown in figure 2.9) (d-f). Because the
5% slip profile has the largest average + throughout the flowing layer, the overall degree
of segregation is the strongest as shown by the rapid flattening of the concentration
contours. The 20% slip case has the smallest average 4 throughout the flowing layer, and,
consequently, the overall degree of segregation is so weak that the concentration profile
is still developing at the end of one characteristic length. The segregation of the small
particles is particularly slow in this case because of the low shear for 0 < Z < 0.5. From

a practical standpoint, segregation in a chute can be reduced by a large slip velocity.

2.7. Conclusion

Tridisperse flow provides an important connection between bidisperse and polydis-
perse flow because it tests the pair-wise interaction hypothesis of the percolation model
and provides more straightforward physical insight than is possible with polydisperse sys-

tems. This chapter use a continuum transport model to explore segregation of tridisperse
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granular material in a gravity driven flow. The approach accurately models tridisperse
chute flow as indicated by the close agreement between its predictions and results from
DEM simulation over a wide range of flow conditions including different incline angles, par-
ticle size distributions, flow rates, and flowing layer thicknesses. The model is based on an
understanding of the kinematics of granular flow and has no arbitrarily adjustable fitting
parameters, though the dependence of the segregation length scale on the size ratio must
be known for bidisperse mixtures. Particle segregation depends on Pe = 2¢S;/(6D),
which is the ratio of the segregation rate to the diffusion rate, x; ; = S; ;/S5; s, which is
the relative segregation strength between particle species ¢ and j, and L = §2/S) s, which
is a characteristic length scale based on the segregation between the smallest and largest
particle.

The advantage of this model is that it allows exploration of the effects of relative
particle size, diffusion and the velocity profile on the segregation characteristics. Unlike
cases where particles flow in a thin layer down a surface of other particles at a natural
dynamic angle of repose, chute flow is affected by the roughness of the surface on which
the particles flow and the angle of the surface. These effects can be included in the model
via the velocity profile, provided it can be determined from experiments, simulations, or
theory. An important aspect of chute flow is that the flowing layer thickness or velocity
profile may change with streamwise position. While this complicates the analysis, it is
possible to model these effects provided the streamwise variation in the velocity profile
and flowing layer thickness are known, again from experiments, simulations, or theory.

Also, the velocity profile appears to couple only weakly to the degree of segregation for
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the cases we have studied, which is also the case for the other free surface granular flows
we have studied [27, 112].

While we have demonstrated the effectiveness of the tridisperse modeling framework
for spherical particles segregating by size, it is likely that it can be readily adapted to
other types of particle dispersity (e.g., particle density or shape), provided that relations
for the dependence of the segregation velocity and the diffusion on the kinematics and
concentration can be determined either through experiment or DEM simulation. The
framework also captures how different velocity profiles and the degree of slip affect the
segregation pattern in a chute flow. However, challenges remain. For example, we have
not considered the coupling between the segregation and rheology or velocity feedback
from the segregation, which is likely to be important when size ratios are large or the
degree of segregation is high. These mechanisms can potentially be incorporated into
the formalism by deriving the velocity field from a momentum equation with a rheology
model (for example p(I) rheology [83 84, 39, 23| [7]) dependent on the local particle
concentration. Also, recent work indicates that for a small friction coefficient (= 0.1), the
segregation mechanism can be different [53], which is a possibility not considered in this
work. These extensions will further complement the current model and advance it toward

becoming part of a general framework for modeling segregating particle flows.
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CHAPTER 3

Modeling segregation of polydisperse granular materials in

developing and transient free surface flows

Even though size segregation of polydisperse granular material is prevalent in many
industries, a general segregation model to predict polydisperse segregation encountered
in physical systems is still lacking. In this chapter, we extend the application of a gen-
eral predictive continuum model that captures the effects of segregation, diffusion, and
advection in two ways. First, we consider polydisperse segregating flow in developing
steady segregation and developing unsteady segregation. In both cases, several terms in
the model that were zero in the previously examined case of fully-developed streamwise-
periodic steady segregation in a chute are now non-zero, which makes application of the
model substantially more challenging. Second, we apply the polydisperse approach to
density polydisperse materials with the same particle size. Predictions of the model agree
quantitatively with experimentally validated discrete element method simulations of both
size polydisperse and density polydisperse mixtures having uniform, triangular, and log-
normal distributions.

The material in this chapter was published in a slightly different form in Deng, et
al., “Modeling segregation of polydisperse granular materials in developing and transient
free surface flows” AICRE J (2019) [20] ©The American Institute of Chemical Engineers,

reprinted with permission.
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3.1. Introduction

Size segregation of polydisperse granular materials is common in many industrial pro-
cesses and natural settings. Until recently, most theoretical approaches to modeling seg-
regation in granular flows have focused on size bidisperse mixtures (two particle sizes).
These approaches have been helpful in understanding the underlying physical mechanisms
in segregating flows and in developing predictive frameworks for bidisperse segregating
systems [21], 86, 22], [41), 42, [38, 100} [73, 110, 24 ©9, 64, 104, ©65]. Multidisperse and
polydisperse granular segregation (i.e., involving three or more monodisperse species or
a continuous distribution, respectively, of a particular particle property), though far less
studied, are nevertheless frequently encountered in physical systems. These systems have
been explored both in experiments [46, 80, @, 16] and in simulations using the discrete
element method (DEM) [72], 46, [82], 9] for various flow geometries. Multidisperse flow is
easier to model analytically than polydisperse flow; for example, tridisperse segregation
(three species) has been modeled in a chute [36], [19] and a bounded heap [01]. Polydis-
perse segregation is more difficult to handle analytically. Only a few studies have proposed
models for polydisperse granular segregation, and these have been limited to the idealized
case of streamwise-periodic chute flow in which periodic streamwise boundary conditions
are used to model fully-developed segregation in a section of a chute [72, [71) [9T].

The simple geometry of periodic chute flow makes it relatively straightforward to
apply models for segregating polydisperse flows. For example, Marks et al. [72] developed
a continuum model for polydisperse segregation in a periodic chute that relies on a fitting
parameter determined from DEM simulations. Recently, the same group used a stochastic

lattice model incorporating the effects of segregation, mixing, and crushing to predict
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steady state particle size distributions in uniformly sheared granular flows in a periodic
chute [71]. Although this approach connects micro- and macroscale advection-driven
processes for polydisperse systems, its agreement with experimentally measured particle
size distributions is only qualitative. Moreover, these models of polydisperse segregation
include some adjustable parameters that are challenging to directly relate to physical
quantities. This makes it difficult to extend the results to specific particle sizes, shapes,
and densities or to generalize the model to a continuous distribution of particle sizes
or to other flow geometries. Furthermore, previous models of polydisperse segregation
[72, (71, O1] have focused on fully-developed segregation in a streamwise-periodic chute
using DEM simulations. While the streamwise-periodic chute geometry is suitable for
initial testing and validation of segregation models due to its simplicity, this geometry
only produces segregation in the depthwise direction and corresponds to a pre-filled chute
infinite in length or to the downstream region of the chute where material advected from
the top of the chute has not reached.

In this chapter, we go well beyond previous studies by extending the application of a
general predictive continuum model for bidisperse segregation to polydisperse segregating
materials in the substantially more challenging (and realistic) situations of developing
(spatially-dependent) segregation in a bounded heap and transient (time-dependent) seg-
regation in a rotating tumbler. Both bounded heap flow and rotating tumbler flow differ
in several key aspects from periodic chute flow. In periodic chute flow, shown in figure
3.1j(a), the periodic boundary condition enforces that the flow and segregation are im-

plicitly fully developed (% = 0). Hence, periodic chute flow only captures depthwise
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Figure 3.1. Canonical configurations of granular flow in a quasi-two-
dimensional geometry of gap thickness T, where u is the velocity field,
¢ is the concentration, x is the streamwise direction, ¢ = Q/T is the two-
dimensional feed rate, () is the bulk volumetric feed rate and ¢ is the ac-
celeration due to gravity. Dashed lines in (a) represent periodic boundary
conditions.

evolution of the segregation. On the other hand, in rotating tumbler flow and gravity-
driven bounded heap flow, the flow is developing (a% # 0). Consider first the bounded
heap flow, shown in figure|3.1|(c). Because the flow is stopped by a wall at the downstream
end of the heap, the surface of the heap rises at a constant rise velocity v,., and the stream-
wise velocity w in the thin flowing layer decreases with streamwise position, so g—; # 0.
As bidisperse particles flow down the slope, the concentration of the particle species ¢
varies with streamwise position, so % # 0. Small particles percolate to the bottom of the
flowing layer and deposit onto the upstream portion of the static bed, while large particles
deposit onto the downstream portion of the bed. Flow in rotating tumblers, shown in
figure (b), is similar to bounded heap flow in that the streamwise velocity and particle
concentration both vary with streamwise position (a% # 0) in the lens-shaped surface

flowing layer [T} [I1]. However, rotating tumbler flow differs from steady bounded heap
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flow in that the segregation in rotating tumbler flow is transient (% # 0) during start up.
For initially mixed bidisperse particles in circular rotating tumbler flow, small particles
percolate to the bottom of the flowing layer and deposit near the center of the tumbler,
while large particles remain in the flowing layer and deposit near the periphery of the
tumbler. As a result, the concentration of particles in the flowing layer varies with time
until the segregation reaches a steady state after 5-10 tumbler rotations. Consequently,
both bounded heap flow and rotating tumbler flow have substantially more complicated
flow kinematics than periodic chute flow.

Recently, we were able to successfully apply a relatively simple continuum segrega-
tion model for bidisperse granular mixtures to quasi-2D bounded heaps [27] and circular
tumblers [00]. This particular approach utilizes segregation parameters and material-
dependent scalings, typically obtained from DEM simulations, that are directly connected
to the physics of segregation at the particle scale and consequently are independent of
the flow geometry. As a result, the approach is applicable to a wide range of flow rates,
particle size ratios, particle size distributions, flow geometries, and even density driven
segregation [I12]. This model has been applied to segregation in steady polydisperse
streamwise-periodic chute flow, where it reduces to an easily solved one-dimensional equa-
tion (depthwise variation only) that does not include advection effects or transient effects
[9T]. The goal of this chapter is to further extend the application of this continuum mod-
eling framework [27,, 9], 90] to the segregation of polydisperse granular mixtures resulting
from the interaction between advection, segregation, and diffusion in developing steady
segregation and in developing transient segregation. Specifically, we apply the model to

polydisperse particles in two different flow geometries: 1) Spatially-dependent segregation
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in steady quasi-2D one-side bounded heap flow [figure [3.1)(c)]; and 2) Transient segrega-
tion in a rotating circular tumbler flow upon start-up with an initially mixed state [figure
3.1(b)]. In addition to considering polydisperse size segregation, we demonstrate that
a model similar to that for size polydisperse segregation works equally well for density
polydisperse segregation, where particles have the same size, but a distribution of den-
sities. The key result of this chapter is to provide an analytic framework for predicting
the segregation of polydisperse material in a general flow field that can be developing and
transient.

The remainder of the chapter is organized as follows. The transport equations for
segregating polydisperse flow are initially developed. To validate the continuum model,
the spatial distributions of particle diameters from polydisperse DEM simulations are
compared with the model prediction for developing bounded heap flows and for tran-
sient rotating tumbler flows. After validating the model for size polydisperse segregation,
we demonstrate that a similar formulation works equally well for density polydisperse

segregation. Concluding remarks are provided in the end.

3.2. Model derivation

Bridgwater et al. [13] were apparently the first to propose a modified advection-
diffusion equation with a segregation term to model segregating granular flows through a
scalar transport equation. While many variations on this approach have been proposed
[21], 22, 1411, 142, [38), [36], 39}, 27, O1], here we use the approach of Fan et al. [27] and Schlick

et al. [91]:
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(3.1)

%ii LV (ue) + % (wpci) = V - (DVe),
where u = ux+vy+wz is the bulk particle velocity with streamwise (), spanwise (), and
normal components (2), u, v, and w, respectively; ¢; is the volume concentration of species
i; D is a diffusion coefficient that accounts for random particle collisions (remixing); and
wp; = w; — w, where w,; is the normal component of the percolation velocity due to
segregation of species ¢ based on the normal velocity of species, w;, relative to the mean
normal flow velocity, w. This model has been applied successfully to bidisperse segregation
in bounded heaps [27, [89] and rotating tumblers [90], tridisperse segregation in inclined
chutes [19], tridisperse segregation in bounded heaps [91], and polydisperse segregation
in fully developed steady streamwise-periodic chute flow [91]. In all cases, predictions of
the model agree quantitatively with both validated DEM simulations and experiments.
The key to accurately describing bidisperse segregation is the semi-empirical relation
for the component of the segregation velocity normal to the free surface, w,;, which is
based on a linearization of Savage and Lun’s kinetic sieve model [86, 55| for size bidisperse
mixtures composed of particles with diameters o; and «; [91) 27]. The segregation velocity
of species ¢ depends on the local shear rate, ¥, and the concentration of the other species,
cj, as
(3.2) wp,i = S, a;)7¢,
where S(a;, ) is an empirically determined segregation length scale dependent on size
ratio and particle diameters [89] as well as gravity and local pressure [31I]. This equa-

tion differs from previous approaches used by Gray and Thornton [41], Kowalski and

McElwaine [63], Kimberly and Fan [61] for bidisperse mixtures by virtue of the explicit
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inclusion of the local shear rate. Additionally, equation has a further advantage in
that S(a;, ;) can be specified in terms of particle sizes as shown below, whereas previous
work [41], 63 [61], O8] provides no means to determine equivalent parameters. S(a;, ;) can
be expressed as a function of the particle size ratio:
(3.3) S(ay, o) = Bmin(ay, o) In(o /o)),
where B is a dimensionless constant independent of particle size [89]. From one-sided
bounded heap DEM simulations of mm-sized spherical glass particles with size ratios
1/3 < a;/a; < 3, B =0.26 [89], and we use this value for the rest of this chapter. For
size ratios beyond this range, S(o, ;) could still be measured by performing bidisperse
bounded heap DEM simulations similar to previous work [27, [89], even though the func-
tional dependence on size ratio might be different. Equations and capture the
downward percolation of small particles due to kinetic sieving and the upward movement
of large particles due to squeeze expulsion in a flowing size bidisperse mixture [86]. Note
that since S in equation is directly measured from the segregation in DEM simulations
of the flowing layer of a gravity-driven one-sided bounded heap flow, the effect of gravity
is implicitly included in S, and, consequently, g does not explicitly appear in equation
0.2

To model polydisperse segregation, we consider a continuous distribution of particles
sizes with diameters amin < @ < pax. Schlick et al. [91] generalized equation to

polydisperse mixtures as
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de(x,t, a)

(3.4) =

Qmax
+ V- [Juc(x,t,a)] + %/a | S(a, B)je(x,t, a)e(x,t, B)dS
=V - [DVe(x,t, o),

where, unlike the bidisperse model (equation in which ¢; represents the concentra-
tion of particle species i, ¢(x, t, ) represents the probability density function for particles
with diameter « at position x at time t for particle diameters extending from ay;, to
Qmax- Lhe connection between equations and is achieved by noting that for the
multidisperse case with a finite number of distinct particle sizes having diameter «; and

concentration ¢;(i = 1,...,n), the probability density function is related to the concentra-

tion of individual species by

(3.5) c(x,t,a) = Z ci(x,t)0(a — o),

where d(a — «;) is the Dirac delta funét:il()n. Equation is obtained by substituting
equation [3.5] along with equation [3.2] into equation [3.1] and replacing the summation by
an integral. In addition, the expression for the percolation velocity for a particle of size

a can be generalized from equation [3.2] as:

(3. wpla) = [ Sl Byicxt, s
That is, the percolation velocity of a particle of size o is based on a linear combination
of the segregation length scales S(«, f) and concentrations of the surrounding particles

[91), 19]. While equation can be applied to any arbitrary particle size distribution,

here we nondimensionalize the particle size as @ = «/dy, where dy is a typical particle
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Table 3.1. Particle size distributions considered in this study

Distribution c(&) Domain | First moment | Second moment

Log-normal ¢ = 0.3 &Ul 5= €Xp {—%J a>0 1.04 1.17

Uniform 2/3 05 <a<?2 1.25 1.75
P(@a—05) if05<a<12

Triangular 5 (@=05) H05<a<125], . 4 o 1.25 1.66
v2—a) ifl25<a<?2

diameter, and consider different probability density functions, ¢(&), corresponding to log-
normal, uniform, and triangular particle size distributions (table with dy = 2mm for
1 mm < a < 4 mm for demonstration purposes. A similar analysis could be done using
different dy. The log-normal distribution is truncated between i, and ay., to avoid the
infinitely long tails of the distribution.

If equations and [3.6]are applied to steady fully developed streamwise-periodic chute
flow [figure[3.1)(a)], equation [3.4] reduces to a much simpler one-dimensional equation [91],

in which the first two terms of equation drop out:

a Gmax

02 Jon

However, for developing segregation in a one-sided bounded heap [figure [3.1](c)] and con-

(3.7) S(a, B)ye(x,t, a)e(x,t, )dB — V - [DVe(x,t,a)] = 0.

sidered here, only the unsteady term (g—;) can be neglected, while for developing flow with
unsteady segregation in a rotating tumbler [figure [3.1(b)], all terms in equation [3.4] must
be included.

It is helpful to compare the approach here to previous studies. Marks et al. [72] pro-
posed a polydisperse theory based on mass and momentum conservation, in which w,(«)

depends linearly on the shear rate to account for kinetic sieving [86], and also depends

linearly on the component of gravity in the surface normal direction (z) to account for
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gravity-driven segregation. The influence of the local particle concentration is character-
ized by the ratio a/@, where @ is the local average particle size, which can vary in time
and space. Their expression for the percolation velocity also includes a fit parameter to
match the numerical solution of the model to specific DEM simulations, but its exact
functional dependence on shear rate and particle size was not specified. Gray and Ancey
[36] proposed a multicomponent expression for the percolation velocity of a mixture of n
discrete particle sizes based on the bidisperse theory of Gray and Thornton [41] that could
theoretically be generalized to a polydisperse mixture as n approaches infinity. However,
because the number of segregation coefficients grows quadratically with n [36], this ap-
proach quickly becomes challenging to apply. The model uses a gravity-related term to
account for the gravity-driven nature of the segregation, and the local particle concentra-
tion effect is handled in terms of the linear combination of the concentration of surrounding
particles, as in equation|3.6 The approach also incorporates a non-dimensional parameter
for the magnitude of the pressure perturbation on particle species ¢ due to the presence
of particle species 7. However, it is not clear how this parameter for a finite number of
particles sizes could be extended to the continuous range of particle sizes necessary for
describing polydisperse segregation. Furthermore, Gray and Ancey [36] do not explicitly
include any dependence on the local shear rate, which is inherent in the standard kinetic
sieving model [86]. It is important to explicitly include the shear rate to account for the

impact of the local velocity profile on the segregation [27, [19].
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Feed Zone

Figure 3.2. Quasi-2D one-sided bounded heap of width W and thickness
T (in the transverse y direction) with bottom wall inclined by angle 6 in
DEM simulations. The length of the flowing layer from the right edge of the
feed zone to the downstream bounding wall is L. The heap dynamic repose
angle is ¢. A log-normal distribution of polydisperse particles ranging from
1 mm (dark) to 4 mm (light) are used in the simulation shown.

3.3. Developing steady bounded heap segregation ([% £ 0, g—’; =0)

To validate the polydisperse model (equation for developing (a% #0), steady (% =
0) flow, we compare the model results to DEM simulations of polydisperse segregation
in the flowing layer of a quasi-two-dimensional (2D) one-sided bounded heap, which is
the same flow geometry considered in previous studies of segregation in size bidisperse
mixtures [27, 89] and tridisperse mixtures [91]. DEM simulations for size polydisperse
spherical particles with a uniform, triangular, and log-normal distributions are considered.

All the simulations are performed with DEMSLab [I], a commercial DEM simulation

software package. Details of the DEM simulations are provided in Appendix [A] and in
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previous chapters [118, [I17]. In quasi-2D bounded heap flow, granular material is fed by
gravity at bulk volumetric feed rate ) in a Wr wide feed zone on the left side of the W
wide heap with gap thickness T" between the front and back walls. The bottom wall is
inclined at angle 6 in order to save computation time associated with filling the apparatus
to the point where the heap spans both end walls [27]. Due to the quasi-2D nature of the
flow, the two-dimensional flow rate ¢ = Q/T, where @ is the bulk volumetric flow rate, is
used to characterize the feed rate.

Here, we focus on the steady filling stage of heap flows as identified in previous work
[25]. At a sufficiently high feed rate, material flows continuously down the slope, and the
heap surface rises with a uniform velocity v, = Q/TW. If the coordinate system is placed
at the top of the free surface and rises together with the heap surface at a uniform rise
velocity v,., the flow can be considered as a steady state flow problem [27), 89, [91]. Typical
segregation patterns corresponding to an initially well-mixed polydisperse material are
shown in figure [3.2] For these simulations, the width of the heap W is 0.69 m, the gap
thickness 7' is 0.02 m, and the bottom wall is inclined at § = 24°. The flowing layer
from the right edge of the feedzone to the bounding wall is inclined at the heap dynamic
repose angle, ¢, and has length L = (W — Wg)/cos(¢). The smallest particles quickly
percolate to the bottom of the flowing layer and deposit on the upstream portion of the
heap. The largest particles rise to the top of the flowing layer and are advected to the
downstream portion of the heap to be deposited there. The intermediate size particles
rise above the smallest particles but fall below the largest particles and deposit midway
along the slope of the heap. As a result, the final distribution of particles deposited on the

heap in figure varies from mostly small particles upstream (on the left) to mostly large
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particles downstream (on the right). A larger fraction of the heap is dark corresponding
to small particles, because the log-normal size distribution has more small particles than
large particles by volume. Note that some large particles are trapped in the feed zone,
because they are immediately buried by other particles before having a chance to flow
down the slope of the heap. Further note that some large particles are deposited on the
upstream portion of the heap with the small particles. This comes about because the large
particles entering the left end of the flowing layer are distributed across the thickness of
the flowing layer. The large particles nearest the bottom of the flowing layer do not have
adequate time to rise to the upper portion of the flowing layer and before they, instead,
are deposited further upstream with the smaller particles. On the other hand, few small
particles are deposited at the downstream end of the heap because the smallest particles,
even those starting near the top of the flowing layer at the upstream end of the heap, have
adequate time to segregate through the entire flowing layer to deposit further upstream,
leaving only the larger particles at the downstream end of the heap.

To solve the continuum segregation model (equation for bounded heaps, the flow-
ing layer thickness, §, which is defined as the depth where the streamwise velocity is one
tenth the free surface velocity, is approximated as constant [26], which has been success-
fully assumed previously [27, 0T, 89, 19]. The particle diameter is non-dimensionalized
using & = «/dy, where dy = 2 mm. Particle sizes are restricted to 0.5 < & < 2 (or,
since dy = 2 mm, particle diameters are between 1 and 4 mm). Note that this size range
slightly extrapolates the applicability of equation [3.3] but this has negligible impact on

the results because pairs of particles with a large size ratio interact infrequently due to
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their small numbers [01]. Additionally, equation is non-dimensionalized using

I - U . w
(38) :L‘_Z7Z_37U—mandw—m
and becomes
0 0 o [ Omax ~ ~ d%c
) —(u —(w — 3 Ye(a — DL/2¢6%*=— =
39) el + gt + o [ 8@ Be@)e(B)is - DL/ =0

assuming homogeneous and isotropic diffusion [27] and §/L < 1. In this way, the domain
(the flowing layer) becomes a square domain (0 < Z <1 and —1 < Z < 0). Details about
heap flow kinematics are provided in Appendix [El The pdepe routine in Matlab is used
to solve equation (3.4 without the transient term. The inlet particle distributions can be
arbitrarily specified (e.g., log normal or uniform), or can be based on the actual inlet
particle distributions measured from experiments or DEM simulations. The boundary
conditions at the free surface and bottom of the flowing layer are specified in terms of
the particle distribution fluxes [91], 41} 38|, 36]. Equation is solved by discretizing
c(x,&) along the Z and Z directions using a regularly spaced mesh with AZ = AZ =
0.005. Similarly, the particle diameter, @, is discretized between @i, and dpa, with a
resolution of Aa = 0.03 to ensure solution convergence. A finite difference method using
the midpoint rule is used to approximate the integral term in equation [3.4 Numerically,
the inlet values for particle distributions are integrated from © = 0 to the downstream
end of the heap to determine the particle diameter distribution for discretized & within
the flowing domain.

To demonstrate the effectiveness of the model, we compare the steady state solutions
of the continuum model to segregation patterns obtained from DEM simulations at the
same operating conditions (feed rate, size distribution and inlet particle distribution).

Figure 3.3 compares the segregation patterns from the model and the DEM simulations
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Figure 3.3. Comparison of segregation in bounded heap flow between DEM
simulation and model predictions for uniform, log-normal, and triangular
particle size distributions. Left column: particles distributed uniformly
with 0.5 < @ < 2 and ¢ = 1700 mm?/s. Middle column: log normal
size distribution with mean In(@) = 0 and o = 0.3 for 0.5 < & < 2 with
q = 1600 mm?/s. Right column: triangular size distribution with Gy, =
0.5 and G = 2 with ¢ = 1600 mm?/s. Mean dimensionless diameter,
(@), from (a-c) DEM simulations and (d-f) model predictions. (g-i) Mean
dimensionless diameter, (@), at the bottom of the flowing layer (equivalent
to the mean dimensionless diameter deposited on the heap) from DEM
simulations (open symbols) and model predictions (curves). Error bars
indicate three standard deviations.

for three different particle size distributions, each at a different feed rate. The left column
shows results for a uniform size distribution with 0.5 < @ < 2 and ¢ = 1700 mm? /s,
the middle column shows results for a truncated log-normally distributed mixture with
In(@) = 0 and standard deviation ¢ = 0.3 for particle diameters between 0.5 < & < 2

and ¢ = 1600 mm? /s, and the right column shows results for a triangular size distribution
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with 0.5 < @ < 2 and ¢ = 1600 mm?/s. The first two rows of figure plot the local
average particle diameter (&) from DEM simulations (a-c) and model predictions (d-f)
for the three different distributions and flow rates in the flowing layer. The left boundary
of each panel (z = x/L = 0) is the inlet to the flowing layer from the right side of the
feed zone; the top (2 = 2z/d = 0) is the flowing layer surface; the bottom (2 = —1)
is where particles deposit onto the static portion of the heap; the right side (z = 1)
represents the downstream endwall of the bounded heap. The color scale indicates the
local volume averaged particle diameter, (@), at that location. The agreement between
DEM simulation and model prediction is quite good throughout the flowing layer. In
all cases, larger particles (large (&)) flow further downstream than the smaller particles
(lighter color on the right). As a result, they deposit further down the heap, as shown
in figure 3.2 The segregation from the top of the flowing layer to the bottom is also
evident as the lighter color (large (a)) toward the top of the flowing layer and darker
color (small (a)) near the bottom of the flowing layer, most evident for the uniform
particle distribution (figure a and d). This is a result of the relative number of large
particles in the distributions. For the log-normal and triangular distribution, the region
with larger particles is smaller and the region with smaller particles is larger than for the
uniform distribution because of the smaller percentage of large particles in the log-normal
and triangular distribution. DEM simulation data (a-c) appears to be more pixelated than
model predictions (d-f) because the simulation data is processed using a bin averaging
method as done in many previous studies [27], which limits the resolution to one large

particle diameter. The DEM simulation concentration data could be smoothed by using
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other averaging techniques such as coarse graining [105]. Nevertheless, it would not affect
the quantitative comparison at the base of flowing layer (g-i).

The average size of particles deposited on the static heap, which corresponds to the
bottom edge (2 = —1) of the average concentrations in figures (a—f), is shown in figures
w(g—i). For all three particle size distributions, the average size of the particles deposited
on the heap predicted by the model matches the DEM simulation results reasonably
well. That is, the smaller particles are deposited upstream and the largest particles are
deposited downstream. The deviations between the model and simulations at small (Z)
for the uniform and log-normal distribution are likely due to small particles being trapped
in the heap below the feed zone and small particles bouncing along the heap surface in
the DEM simulations, both of which deplete the small particles that would have been
deposited in the upstream region. These effects are less noticeable for the triangular
distribution because there are relatively fewer small particles. Of course, it is possible
to account for this by using the actual particle size distribution entering the left side of
the computational domain thereby accounting for the particles already trapped below the
feed zone. We did not do this here to show how robust the approach is even with the
many simplifying assumptions.

While comparisons of the particle distributions in the flowing layer between DEM
simulations and the model demonstrate good qualitative agreement, it is also possible to
quantitatively compare the particle size distributions of the particles deposited on the
heap at various locations along the length of the heap. Figure (a—c) shows the model
and simulation predictions for particle size distributions at the bottom of the flowing layer

(2 = —1), which match the particles deposited on the heap, in the upstream (z < 1/3,
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Figure 3.4. Comparison of particle size distributions in bounded heap flow
between DEM simulation (open symbols) and model predictions (curves) for
(a) uniform, (b) log-normal, and (c) triangular particle size distributions.
Particle probability density distributions at the bottom of the flowing layer
(equivalent to the size distribution of particles deposited on the heap) from
DEM simulations from upstream (Z < 1/3) (red circles), from midstream
(1/3 < & < 2/3) (blue diamonds), from downstream (Z > 2/3) (green
squares). Black curves represent the initial particle size distributions.

red), midstream (1/3 < & < 2/3, blue) and downstream (Z > 2/3, green) regions for three
different initial particle distributions. The particles deposited upstream are smaller than

those deposited downstream, while the particles deposited in the middle of the heap are
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intermediate in size. The DEM simulation and model results match better in the mid-
stream and downstream region than in the upstream regions. Again, this is most likely due
to particles depositing in the feed zone (prior to entering the flowing layer) or bouncing
along the surface, as neither effect is included in the model. Nevertheless, for these particle
size distributions and feed rates, the model predictions match reasonably well with the
DEM simulations. This is remarkable given that: 1) The velocity profiles are assumed to
be independent of the size segregation; 2) The flowing layer thickness is assumed constant
even though the flowing layer actually thins by approximately 50% in the lower 25% of
the flowing layer [26]; 3) The expression for the segregation velocity is based on the linear
combination of the concentration of surrounding particles (equation and further is
based on a simple linearized representation of kinetic sieving for bidisperse segregation
(equation 2) using parameters found exclusively from bidisperse simulations (equation 3);
and 4) The diffusion coefficient, D, is assumed constant even though it varies with both

the local shear rate and particle size [27, 28§].

3.4. Transient developing segregation in a rotating tumbler (% # 0, g—‘; #0)

To demonstrate the application of the model in a developing (8% # 0) and transient
(g—f # 0) flow, we compare the model to DEM simulations of the initial segregation
transient in a rotating circular tumbler in which an initially mixed polydisperse material
segregates as the tumbler rotates, reaching a steady state after a few rotations. Here,
for simplicity, we consider only approximately half-full circular tumblers, see figure [3.5]
although the approach can be readily applied to other fill levels and tumbler geometries.

The tumbler is not exactly half-full in the simulations shown in figure [3.5| for two reasons.
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Figure 3.5. DEM simulation of size-polydisperse particles for a uniform
size distribution from 1 mm (dark) to 3 mm (light) in a quasi-2D rotating
tumbler of radius R and thickness T" with rotation rate w just prior to flow
starting. The material has dynamic repose angle 7. Dashed curve indicates
the bottom of the flowing layer.

First, dilation occurs in the flowing layer upon rotation. Second, particles pack more
efficiently when mixed than after segregation. Note that, we consider only continuously
flowing material for which the flowing layer surface is flat. This occurs when the Froude
number, Fr = w?R/g, which represents the ratio of inertial to gravitational forces, is in
the approximate range 10™* < F'r < 1072 [74} [75]. For Froude numbers below this range,
periodic avalanches occur, while above this range, cataracting or centrifuging flow occurs.

In contrast to quasi-2D bounded heap flow in the previous section, tumbler flow
presents new challenges. First, the flowing layer depth varies with streamwise position,
while in a quasi-2D bounded heap segregation can be accurately modeled by assuming the
flowing layer depth is constant. Second, in tumbler flow the segregation is transient and

depends on the number of tumbler rotations, while in bounded heap flow the segregation
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is steady in a coordinate system that rises with the surface of the heap. Third, in tumbler
flow particles accelerate in the upstream half of the flowing layer and decelerate in the
downstream half. This is in contrast to the quasi-2D heap where the particle velocity de-
creases linearly down the heap. Fourth, in a tumbler, particles that exit the flowing layer
to deposit in the fixed bed in the downstream region later re-enter the upstream region of
the flowing layer with a different spatial distribution than the previous time they entered
the flowing layer, whereas the spatial distribution of particles entering the flowing layer
in a quasi-2D heap is time invariant. Specifically, particles exiting the tumbler flowing
layer at bottom right remain on concentric circular streamlines in the fixed bed below
the flowing layer until they re-enter the flowing layer, only to continue segregating based
on size differences within the flowing layer until the segregation reaches a steady state
pattern. Finally, particles in tumbler flow enter the flowing layer from the fixed bed via
the curved lower boundary in the upstream portion of the flowing layer and are deposited
from the curved lower boundary of the downstream portion of the flowing layer, while in
the heap particles enter the flowing layer at its upstream end and are deposited along the
entire length of the nearly flat bottom of the flowing layer.

Given these many differences, using equation to model transient polydisperse seg-
regation in a rotating tumbler presents significant challenges. Here, we used the same
flow model as in a previous study [90] to describe the flow kinematics in the tumbler.
Neglecting diffusion in the streamwise (x) direction and assuming D is constant in the
flowing layer [27], 90], equation is non-dimensionalized using

t z z U w

(3.10) CUSTTR TR TR MY T R
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and becomes

dc 0 . 0, . 1—€2 g [Omex D 9%c
(3.11) 5 %(UC)+£(WC)+?£ - 5(0475)70(04)0(5)655—@@,

where € = %9, and dp is the maximum flowing layer thickness. In this way, the domain
(the half-filled tumbler) becomes a half-filled circle having dynamic repose angle n with
-1 <2<1, -1 <2<0,and 0 <7 < 1. More details on velocity field profiles
and flow kinematics are provided in Appendix [F} A 3D finite element mesh generator,
Gmsh [33], is used to construct a solution domain and generate a triangular mesh for the
lower half of the tumbler. The dimensionless characteristic length, which prescribes the
desired element mesh, of the triangular mesh throughout the solution domain is 0.01. A
finite volume based partial differential equation (PDE) solver, Fipy [43], is used to solve
equation [3.4] A uniform particle diameter distribution is used with particle diameter «
discretized between i, = 0.5 and dp.x = 1.5 with Aa@ = 0.05. The finite difference
method with midpoint rule is used to approximate the integral term in equation |3.4]
The Crank-Nicholson method with a non-dimensionalized time step At = 0.001 is used
to update temporal development of the particle segregation. The diffusion coefficient
D is based on the dependence of D on the shear rate in bounded heap flow [89] 27]
using the average shear rate from the velocity field given by equation (Appendix [F]).
The segregation length scale, S(a;, @) is taken from size bidisperse DEM simulations of
one-sided bounded heap segregation [89].

To validate the model, we compare the transient solutions of the continuum model
with the DEM simulations at different rotations of the tumbler starting from a mixed
initial condition. Figure [3.6|shows the mean local particle diameter throughout the tum-

bler at 0, 1/4, 1/2, and 1 rotation. The top row displays DEM simulation results for the
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Figure 3.6. Comparison of segregation in a quasi-2D half-filled rotating
tumbler with R = 0.075 m, 7" = 0.015 m, and w = 0.25 rad /s between DEM
simulations (top row) and continuum model predictions (bottom row) for
an initially well-mixed and uniformly distributed particle size distribution
between @i, = 0.5 and @pa = 1.5 at 0, 1/4, 1/2 and 1 rotations. (&) pro-
files along a radial slice (short dashed line) at 45° clockwise starting from

the flowing layer surface are shown in figure

Model

(d) ;
(€) (f) ) (h)@

average dimensionless particle diameter (&) throughout the tumbler for an initial uniform
size distribution ranging from 0.5 < & < 1.5 with tumbler radius R = 0.075 m and rota-
tion speed w = 0.25 rad/s (Fr ~ 5.7 x 10~%). The bottom row depicts the corresponding
continuum model predictions for the same conditions. The continuum model predictions
qualitatively match the results from simulation, as shown in the figure [3.6] Specifically,
after one-quarter rotation larger particles (light color) appear near the surface of the flow-

ing layer, particularly toward its downstream end, because of segregation of the initially
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mixed particles in the flowing layer. Because of this segregation, the larger particles de-
posit in the fixed bed at the wall of the tumbler with smaller particles depositing further
inward from the tumbler wall and the smallest particles (darkest color) at the mid-length
of the flowing layer just under the flowing layer. Note that the light colored band at
the tumbler wall corresponding to larger particles only extends about one-quarter of the
tumbler circumference from the downstream end of the flowing layer. This is because it
is only these particles that have passed through the flowing layer during the one-quarter
rotation of the tumbler giving them a chance to segregate. Particles that have not yet
entered the flowing layer remain well mixed. By 1/2 rotation, all particles have passed
through the flowing layer at least once, so the light-colored band of large particles near
the wall extends the entire half-circumference of the filled portion of the tumbler. By 1
rotation, all the particles have passed through the flowing layer twice, and the segrega-
tion is enhanced compared to 1/2 rotation. As shown in figure , the segregation model
predictions qualitatively match with the corresponding DEM simulation in terms of the
mean particle diameter during the transient segregation.

Again, it is helpful to quantitatively compare the DEM simulations with the model
predictions. To do this, we consider the average particle size along a radial line that is
45 degrees below the surface (short dashed radial lines in figure . The line extends
from the midpoint of the top of the flowing layer through the flowing layer and into the
fixed bed of particles. The model predictions quantitatively match the DEM simulations,
temporally averaged over an interval of 2 s, as shown in figure [3.7] where the predicted
mean diameter from the continuum model (solid curve) and simulations (open symbols)

along the radial line match quite well. In figure (a), the average particle diameter
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Figure 3.7. Comparison of mean particle size from simulation (open sym-
bols) and model (curves) along a radial slice at 45° clockwise below the
flowing layer surface in a half-filled rotating tumbler with R = 0.075 m,
T = 0.015 m, and w = 0.25 rad/s at 0, 0.25, 0.5, and 1 rotations. Er-
ror bars indicate three standard deviations. The vertical red dashed lines
indicate the location of the bottom of the flowing layer.

89



90

is uniform throughout the tumbler because no segregation has yet occurred. After one-
quarter rotation in figure (b), the segregation becomes evident. In the flowing layer
(to the left of the vertical dashed line), the largest particles are at » = 0, corresponding to
the top of the flowing layer, and the particle size decreases with depth in the flowing layer
to reach the smallest value at the bottom of the flowing layer (vertical dashed line). In
the fixed bed (to the right of the vertical dashed line), the largest particles have deposited
near the outer wall of the tumbler (7=1) due to segregation in the flowing layer. Closer to
the flowing layer, but still in the fixed bed, the particle size decreases. Results are similar
after 1/2 rotation, as shown in figure (C) By 1 rotation, all the particles have passed
through the flowing layer twice. Consequently, the segregation is stronger both within
the flowing layer (to the left of the vertical dashed line) and in the fixed bed (to the right
of the vertical dashed line) compared to 1/2 rotation.

There are some minor discrepancies between the model and the DEM results evident
in figure (c) close to the bottom of the flowing layer and at the periphery of the tum-
bler (7 = 1). Specifically, the model and DEM simulations appear to deviate in opposite
directions right at the boundary of the flowing layer. However, this is not unexpected,
given the difficulty in defining the exact location of the bottom of the flowing layer and
the discrete nature of the particles in the DEM simulations versus a continuum assump-
tion in the model. The root-mean-square deviation (RMSD) is applied to quantify the

quality of the theoretical predictions in the fixed bed (to the right of the vertical dash

line) and is calculated as RMSD = \/ > i-1(@j¢ — @;5)?/n, where a;; denotes the theo-
retical predictions, &;s denotes the data points from the simulation, and n is the total

number of data points in the fixed bed. The discrepancy at 1/4 rotation is slightly higher,
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which could be due to the fact that model did not consider the initial tumbler start-up
transition. Nevertheless, the RMSDs are small, indicating that the continuum model cap-
tures the overall character of transient polydisperse segregation quite well. Again, the
agreement is remarkable given the simplifying assumptions behind the model. First, the
model assumes a simple linear velocity profile with a discontinuity at the bottom of the
flowing layer. In fact, the kinematics from the standard tumbler model only approximate
the surface velocity along the length of the flowing layer and the velocity profile in the
flowing layer, as shown in Appendix . Second, the segregation length scale, S(oy, a;),
is measured from bidisperse, not polydisperse or multidisperse, DEM simulations, and
wp; uses a linear combination of the bidisperse segregation results for the polydisperse
segregation term with a simple linearization of the kinetic sieving model [86] (equation
3.2). Furthermore, the segregation length scale is measured in a completely different flow,
bounded heap flow, rather than tumbler flow. Last, a constant diffusion coefficient, also
measured in a bounded heap flow, is assumed. Thus, we demonstrate that the continuum
model framework of equations [3.2] and can model not only developing polydisperse
size segregation (like that in a bounded heap) where a% = 0, but also combined develop-
ing (% # 0) and transient (% # 0) polydisperse size segregation like that in a rotating

tumbler.

Density polydisperse segregation

To here, we have considered developing and transient segregation for size polydis-
perse granular materials and shown that predictions from the model (equation |3.4]) are

consistent with DEM simulation results. However, the same approach should also be
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applicable to density polydisperse granular materials. Recently, Tripathi and Khakhar
[102], Tunuguntla et al. [I04] and Gray and Ancey [37] incorporated bidisperse density
segregation into the continuum model and showed qualitative agreement with simulation
results, but detailed quantitative validation of the model predictions was not presented.
We have previously shown that it is possible to use an analogous approach to equations
and for density bidisperse segregation to achieve quantitative agreement between
the model, DEM simulations, and experiments [I12]. In this section, we demonstrate
that the same generalization of the size bidisperse interaction to the size polydisperse
case works equally well for density polydisperse materials having the same particle size.
While density polydisperse segregation is not as common as size polydisperse segregation,
Section provides the foundation for a future segregation model capable of simultane-
ously capturing the effects of both size and density polydispersity. For spherical particles
of the same size but different density, the segregation length scale can be expressed as a

function of the particle density ratio:

(3.12) S(pis pj) = CpdIn(pi/p;),
where Cp is a constant with value 0.081 for millimeter sized particles, 0.1 < p;/p; < 10,
and d is the particle diameter [112]. In analogy with equation equation captures
the downward sinking of heavy particles and the upward buoyancy of light particles in a
flowing bidisperse mixture.

To test the accuracy of equation [3.4] for predicting the segregation of a density poly-

disperse mixture, predictions of the model for segregation in a quasi-2D bounded heap
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Figure 3.8. Density polydisperse segregation in quasi-2D bounded heap
flow with the same dimensions as in figure at ¢ = 1700 mm?/s. (a)
DEM simulation of uniform density polydisperse distribution (2500 < p <
7500 kg/m?). Mean local density in the flowing layer from (b) DEM simula-
tion and (c¢) model prediction. (d) Mean particle density, (p), at the bottom
of the flowing layer (equivalent to the mean density of material deposited
on the heap) from DEM simulations (open symbols) and model predictions
(curves). Error bars indicate three standard deviations.
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(similar to those in Section are compared to DEM simulation for polydisperse spheri-
cal particles with uniform density distribution in a quasi-2D bounded heap flow. As figure
[3-8(a) shows, at a sufficiently high feed rate, an initially well-mixed density polydisperse
material (same particle size) fed via a vertical feed zone flows continuously down the slope
and the heap surface rises with a constant rise velocity. The heaviest particles (dark col-
ors) sink to the bottom of the flowing layer and are deposited on the upstream portion
of the heap while the lightest particles (light colors) rise to the top of the flowing layer
and are advected to the downstream portion of the heap where they are deposited. The
intermediate density particles rise above the heaviest but fall below the lightest particles
and deposit midway along the heap. As a result, the final density distribution of particles
deposited on the heap in figure (a) varies from mostly heavy particles upstream (on the
left) to mostly light particles downstream (on the right). Similar to the size polydisperse
case discussed in Section some light particle are deposited on the upstream portion
of the heap with the heavy particles. This is because the light particles are randomly
distributed across the flowing layer thickness when they enter the flowing layer. The light
particles near the bottom of the flowing layer do not have adequate time to rise to the top
portion of the flowing layer before they are deposited on the upstream portion together
with heavy particles. On the other hand, few heavy particles are deposited on the down-
stream end of the heap because they have adequate time to segregate through the entire
flowing layer before reaching the downstream end wall and are deposited along the heap,
leaving mostly light particles at the downstream end of the heap.

To test the model for density polydisperse segregation, we compare the steady solu-

tions of the continuum model with DEM simulations at the same operating conditions
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(feed rate, size distribution and inlet condition). The velocity profiles are identical to
those used in Section and in a previous study [I12]. Figure [3.§(b, ¢) compares the
spatial distribution of the average density in the flowing layer for an initially well-mixed
uniform density polydisperse particle distribution with 2500 kg/m?® < p < 7500 kg/m?
and bulk flow rate ¢ = 1700 mm?/s. Similar to figure , figure (b) shows the average
local density, (p), measured from DEM simulation in the flowing layer (not to scale), and
figure (C) shows the corresponding model prediction. As expected, heavier particles
fall quickly below light particles and deposit mainly on the upstream portion of the heap;
lighter particles move upward and deposit on the downstream portion of the heap. Figure
3.8(d) shows the average particle density for particles deposited onto the heap [corre-
sponding to the bottom of figures (b,c)]. As for size polydisperse particles, the average
density of the particles deposited on the heap predicted by the model matches the DEM
simulation results reasonably well with a slight deviation near the feed zone due to light
particles being trapped in the heap below the feed zone. Figure further quantitatively
compares the model and simulation predictions for particle density distributions of par-
ticles deposited on the heap in upstream (Z < 1/3), midstream (1/3 < z < 2/3), and
downstream (¥ > 2/3) sections of the heap. Results from the DEM simulations are in

close agreement with predictions from the continuum model.

Conclusions

In this chapter, we have extended a model for size and density segregation [27], 9T, 90,
89, 112, 19] to accurately predict segregation of polydisperse granular material in both

steady developing and transient free surface gravity-driven segregation. To our knowledge,
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Figure 3.9. Particle density distributions at the bottom of the flowing layer
(equivalent to distribution of particles deposited on the heap) from DEM
simulation (symbols) and model predictions (curves). Red circles represent
upstream (Z < 1/3), blue diamonds represent midstream (1/3 < z < 2/3),
green squares represent downstream (Z > 2/3), and the black curve shows
the initial uniform particle size distribution.

this is the first continuum model to demonstrate quantitative agreement with experimen-
tally validated DEM simulations for polydisperse segregation in developing segregation
(quasi-2D bounded heap) and in developing transient segregation (rotating tumbler flow).
This is in contrast to the previously studied cases of size polydisperse segregation in pe-
riodic chute flow where a% = 0. In addition to size polydisperse segregation, we also
extended the model to density driven polydisperse segregation. Overall, the model re-
quires knowledge of the kinematics of the flow (specifically, the velocity field and flowing
layer thickness), but involves no arbitrary fitting parameters, though the dependence of
the segregation length scale on either size ratio or density ratio is based on simulations
or experiments for bidisperse mixtures (equation . However, this is not a weakness in
the model. It only reflects the strong effect of the particles on the degree of segregation.

While we have successfully applied a polydisperse modeling framework for segregating

spherical particles in two canonical flows, the framework can be readily adapted to other
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flow geometries, provided that the kinematics of the flow are known through theory,
experiments, or simulations. Furthermore, the approach should be applicable to other
types of particle dispersity (e.g, particle shape), provided that relations are known for the
dependence of the segregation velocity on the particle dispersity (equivalent to equations
or and for the dependence of diffusion on the kinematics of the flow. It is likely
that these relations can be determined either through experiment or DEM simulation as
is the case for size and density segregation. For example, we have recently determined
the percolation velocity characteristics (specifically S) for rod-like particles using DEM
simulations of super-ellipsoid particles [119]. Thus, using a percolation velocity based on a
kinetic sieving model [86], thereby incorporating the shear rate, along with a dependence
on the linear combination of the local concentration of surrounding particles having a
particle-specific segregation length scale S as represented in equation 3.2}, appears to be
a robust approach for accurately modelling any type of polydisperse particle segregation.
Furthermore, we emphasize that the segregation length scale S is not a fitting parameter
but rather a physical characteristics of the granular mixture, much like the diffusion
coefficient or solubility of a species in a liquid is a characteristic of the mixture that can
obtained via experiment. Moreover, the advection-diffusion-segregation model (equation
3.1)) provides a straight-forward, physically-connected framework for solving segregation
problems in a broad range of flow geometries using only physical parameters of the problem
(kinematics, segregation length scale, and diffusion coefficient), while avoiding obscure or
arbitrary fitting parameters that have no physical basis or are difficult to evaluate. Hence,
the approach is ideal for use in predicting segregation in industrial-scale systems as well

as in the more controlled setting of the laboratory.
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However, challenges remain that need to be addressed in future work. For example,
we have not yet considered the interaction between simultaneous density and size effects,
which have been shown to be a counter mechanism for size segregation [48], [49] [30].
We have also not yet considered the coupling between a predictive framework for the
kinematics, such as the p(I) rheology [83] 84, 39, 23| [7], and our theoretical framework
or the possibility of interplay between the segregation and kinematics. These extensions
will further complement the current model and advance it toward becoming a general

framework for modeling particle segregation in many different flow situations.
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CHAPTER 4

Modeling Segregation in Modulated Granular Flow

While granular segregation in steady flows has been investigated for various operat-
ing conditions and geometries in previous chapters, unsteady granular flows, even though
ubiquitous in many industrial applications, remain largely unexplored with the exception
of unsteady segregation in a tumbler. In this chapter, we consider another type of segre-
gating granular flow, focusing on stratification in unsteady bidisperse bounded heap flow.
Experiments show that periodically changing the feed rate of particles falling onto the
upstream portion of a heap results in stratified segregation similar to that which occurs
at low feed rates, but with more regular stratified layers of large and small particles and
a higher overall feed flow rate. Here we model this stratification in a bounded heap strat-
ification using the unsteady form of the advection-diffusion-segregation equation. Simply
repeatedly switching the model from a low volume flow rate to a high volume flow rate in-
stantaneously along the entire length of the flowing layer results in stratification patterns
similar to those observed in experiments. However, it is also possible to more accurately
model the moving front of particles after a change in the flow rate to further investigate
the formation of stratified layers. Using a modulated feed rate offers the potential to
intentionally create layers of bidisperse granular materials to enhance the effective mixing
of the deposited materials at heap length scales.

Portions of the material in this chapter were published in a slightly different form in

Lueptow, et al., “Modeling Segregation in Modulated Granular Flow” EPJ Web Conf
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(2017) [68] ©EDP Sciences, reprinted with permission. My contribution to this work is

the application of the unsteady form of the advection-diffusion-segregation model.

4.1. Introduction

Flowing granular materials can segregate due to particle size or density differences
[74, 4, B6] to form many different patterns including stratified layers of particles [70,
111, 140, 24]. The degree of segregation and nature of the segregation pattern depends
on the flow conditions and the differences between particle species. Previous research on
segregating granular materials in heaps has focused largely on steady feed rates [70], 25] 27].
For constant feed rates, the particles form stratified layers only at low feed rates, but
segregate completely for moderate flow rates [25]. At high enough flow rates, the particles
remain mixed [25]. In most industrial situations, the preference is for mixed particles to
assure product uniformity. Although this can be achieved using very high feed rates, such
high flow rates are sometimes difficult to accomplish in practical situations. On the other
hand, if an uniform and periodic stratified pattern can be forced to occur by modulating
the feed rate as shown in figure [4.1] the particles are essentially mixed at the length scale
of the container. It is this situation that we investigate here.

In this chapter, we consider the impact of modulating the feed rate in order to inten-
tionally manipulate the segregation to generate a stratified segregation pattern. To do
so, we apply an advection-diffusion-segregation model that has been successfully imple-
mented in steady segregating flows in quasi-2D bounded heaps. We demonstrate that the
advection-diffusion-segregation approach can be used to model the modulation of the feed

rate of mixed size bidisperse particles such that a well-ordered stratification of the small
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and large particles can occur, much like that shown for experiments in figure Such
stratification may be useful in providing a better overall homogeneity at scales larger than
that can be achieved without stratification for application in industrial situations such as

filling a hopper.

4.2. Experiments

Figure 4.1. A stratified pattern (with computationally enhanced contrast)
generated by feeding a size bidisperse mixture (0.5 mm red particles and
2 mm blue particles) onto a quasi-2D bounded heap with W = 0.69 cm and
T = 1.27 cm at alternating feed rates of ¢y = 37.0 cm?/s for ¢; = 3 s, and
for g, = 0.4 cm?/s for t, = 62 s. Experimental results are courtesy of
Hongyi Xiao.

It is helpful to first demonstrate the formation of a stratified segregation pattern in
an experimental apparatus consisting of a pair of parallel vertical rectangular plates, an
aluminum back wall and a glass front wall for visualization, as described previously [113].
Spacers between the plates fix the gap at either T'= 1.27 cm or 7' = 1.5 cm and the width

at W = 69 cm, comparable in length to the flowing layer length in small industrial scale
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silos. Well-mixed size bidisperse spherical glass particles (confirmed by direct sampling)
are fed from a screw feeder into the system at the upper left corner and flow down the
slope in a thin layer, segregating as they flow until they reach the bounding wall at the
right side. The surface of the heap rises as particles fill the space between the front and
back plates. The feed rate is modulated by using the screw feeder to feed the particles
at alternating 2D flow rates ¢ = Q/T": a fast flow rate ¢; for duration ¢; and a slow flow
rate ¢, for duration t,.

A typical experimental result is shown in figure for an equal volume mixture of
small red 0.5 mm particles and large blue 2 mm spherical glass particles. As a result of
the feed flow rate modulation, layers of small and large particles appear. If the flow is
not modulated, but operates at the same average flow rate, irregular stratification occurs
[25]. On the other hand, higher flow rate results in a segregated pattern in which the
small red particles deposit on the fixed bed upstream of the large blue particles resulting
in a distinct vertical boundary between the red and blue particles [25, 113]. Though
completely mixed particles would be preferred, in many applications layers of particles
like that shown in figure 4.1 would be preferable to completely segregated particles or

particles in an irregularly stratified pattern.

4.3. Model

To understand this unsteady segregation that leads to stratification, we extend the ap-
plication of a continuum transport model for segregation to accommodate the modulated

heap flow. This model is based on the advection-diffusion equation with an additional
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term for segregation [I3] that has been successfully applied for modeling steady, devel-

oping, and transient granular flows of size segregating and density segregating materials

38, (100, 27, 104}, 112]:

Je;  O(uc;)  O(we) O wyic) 0, O 0, _0Oc
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advection segregation diffusion

o
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where ¢; is the concentration of species ¢, u and w are the mean granular velocity in the

(4.1)

=0,

streamwise (x) and surface-normal (z) directions, respectively, in the flowing layer (note
that this coordinate system differs that for the experiments in figure . The first term
in the equation is the rate of change of species concentration ¢;, the second and third terms
account for advection due to mean flow, the fourth term accounts for segregation via a
mixture-specific percolation velocity for each of the species w,; = w; —w where w; is the
local velocity component for species i and w is the local velocity component of the mixture
normal to the free surface, and the last two terms account for collisional diffusion. A key
aspect of this bidisperse model is the dependence of the percolation velocity of species i on
the local shear rate and the local concentration of the other particle species [27, [89] such
that w,; = SY(1 — ¢;), where S is a mixture-specific segregation length scale parameter
and v = g—z is the local shear rate.

Xiao et al. [113] experimentally studied segregation patterns in modulated heap flows
by varying the modulation parameters gy, ¢, ty, and t5. They postulated that the strat-
ification patterns occur due to flow kinematics propagation and relaxation from the left
feed zone to the right end wall. To test this hypothesis, we apply the unsteady form of

the continuum transport model (equation to the modulated heap flow. However, im-

plementing modulated flow by varying streamwise velocity field in the continuum model
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is quite challenging, because the flow rate, flowing layer thickness, local free surface rise
velocity, and thus the velocity field all vary continuously with respect to time and stream-
wise locations. To avoid these issues, we simplify the kinematics and apply the model
using conditions for fully-developed steady flow on a quasi-2D bounded heap [27], but
instantaneously changing the velocity field (and thereby shear rate) and flowing layer
thickness everywhere in the flowing layer from that for a low flow rate to that for a high
flow rate and vice versa. In this way, the deposition of particles corresponding to the mod-
ulated feed flow rate (alternating between low and high) can be modeled. Although this
approach does not account for the propagation of the flow rate change along the length of
the flowing layer [114], it provides a first order approximation of the effect of a modulated
feed flow rate on the particle segregation and subsequent deposition of particles on the
heap.

Before solving, equation |4.1|is non-dimensionalized using characteristic streamwise and
normal length scales L and 0, respectively, where L is the length of the flowing layer and

J is its thickness, and a characteristic streamwise surface velocity scale 2¢/4, as follows:

z zZ - t U w
4.2 r=—, Z=—,t= U = dw=—F—.
(4.2) T TS T T g Y T gL
We assume that the streamwise diffusion term in equation4.1}is negligible as a consequence

of /L < 1. The dimensionless governing equation for the concentration of species ¢ after

substituting in the expression for the percolation velocity w,; is then:

(4.3) % g
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Here A = SL/6* is a dimensionless parameter representing the ratio of an advection
time scale L/u = L/(2q/d) to the segregation time scale d/w,; = 6/(25¢/é*), and
Pe = 2¢6/DL is a Peclet number representing the ratio of the diffusion time scale §%/D
to the advection time scale L/(2¢/d). The function g(z) = 4(z)/(2¢/6?) is the nondimen-
sionalized local shear rate.

Equation [4.3] is solved separately for each of the two flow rates in this problem: the
fast flow rate g and the slow flow rate g;. As a result, when nondimensionalizing equation
[4.3] as described above, the appropriate flow rate is used resulting in different values of Pe
for each of the two flow conditions. There is also an additional dimensionless parameter
in this problem related to the duty cycle of the modulation of the feed flow rate. We
define 7; = t;/(dL/2q;) where j is f or s for fast and slow, respectively, which represents
the duration for each flow rate ¢; normalized by the characteristic residence time §L/2g;
for particles in the flowing layer.

It is necessary to have an expression for streamwise and normal velocities, u(Z) and
w(Z2), respectively, to solve equation [4.3l To do so, we utilize standard exponential ex-
pressions for the velocity profiles. As suggested previously [27], an exponential expression
f(z) = €*/° provides an accurate approximation to the velocity profile, where k is a
scaling constant. The full velocity profiles based on f(z) are [27]:

v s (1)

(4.4) (1 —e*

q kz/d
w=——\e€ — 1 .
L(1—eF) ( )
Additionally, equations [£.4] are non-dimensionalized using the same parameters discussed

previously and are expressed as:
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The model of equation [4.3 and |4.5|is solved using an operator splitting approach [27, [88].

=g}
I

(4.5)

The advection step is solved with a matrix mapping method [96], and the segrega-

tion/diffusion step is solved with an implicit Crank-Nicolson method.

4.4. Model results

Cs
T T ‘ - 1
a ﬂ 0.5
' ' 0
Figure 4.2. Comparison of concentration fields from (a) experiment and
(b) continuum model solved with steady state parameters for bidisperse
modulated bounded heap flow. Experiments used 0.5 mm (light) and 2 mm
(dark) particles. Modulated feed flow conditions: ¢; = 23.6 cm?/s for
ty =5 s, and ¢s = 2.0 em?/s for t; = 20 s. The extent of the model

domain is reduced on the left to exclude the feed zone that is necessary in
the experiment. Heap width W = 0.69 m and thickness 7" = 0.012 m.

Figure |4.2 compares a segregation pattern from numerical solution of the continuum
model to an experiment at the same parameters (extracted from an image like that in
figure as described previously [I13]. In this case, Pey = 28, Ay = 0.65, and 74 = 2
during the fast phase corresponds to ¢y = 23.6 cm?/s with ¢ty =5 s, and Pe; = 5.9, A; =

3.71, and 7, = 1.6 during the slow phase correspond to ¢, = 2 cm?/s with ¢, = 20 s. Lighter
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Figure 4.3. Effect of duty cycle on the deposition of particles on the heap
for 7y = 7,. The operating condition is Ay = 2, Pey = 60 for the fast flow
rate and Ay = 0.067, Pe, = 60.

color represents a higher concentration of small particles, while darker color represents
a higher concentration of large particles. For each stratification layer (composed of a
layer of large (dark) particles and a layer of small (light) particles), the Az characterizes
the interpenetration length, which quantifies the streamwise extent of stratification. It
is clear that even the simple application of the model (alternating between high and low
flow rates) reproduces the stratification in the experiment quite well, particularly in terms
of the interpenetration length of the stratified layers.

At this point, it is possible to consider the effect of the duty cycle on the deposition
of stratified layers. Figure shows the results of the simulation for three duty cycles
with 7; = 7,. In all cases, the operating condition is Ay = 2, Pe; = 60 for the fast flow
rate and Ay = 0.067, Pe; = 60 for the slow flow rate to isolate the effects of duty cycle,
even though both A and Pe would normally change during flow rate modulation. It is

evident that the value for 7; has a significant effect on the formation of layers. First, for
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7; < 1, the duration of each flow rate is smaller than the characteristic time for a particle
to flow down the slope of the heap. As a result, the duration is too short for smaller
particles to deposit further than about halfway down the heap. This results in mostly
small particles depositing upstream except for some short layers of small particles about
halfway along the slope that extend into the region of large particles (dark region). For
7; > 1 the duration is long enough for small particles to travel far enough to deposit near
the downstream end of the heap forming long layers of small particles extending into the
region of large particles. This occurs during the fast flow rate (gf) when advection is
fast enough down the slope of the heap that few small particles can segregate through
the thickness of the flowing layer to deposit in the upstream portion of the heap. In all
cases, there are layers of mixed particles (orange) between layers of mostly small particles
(yellow to white) at the upstream (left) portion of the heap. This results from some large
particles that depositing in this region during the fast flow rate (gs) because they do not
have adequate time to segregate upward toward the surface before depositing on the heap.

It is also evident in figure that the layers become thicker as 7; increases. That is,
the total time ¢t = ¢ +1, increases, so the particles are flowing for a longer time during each
full cycle, resulting in thicker layers being deposited. In fact, we can compare to previous
experimental data [I13] for the thickness AH of the pair of layers deposited during one
full cycle normalized by the average particle diameter d = (d, +d;)/2 as a function of the
total volume deposited on the heap, shown in figure [£.4. The match between the model
data and the experimental data is quite good. Of course, this is to be expected, given that

this is simply a statement of mass conservation. That is, the thickness of layers deposited
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Figure 4.4. The stratification spacing AH as a function of the total volume
of particles deposited each cycle. Experimental data (circles) reproduced
from [I13] and model data (diamonds) corresponding to ¢; = 23.6 cm?/s
for t; = 5,10 and 15 s, and ¢5 = 2.0 cm?/s for t5 = 20,40 and 60 s.

during one full cycle is simply related to the volume of particles that are fed onto the

heap during that cycle.

4.5. Segregation during single flow rate transition

Even though the results of simple application of the model match the stratification in
the experiments quite well, it is unclear how segregation and material deposition varies in
the unsteady flow that occurs during the transition between flow rates. That transition
is modeled quite simplistically in the preceding figures as an instantaneous change that
occurs simultaneously along the entire length of the slope of the heap. However, the
transition actually propagates down the heap from the top after the flow rate changes. To
further clarify the nature of the segregation, we consider the single transition that occurs

when the flow rate changes from low to high or from high to low.
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Figure 4.5. In monodisperse flow, a wedge of material inclined at angle a,,
propagates downstream with front location xy, while the rest of the heap is
inclined at angle a; in a W wide heap. (a) “positive” wedge in slow-to-fast
transition; (b) “negative” wedge in fast-to-slow transition. From [114].

Although the focus of this chapter is a continuum approach to modeling modu-
lated heap flow of segregating bidisperse granular materials, we review the kinematics
in monodisperse flows where the feed rate is instantaneously changed to provide context.
Assume that, the feed rate ¢(t) is first set to ¢; until the flow is fully developed. Then,
the feed rate is changed to different value ¢,. Upon the transition, a wedge is formed
that propagates downstream with the front location x; as depicted in figure Xiao
et al. [114] showed that for a slow-to-fast rate transition (¢; < ¢2) shown in figure [4.5(a),
after the feed rate has increased to g, the surface near the feedzone rises quickly and
forms a wedge shape of material with an average surface angle a,, that is steeper than
the steady-state average surface angle a; under ¢, while the rest of the heap rises with
steady state rise velocity v, under ¢;. As time advances, the downstream front of the
wedge labeled x; propagates downstream until it reaches the endwall. For the fast-to-slow

feed rate transition (¢; > ¢») shown in figure [4.5(b), the situation is similar. After ¢ is
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reduced to ¢, the rise velocity near the feedzone decreases quickly, while the rest of the
heap rises with steady state rise velocity v,; under ¢;, forming a “negative” wedge. The
downstream front of the wedge (xy) propagates down the heap as time advances. Using
mass conservation, Xiao et al. [114] proposed a model for monodisperse flows that can
capture front position during the sudden change in the feed rate as:

(4.6) z; =VCt,

where ¢ is the instantaneous front position and C' = %. Additionally, through
mass balance and the local relation between the flux and surface slope, the transient local
flow rate ¢(z,t) is shown to follow a diffusion-like equation as:

oq 0%q

—=A
ot Ox?’
where § = q(x,t) — ¢1(1 — x/W), and A is a fitting parameter. Solving equation with

(4.7)

appropriate boundary conditions gives
erf( = A)
erf(—L)

(4.8) q(z,t) = (g2 — @) [1 -
VatA

For regions ahead of the wedge front =y, ¢(z,t) = ¢;. With this description of monodis-

perse flow as background, we now consider applying the continuum model to the modu-
lated heap flow taking into account the transient kinematics.

To apply the transport equation (equation , the velocity field in the flowing layer is
needed. Four assumptions are made in order to simplify the flow kinematics calculation.
First, we assume that flowing layer thickness is constant at 6 = 10d, even though it varies
slightly with streamwise location and depends on the flow rate [27,[89]. Second, we assume
that the velocity profile in the flowing layer scales exponentially with respect to depth of
the flowing layer, which is usually the case for free surface granular flows as suggested by

previous studies [27]. Third, because advection is usually orders of magnitude larger than
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diffusion in the streamwise direction [27], we ignore diffusion in the streamwise direction
and only consider diffusion in the normal direction. Fourth, we implement the solution to
equations - for monodisperse flow to model the propagation of the wedge during a
transition from one flow rate to another, assuming that the model for the wedge in figure
is independent of the bidisperse mixture and any segregation that occurs.

(a)

0.5 T T T

0.25

£
> 0.25
0
0.5
0.25

x (m)

Figure 4.6. Wedge propagation in continuum model after transition from
q1 =35 cm?/s to ¢ = 65 cm?/s at (a) t =0, (b) t =2 s, and (c) t =4 s
(W =0.69 m and T'= 1.2 cm).
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To solve equation [4.1] the finite element method (FEM) using the Arbitrary Eulerian
Lagrangian (ALE) method is implemented to handle the moving boundary for the flowing
layer and bulk region, and the Streamline Upwind Petrov Galerkin (SUPG) method is
implemented to stabilize advection dominated regions.

Figure shows the segregation during wedge propagation at a transition from a slow
flow rate to a fast flow rate. The steady state condition for the slow flow rate just before
the transition to the fast flow rate is shown in figure[4.6a). The large particle layer (blue)
that extends upstream into the small particle region at the free surface represents large
particles that have already segregated upward in the flowing layer. These particles will flow
downstream much farther toward the endwall before eventually being deposited. When
the fast phase starts, a large volume of mixed particles falls onto the upstream portion
of the heap and flows downstream. The new particles from the high feed rate quickly
form a wedge shape, the front of which propagates downstream at ¢t = 2 s in figure (b)
As the particles flow downstream, large particles segregate upward and move toward the
free surface of the wedge while small particles percolate downward toward the bottom of
the flowing layer. Because of the inclined wedge shape, large particles on the free surface
move faster than the small particles deeper in the flowing layer and consequently are
concentrated at the “front” of the wedge as evident at t = 2 s. This phenomena is much
that described previously for single avalanches [83] 35]. As the fast phase continues, some
large particles deposit onto the heap and are buried by small particles in the flow behind

them, thus forming the large particle enriched layer in the upstream portion of the heap

at t = 4 s in figure [4.6]c).
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Figure 4.7. Wedge propagation in continuum model after transition from
¢ =35 cm?/sto g =12 cm?/s at (a) t =0, (b) t =4 s, and (c) t =8 s
(W =0.69mand T = 1.2 cm).

Figure [4.7| shows the analogous process after the transition from a fast flow rate to
a slow flow rate. Figure a) shows the steady segregation at the fast flow rate just
before the transition to the slow flow rate. Comparing figure [4.7(b) to figure [1.7(a),
it is clear that the surface height in the upstream positions decreases during the first

few seconds of the transition (¢ < 4 s) due to surface relaxation, forming a “negative”
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wedge. Thus, some previously deposited small particles re-enter the flowing layer and
are carried downstream together with the slower flowing materials. During this process,
the segregation is amplified because the remaining partially mixed particles can segregate
even further when they re-enter the flowing layer, which now moves more slowly than
before the transition. This is most evident in the higher small particle concentrations on
the bottom of the flowing layer at ¢ = 4 s in figure (b) The decrease in the upstream
surface height also means that the newly added particles are not deposited upstream, but
are carried further downstream. Together these two effects extend the small particle layer
further into the large particle region as shown in figure (c) at 8 s.

Of course, when the segregation processes in figures and [4.7 occur sequentially, lay-
ers of large particles deposit further upstream during a slow to fast transition (figure
and layers of small particles deposit further downstream during a fast to slow transition

(figure resulting in layering of the large and small particle species.

4.6. Summary

Modulation of the feed flow rate can be used to force a stratified segregation pattern
for a size bidisperse material in bounded heap flow. This may have significant advantages
over the usual fully segregated pattern that otherwise occurs. For instance, if the heap is
formed in a hopper that is to be emptied later, a stratified segregation pattern deposited
in the hopper during the filling process using a modulated flow rate will exit the hopper
as mixed particles as the layers remix, whereas a fully segregated deposition pattern upon
filling the hopper will result in smaller particles exiting before larger particles exit as

shown in Chapter 5 [115].
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Further work is necessary to fully understand the impact of the feed flow parameters
(high and low flow rate magnitudes and durations) so that they can be optimized for
stratification. The stratification model shown in figure [4.2] and [4.3] is simplistic in that
the transition between flow rates occurs instantaneously along the entire flowing layer
length, and the flow kinematics model used here (figure and only considers a single
isolated transition between high and low flow rates or vice versa. More work is necessary
to understand the flow modulation in which multiple transitions occur simultaneously in
the heap. Additionally, we have not considered the flow modulation in 3D flows, in which
the sidewall friction has a much smaller influence on flow kinematics. This could lead to
different forms of equations and and may result in different transient phenomena.
Nevertheless, these results demonstrate the potential for modeling feed flow modulation
and using it to intentionally generate stratified patterns in segregating granular flows.

This material is based upon work supported by the US National Science Foundation

under Grant No. CBET-1511450.
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CHAPTER 5

Modeling segregation of polydisperse granular materials in

hopper discharge

Similiar to modulated heap flow, hopper discharge flow is an unsteady flow because
particles in the flowing layer encounter different velocity fields when they reach different
depths in the hopper as the hopper empties. Size segregation modeling of polydisperse
materials during hopper discharge is important because hoppers are widely used in various
industrial situations. However, due to the complexity of hopper discharge flow kinematics,
accurate modeling of polydisperse segregation during hopper discharge has been challeng-
ing. We extend the application of a general predictive continuum model that captures the
effects of segregation, diffusion, and advection to polydisperse hopper flow. Model predic-
tions of segregation within the hopper and the average particle diameter during discharge

match experimentally validated discrete element method simulations and experiments.

5.1. Introduction

Granular materials with different properties (size, density, shape, etc.) tend to seg-
regate spontaneously when they flow. Hence, segregation has important implications in
many bulk solids handling processes where a homogeneous mixture is desired for both
subsequent processes and final product quality. Until recently, most mathematical ap-

proaches to modeling segregation in granular flows focused on size bidisperse mixtures
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(two particle sizes). These approaches have been helpful in understanding the underly-
ing physical mechanisms in segregating flows and in developing predictive frameworks for
bidisperse segregating systems [21], [86], 22} 41 (42}, 38, 100, 73], 110} 24, 99, 64, 104} [65], 27].

Multidisperse and polydisperse granular segregation (i.e., involving three or more
monodisperse species or a continuous distribution of a particular particle property),
though far less studied, are nevertheless frequently encountered in physical systems. These
systems have been explored both in experiments [46] 80, [9] [16] and in simulations using the
discrete element method (DEM) [72], 46, 82), O] for various flow geometries. Only a hand-
ful of studies have proposed continuum models for polydisperse granular segregation, and
most of these studies have been limited to the idealized case of streamwise-periodic chute
flow in which periodic streamwise boundary conditions are used to model fully-developed
segregation in a section of a chute [72 [71], [91].

Recently, a polydisperse segregation model that extends the continuum segregation
modeling approach of Fan et al. [27] has been successfully applied to developing (spatially-
dependent) segregation in a bounded heap and transient (time-dependent) segregation in
a rotating tumbler [20]. However, when the flow geometry and kinematics become more
complicated, polydisperse segregation becomes more challenging to predict. One such
example is polydisperse segregation during hopper discharge, which has wide industrial
applications in solids processing. However, due to the relative complexity of hopper ge-
ometries and flow kinematics, research on polydisperse segregation in hopper discharge
flow has been limited. Previous studies on bidisperse segregation have shown that seg-
regation depends on the hopper flow regime (mass flow versus funnel flow), initial filling

conditions, and the hopper shape [57, [1T5].
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Hopper operation can be split into two steps: filling and discharge. These steps can
occur simultaneously or sequentially. In simultaneous (steady) hopper operation, the
composition of discharging particles is the same as the composition of filling particles at
steady state based on mass balance. However, in sequential hopper operation, significant
segregation can occur during both hopper filling and discharge, making prediction of
hopper discharge profiles more difficult.

In this chapter, we focus on sequential hopper operation where hopper discharge starts
after the completion of hopper filling. Particles are first center fed into the hopper to
form a heap. During this process, material flows continuously down the slope of the
bounded heap within the hopper, and the heap surface rises uniformly (as opposed to
intermittently) at a sufficiently high feed rate. Typical segregation patterns of an initially
well-mixed polydisperse material fed into a hopper are small-particle enriched near the
hopper center and large particle enriched near the hopper periphery. This occurs because
upon falling onto the peak of the heap within the hopper, the smallest particles quickly
percolate to the bottom of the flowing layer and deposit in the center portion of the
hopper near the feed zone. The largest particles segregate toward the top of the flowing
layer of particles and are advected further down the heap to be deposited near the hopper
periphery. Intermediately sized particles deposit midway along the slope of the heap.
Consequently, the final distribution of particles in the hopper varies from small particle
enriched at the center to large particle enriched at the hopper periphery [19, 115], with
the degree of segregation controlled by details of the particle size distribution and the

flow kinematics.
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The post-filling state of hopper is the initial condition for the hopper discharge process.
For an initially segregated hopper presented here, mixed particles in the bottom center
region flow out of the hopper first followed by the large particles near the hopper sidewalls
[51, 97, [58]. On the other hand, for an initially well-mixed particles in the hopper, the
discharge profile can be quite different. In this case, the initial discharge of particles is
well-mixed. However, as particles continue to flow out of the hopper, the initially well-
mixed outlet stream is followed by a large particle enriched phase and then by a small
particle enriched phase [5, 57, 59]. This occurs as initially mixed particles segregate in
the flowing layer. Changing the details of how the hopper is filled, say by setting the feed
off-center from the hopper axis, can also influence the discharge profile. Additionally,
changing the hopper geometry can also influence the discharge particle size profile by
alternating the discharge flow (e.g., mass flow versus funnel flow) [51, [78].

It is evident then that hopper discharge segregation depends strongly on initial con-
ditions and hopper geometry. As a result, predicting industrial scale hopper discharge
can be challenging and time consuming because of the high computational cost associated
with DEM simulations and the difficulty associated with scaling up lab-scale experiments.
Continuum models, however, offer the potential to quickly solve and accurately predict
polydisperse segregation.

Bridgwater et al. [13] were apparently the first to propose a modified advection-
diffusion continuum equation with a segregation term to model segregating granular flows
through a scalar transport equation. Many variations on this approach exist [21) 22] [41]

42, 138, 136l [39], 27, 91]. Here we use the approach of Fan et al. [27] and Schlick et al. [91]:
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aC({gt—t’ D 4V fucla,t,0)] + % [wpac(@,t,a)] = V- [DVe(@, t,a)),

where u = ux + vy + wz is the bulk particle velocity with streamwise (), spanwise (),

(5.1)

and normal (2) components, u, v, and w, respectively; c(x,t, ) is the probability density
for a particle with diameter o at position @ at time ¢; D is a diffusion coefficient that
accounts for random particle collisions (remixing); and w,, = w, — w is the percolation
velocity of particles with diameter a as determined by the difference between the velocity
of particles with diameter o normal to the free surface, w,, and the mean normal flow
velocity, w. This model is an extension of the bidisperse segregation model that has
been applied and validated in bounded heaps [27, [89] and rotating tumblers [90]. More
recently, this model was extended to model tridisperse segregation in inclined chutes [19],
tridisperse segregation in bounded heaps [91], polydisperse segregation with relatively
simple flow kinematics in fully developed steady streamwise-periodic chute flow [91], and
polydisperse segregation in bounded heaps and rotating tumblers [20]. Results using this
approach agree well with validated DEM simulations and experiments.

The key to modeling of polydisperse segregation is an accurate expression for the
component of the segregation velocity normal to the free surface, w,,. The relation
used here is based on an integral form of a linearization of Savage and Lun’s kinetic
sieve model [86, [55] for size bidisperse mixtures composed of particles with diameters «;
and o [91), 27]. In this approach, the segregation velocity of particles with diameter o
depends on the local shear rate, 4, and the local particle probability distribution (akin to

concentration), c(x,t, ), as

(5.2) Wy — / " S(au, ay)e(w, t, B)dB,

min
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where S(a;, o) is an empirically determined segregation length scale dependent on par-
ticle size ratio and diameters [89] as well as gravity and the local pressure [31]. S(«;, o))
in equation [5.2| is well-approximated by the relation:

(5.3) S(a, ;) = Bmin(oy, ;) In(a; /),

where B is a dimensionless constant independent of particle size [89]. Based on one-sided
bounded heap DEM simulations of mm-sized spherical glass particles with size ratios,
1/3 < ai/a; < 3, B = 0.26 [89] (we use this value for the rest of this chapter). For
size ratios outside this range, S(a;, ;) could still be measured by performing bidisperse
bounded heap DEM simulations similar to previous work [27, 89] or by extracting S from
experiments, even though the functional dependence on size ratio might be different.
Equations [5.2] and capture the downward percolation of small particles due to kinetic
sieving and the upward movement of large particles due to squeeze expulsion in flowing
size polydispese mixtures [86, 20].

In this chapter, we apply the general continuum model for polydisperse segregat-
ing materials (equation to the hopper discharge flow and validate the model using
DEM simulations with polydisperse particle size distributions and experiments with quasi-
polydisperse size particle distributions using several particle species with relatively narrow
size distributions. Lastly, we explore the effects of initial particle distributions and hopper
geometries on the hopper discharge profile to demonstrate the potential of the modeling

approach for a range of practical applications.
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(b)

Figure 5.1. (a) Schematic of a quasi-two-dimensional hopper of width W =
0.4 m and thickness 7' = 0.012 m with bottom hopper wall inclined at § =
65° and outlet width W, = 0.06 m. Initial conditions for DEM simulation of
hopper discharge of size polydisperse mixtures with a truncated log-normal
size distribution 1 mm (red) < a < 4 mm (white) for (b) mixed initial
condition and (c) segregated initial condition due to hopper filling.

5.2. Polydisperse segregation during hopper discharge

We consider size polydisperse segregation in a hopper discharge flow for both an ini-
tially well-mixed hopper and an initially segregated hopper for the same hopper geometry
(see figure|5.1j(a)) used in a previous study of size bidisperse segregation [I15]. The quasi-
2D hopper has inlet width W, outlet width W,, and gap thickness T'. The initial height
of the material in the vertical section (parallel walls) is H,. The height of the converging
section with sidewalls inclined at § from horizontal is H. = (W — W,)tan(5)/2. The
origin of the coordinate system is the lower-left corner of the setup with x horizontal and
z vertical.

We compare results of the continuum model approach with DEM simulations. Details

of the DEM simulations are provided in Appendix [B] We consider a truncated lognormal
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size distribution with mean In(&) = 0.27 and characteristic width ¢ = 0.3 for 0.5 <
a < 1.5, where & = «a/dy and dy is a typical particle diameter set to dy = 2 mm in
this study. Two different initial conditions are considered: a well-mixed initial condition
(figure[p.1(b)) and a segregated initial condition (figure[5.1|(c)). For the well-mixed initial
condition, the feed width equals the hopper width (W) in the DEM simulations so that
no heap forms during the filling and deposited particles remain well-mixed (figure [5.1|(b)).
While this initial condition does not correspond to a typical industrial setting, it is helpful
to consider as it isolates segregation during hopper discharge [5, 57, 58, 85]. The segregated
initial condition is generated in the DEM simulations by feeding particles in a narrow
region (W = 0.04 m) at the center of the hopper at a 2D volumetric flow rate g [27],
which forms a heap. A typical heap segregation pattern is shown in figure (c), in which
small particles (red) deposit in the center portion of the hopper and large particle (yellow
and white) deposit near the sidewalls [25]. The lighter color at the centerline in figure
5.1{(c) consists of mixed large and small particles because these particles have inadequate

time to segregate before being deposited on the heap. This initial condition corresponds

to hopper filling segregation in typical industrial settings [97) 44].

5.3. Continuum modeling of hopper discharge segregation

5.3.1. Well-mixed hopper

We first examine hopper discharge starting with a well-mixed initial condition because it
removes the influence of segregation that occurs during hopper filling. Although the focus
in this chapter is a continuum approach to modeling hopper discharge, we begin with DEM

simulations to provide context. Figure[5.2]shows an example of hopper discharge using the
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DEM simulation with a well-mixed and nominally flat free surface initial condition. At
t = 0, the particle mixture is well-mixed and has average radius @ = 2.3 mm throughout
the hopper. After the hopper outlet opens, the upper free surface quickly forms a V-shape,
consistent with observations from previous experiments and simulations [I15]. The V-
shape is maintained throughout the hopper discharge process as shown in figure (top
row). During the transition from the flat to the V-shape, minimal segregation occurs.
As a result, the first particles exiting the hopper are mixed (f = 1.5 s). After the V-
shape forms, segregation becomes evident along the centerline extending from the low
point of the V-shaped surface as shown in figure (t = 3 's). The large particles that
segregated as they flowed down the V-shaped surface form a narrow vertical line along
the centerline of the hopper and move downward as the heap discharges. Small particles,
in contrast, are enriched on both sides of the vertical line of large particles, again due
to segregation in the free surface flowing layer, and extend toward the outlet as well.
Other regions of the hopper remain well-mixed including the particles exiting the hopper
(t = 3 8). As particles flow out of the hopper through the outlet, the V-shaped free
surface continuously moves downward. As a result, particles just below the V-shaped
surface flowing layer are subsumed into the surface flowing layer and flow toward the
hopper centerline. As particles in the surface flowing layer flow toward the hopper center,
small particles percolate toward the bottom of the flowing layer, and large particles rise
upward toward the free surface until they meet the particles from the other side of the V-
shaped surface. The partially segregated layers converging from the right and left merge
at the base of the V-shape and flow downward. In the process they form a sandwich of

large particles bounded on either side by a small particle enriched layer. This segregation



127

|
|
|
41 Bulk region

Figure 5.3. Schematic of kinematic coupling between flowing layer and bulk
in hopper discharge flow showing local flowing layer coordinates (z’, z’) and
fluxes into (red) and out of (blue) the flowing layer in a co-moving frame.

pattern persists through the remainder of the hopper discharge process, even after the
free surface reaches the converging flow section of the hopper, and the segregated large
particles at the centerline eventually reach the hopper outlet (t = 4.5 s and t = 6 s).
With this description of the flow and segregation as background, we now consider the
detailed flow kinematics and continuum model for hopper discharge. Due to its reflection
symmetry, we only consider the left half of the hopper as depicted in figure |5.3] This half
is split into two regions [I15]: the flowing layer and the bulk flow region. Material at the
interface between the flowing layer and the bulk region is exchanged continuously during
discharge, as depicted in figure by the large red and blue arrows. Two assumptions
are made in order to simplify the flow kinematics calculation. First, we assume that each
side of the V-shaped free surface is straight and inclined at a constant angle n during

the entire hopper discharge process. Second, we assume that the flowing layer thickness
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is constant at § = 15d, even though it varies slightly with streamwise location [I15, 27].
With these assumptions, the instantaneous position of the interface between the bulk
region and the flowing layer can be calculated from mass conservation since the volume
of particles between the location of the free surface at time ¢y and its location at time
t equals the discharged volume, Q(t — to)/2, where @) is the volumetric discharge rate,
considering only one side of the hopper. In this way, the position of the interface between
the flowing layer and the bulk region can be calculated in both the non-converging and
converging portions of the hopper. Additionally, the descent velocity of this surface can
be calculated from the time derivative of the interface position. If we define the particle
velocity relative to the moving interface velocity as w, = u,x’ + w,2z’, the region where
w, +u, tan(n) > 0 is the portion of the interface where particles leave the bulk region and
enter the flowing layer, as marked by the red arrow and red dashed lines in figure 5.3, and
the region where w, + u, tan(n) < 0 is the portion of the interface where particles leave
the flowing layer and enter the bulk region, as marked by the blue arrow and blue dashed
lines in figure [5.3

To apply the transport equation (equation , velocity fields in both the flowing
layer and the bulk region are needed. A kinematic model exists that can capture the
bulk velocity field in both the parallel and converging regions of the quasi-2D hopper
[78, [79], 15 I15]. The model is based on the assumption that the horizontal velocity is
proportional to the horizontal gradient of the vertical velocity component [78, [79] [15] as
(5.4) u = _bg_:’
where b is a kinematic scaling parameter with dimensions of length. Previous studies

have found that b does not significantly affect prediction of velocity; b is usually chosen
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between 1.5d < b < 4.5d where d is the average particle diameter [15], [115]. Here, we use
b = 3d and solve the kinematic model using the same numerical scheme used in previous
studies [15, 115]. The velocity field in the flowing layer is constructed separately by using
information from the kinematic model for the bulk region, which defines the flows (red and
blue arrows) across the interface in figure , and a velocity profile from DEM simulations
[T15]. The velocity in the flowing layer can be well approximated by an exponential
function u/us = exp[k(z — z5) /6], where uy is the streamwise velocity at the free surface,
zs 18 the free surface location, and ¢ is the flowing layer thickness, which is defined as the
depth where u = 0.1ug [I15] 27]. Because segregation is initiated in the flowing layer at
the free surface of the hopper, the modified transport equation (equation is applied
in the flowing layer, while the standard advection diffusion equation (equation with
wy o = 0) is applied to the bulk region where no or minimal segregation occurs. Material
at the interface between the flowing layer and bulk region is exchanged continuously as
indicated by the red and blue arrows in figure [5.3

In the flowing layer, similar to other quasi-2D geometries such as bounded heap flow
and rotating tumbler flow [27, 90] 20], the segregation term in equation acts normal
to the free surface. Consequently, equation [5.1| can be solved more readily in a coordinate
system moving downward with the flowing layer, having its origin at the upper-left corner
of the flowing layer, the streamwise direction 2z’ parallel to the free surface, and the
normal direction z’ perpendicular to the free surface, as depicted in figure [5.3, Because
advection-driven fluxes are usually orders of magnitude larger than diffusion-driven fluxes
in the streamwise direction [27], we ignore diffusion in the streamwise direction and only

consider diffusion in the normal direction. As in previous studies [28 102, 106], the
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diffusion coefficient in the bulk and the flowing layer is calculated as:

(5.5) D = CpHd?,

where Cp is a material-dependent constant [28] 102, [106] and d is the average particle
diameter [28]. Here we use Cp = 0.1, consistent with a previous study [115]. Similar
to a previous study [I15], a finite element method (FEM) using the Arbitrary Eulerian
Lagrangian (ALE) method is implemented to handle the moving boundary for the bulk
region and the Streamline Upwind Petrov Galerkin (SUPG) method is implemented to
stabilize advection dominated regions. The particle diameter, @, is discretized between
Qmin and apae with a resolution of Aa = 0.03 to ensure solution convergence. A finite dif-
ference method using the midpoint rule is used to approximate the integral term resulting
from substituting equation [5.2|in equation 5.1}

The continuum model segregation predictions for the local mean particle diameter in
an initially well-mixed hopper during discharge are shown in the middle row of figure 5.2|
Note that he model is solved for the left side of the hopper and the results are reflected
across the centerline in the figure. For simplicity, the model starts with a V-shaped
upper surface having the same repose angle as in the DEM simulations after the V-shape
has formed. When discharge begins, the continuum model captures the large particle
enrichment at the free surface seen in the DEM simulation (¢ < 1.5 s). The large particles
rise to the surface of the flowing layer and are advected in the flowing layer toward the
hopper centerline to be carried downward at the centerline in the hopper bulk. The small
particles percolate downward toward the bottom of the flowing layer and are carried into
the bulk flow just outside of the center region. At the same time particles on interface

between the flowing layer and the bulk region exchange continuously based on the local
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particle velocity relative to the moving interface. That is, particles close to the hopper
centerline (right side of the portion of the interface marked in blue in figure exit the
bottom of the flowing layer, enter the bulk region, and are then transported by the bulk
flow toward the outlet in a large particles enriched region at the centerline. The large
particles are surrounded by regions that are slightly enriched with small particles on either
side (t =3 s and t = 4.5 s in figure[5.2)). This results from small particles at the interface
but farther from the centerline (left side of the portion of the interface marked in blue in
figure entering the bulk region being transported by the bulk flow toward the exit.
Although it is not evident in figure particles closer to the sidewall (portion of the
interface marked in red in figure leave the bulk region, enter the flowing layer, and
segregate as they flow down the surface flowing layer. Segregation in the model prediction
occurs slightly earlier than in the DEM simulation as is most evident in comparisons at
t=15sand t =3 s in figure 5.2, This is because the continuum model starts with a V-
shaped surface instead of a flat surface as in the DEM simulations. Nevertheless, because
the transition time from a flat surface to the V-shaped surface is short, the segregation
predicted by the model still agrees well with the DEM simulations.

The bottom row of figure[5.2further compares horizontal profiles of the average particle
diameter, @, at different depths in the hopper (indicated by the horizontal blue dashed
lines) at different stages of the hopper discharge. When hopper discharge begins, the
segregated particles initially in the flowing layer have not yet reached the level in the
hopper marked by the blue dashed lines (t = 0 and ¢ = 1.5 s). Consequently, @ from
DEM simulations (circles) and continuum model (solid curve) remain nearly constant

across the width of the hopper and match the mean of the initial well-mixed particle
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distribution. As the discharge continues, the segregated particles are transported by the
bulk flow through the hopper bulk and toward the outlet. This is evident by a small peak
in the & profile corresponding to large particles at the center of the hopper and a slight
dip in average diameter on either sides in both DEM simulation and continuum model at
later stages of the hopper discharge (¢ > 3 s). Overall, the continuum model predictions
agree well with DEM simulation at different depths of the hopper bed and at different
times during discharge.

Because segregation mainly occurs in the free surface flowing layer and propagates
downward in the hopper with the bulk flow, it is important to demonstrate the effec-
tiveness of the model in the flowing layer. Figure compares DEM simulations (figure
5.4[a)) and continuum model predictions (figure [5.4[(b)) for segregation in the flowing
layer. In both subfigures, the left boundary (z = x/L = 0) is the left sidewall of the
hopper; the top (g = y/0 = 1) is the flowing layer free surface; the bottom boundary
(2 = 0) is the bottom of the flowing layer; and the right boundary (& = 1) is the hopper
centerline. The color scale indicates the local volume averaged particle diameter, @. Once
large particles enter the flowing layer, they segregate upward toward the free surface and
flow to near the hopper centerline. The small particles percolate downward toward the
bottom of the flowing layer. At the same time, however, mixed particles enter the upper
half of the flowing layer through its bottom boundary (red arrow and dashed line in figure
. As a result, particles remain mixed throughout most of the flowing layer with only
a slight enrichment of small particles moving downstream. The only obvious evidence of
segregation is the lighter color at the downstream (right) end, which corresponds to larger

particles in the flowing layer that enter the bulk region at the centerline of the hopper.
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Figure (c) further compares the average diameter, &, at the bottom of the flowing layer
(2 = —1) from DEM simulation (open symbols) and the corresponding continuum model
prediction (solid line). As shown in figure [5.4(c), the average size of the particles on the
bottom of the flowing layer predicted by the model matches the DEM simulation results:
the largest particles are concentrated near the hopper center, but elsewhere the particles
are mixed. This is to be expected in the upstream portion where mixed particles are
entering the bottom of the flowing layer from the mixed bulk. As the flow re-orients to
the vertical direction (blue arrow and dashed line in figure in the downstream portion
of the flowing layer, segregated flowing layer creates the sandwich-like pattern shown in
figure[5.2] in which mixed particles slightly enriched with small particles bound both sides

of the large particles enriched region on the centerline.

5.3.2. Initially segregated hopper

Compared to an initially well-mixed hopper, an initially segregated hopper represents a
more common situation for industrial applications. Figure (top row) shows an example
of a DEM simulation of hopper discharge with a segregated initial condition that forms
when a well-mixed polydisperse particle mixture is fed into the center of the hopper. The
initial segregated condition comes about during filling as particles flow down the slope of
the heap forming in the hopper. As they flow, small particles percolate to the bottom of
the flowing layer and deposit onto the upstream portion of the heap, which corresponds
to the central region of the hopper, while large particles flow further down the heap to
deposit onto the downstream portion of the heap near the side walls, resulting in the

segregation pattern shown at ¢ = 0 s. When the discharge begins, the heap at the surface
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Figure 5.4. Comparison of DEM simulation and continuum model predic-
tion for the average diameter & in the flowing layer for a mixed initial
condition with W = 0.4 m, W, = 0.06 m, g = 65°, H, + H. = 0.84 m.
Truncated log-normal size distribution with mean In(&) = 0.27, ¢ = 0.3
and 0.5 < @ < 1.5. (a) Instantaneous average diameter distribution at
t = 2.4 s from (a) the DEM simulation and (b) the continuum model. (c)
Comparison of average diameter at the bottom of the flowing layer between
continuum model prediction (solid curve) and DEM simulation (circles).

inverts to become V-shaped. Once the V-shaped surface forms (¢t = 1.5 s), particles flow
down the slope. Large particles from near the sidewalls segregate upward in the flowing
layer toward the free surface, and are transported toward the center, resulting in a large
particle enriched region at the hopper center. At the same time, particles in the bulk
region are transported downward by the bulk flow toward the hopper outlet creating
a segregation pattern with large particle enriched regions at the hopper sidewalls and
centerline and small particle enriched regions between between the walls and the center

of the hopper (t = 3,4.5,and 6 s). As a result, the first particles exiting the hopper are
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Figure 5.5. Comparison of segregation in hopper discharge flow between
DEM simulations and model predictions for a segregated initial condition
hopper with W = 0.4 m, W, = 0.06 m, 5 = 65°, H,+H. = 0.8 m at different
stages of hopper discharge for a truncated log-normal size distribution with
mean In(a@) = 0.27, ¢ = 0.3 and 0.5 < & < 2. Average particle radius,
a, from (top row) DEM simulations and (middle row) continuum model at
different times from the start of the outlet flow. (bottom row) Profile of
average particle radius, @, at different depths (blue dashed line) from DEM
simulations (symbols) and model predictions (curve).
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from the converging portion of the hopper, but at later times large particles from the
remainder of the bulk region dominate the discharge (¢t = 4.5,6 s)

The middle row of figure shows a time series of average particle diameter patterns
in the hopper from the model for an initially segregated condition corresponding to the
DEM simulation at ¢ = 0 in the top row of the figure, except with a V-shaped surface. The
model matches the simulation quite well at all times. The model starts with a V-shaped
surface that has a repose angle matching the angle of the V-shaped discharge region in
the DEM simulations. When the discharge begins, the continuum model captures the
segregation occurring in the surface layer, where large particles segregate toward the free
surface (t = 3 's). The segregated large particles from the left and right sides meet at the
the center of the V-shaped surface and are then transported by the bulk flow toward the
outlet. At the same time, small particles at the bottom of the flowing layer also enter the
bulk flow, but slightly upstream of the large particles at the centerline. The result is a
segregation pattern where small particle enriched regions surround the central region of
mostly large particles (¢ = 3 s and t = 4.5 s). Segregation in the model prediction occurs
slightly earlier than in the DEM simulation, because the initial transition from the heap
free surface to the V-shape is ignored in the continuum model. This is most evident in
comparisons at ¢ = 1.5 s. However, because the transition time is short, the segregation
predicted by the model still agrees well with the DEM simulation.

The bottom row of figure further compares the average particle diameter at dif-
ferent depths in the hopper marked by the blue dashed lines in DEM simulations and in
continuum model predictions at different stages of the hopper discharge process. Early

in the hopper discharge process (t = 0,1.5 s), the segregated particles at the free surface
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are above the measurement depth (blue dashed lines). Consequently, the average diame-
ter profiles from DEM simulations (open circles) and continuum model (solid curve) are
those resulting from the initial segregation pattern introduced during the hopper filling
process. Large particles are mostly concentrated near the side walls, and small particles
are concentrated near the hopper center. As the discharge continues, large particles that
were initially deposited close to the sidewalls enter the flowing layer, segregate upward
toward the free surface, deposit along the centerline of the hopper, and are transported
by the bulk flow into the hopper bed. This is evident as a peak in average diameter at
the center of the hopper both in the DEM simulations and the continuum model at later
stages of the discharge (¢t > 3 s). It is clear that the continuum model predictions agree
quite well with DEM simulation at different depths of the hopper bed.

Because segregation mainly occurs in the free surface flowing layer, it is again worth-
while to examine segregation in the flowing layer between the continuum model and the
DEM simulation. Figure [5.6] compares DEM simulation and the corresponding contin-
uum model for the left half of the hopper. The agreement between DEM simulation and
model prediction is quite good throughout the flowing layer. Large particles (light color)
that are deposited near sidewall (left side) during hopper filling enter the flowing layer,
segregate upward to the free surface, and then flow over the small particles to deposit
near the hopper center (right side). Small particles that enter the flowing layer on the
left side, but to the right of the large particles, are not carried as far down the flowing
layer before depositing on the bulk. Figure (c) further compares the average diameter,
@, on the bottom of the flowing layer (2 = —1) from DEM simulation and the corre-

sponding continuum model prediction. The average size of the particles on the bottom
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Figure 5.6. Comparison of (a) DEM simulation and (b) continuum model
prediction for the average diameter & in the flowing layer at t = 2.4 s
starting from an initially segregated condition with W = 0.4 m, W, =
0.06 m, 8 = 65°, H, + H. = 0.84 m. Log normal size distribution with
mean In(@) = 0.27 and ¢ = 0.3 for 0.5 < & < 2. (c) Comparison of average
diameter comparison at the bottom of the flowing layer between continuum
model prediction (solid curve) and DEM simulation (open circles).

of the flowing layer predicted by the model matches the DEM simulation results well.
That is, the particles entering the flowing layer from the bulk (red arrow and dashed lines
in figure consist of the largest particles near the sidewalls and smaller particles to
their right. The particles entering the bulk at the downstream end of the flowing layer
(blue arrow and dashed lines in ﬁgure consist of smaller particles upstream and larger
particles downstream. Accounting for both sides of the V-shaped surface, this results in
small particle rich regions surrounding the center region of large particles, as is evident
for ¢t > 3 s.

In addition to comparing the mean particle diameter at different locations within the

hopper, we also compare the discharge profiles between the continuum model and DEM
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Figure 5.7. Comparison of average diameter of particle discharge between
continuum model predictions (curves) and DEM simulation results (circles)
starting from an initially well-mixed hopper (red) and an initially segregated
hopper (blue).

simulation results in figure 5.7} The instantaneous average particle diameter discharged
from the hopper, ay, is normalized by the volume average initial particle diameter in the
entire hopper, &;. Thus, az/@; = 1 indicates near perfectly mixed particles, ag/a; > 1
indicates more large particles than the average initial particle distribution, and ay/a; < 1
indicates more small particles than the average initial particle distribution. The volume
of the discharged material, Vg, is normalized by V, the total volume of material initially
in the hopper. For the initially well-mixed hopper, the particles remains well-mixed
(aig/ay =~ 1) throughout the entire discharge process according to both the continuum
model and DEM simulations, consistent with previous studies on bidisperse hopper flow
with similar geometries [57, 58, 85 [IT15]. For the initially segregated case, the segregation
at the discharge is much more significant. After discharge begins, the small particles
initially concentrated in the hopper center (due to filling segregation) are discharged first,
resulting in a lower average diameter in the discharge profile. When the front of the

large particle region at the center of the hopper reaches the hopper outlet, large particles
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Figure 5.8. Comparison of discharged particle size distributions between
DEM simulations (circles) and model predictions (curves) for an initially
segregated hopper discharge with the same flow geometry in figure . (a)
Log-normal and (b) uniform particle size distributions. Discharged particle
probability density distribution at initial (V4/V; = 0) (red), middle (Vg/V; =
0.5) (blue), and final (V4/V; = 1) (green) stages of hopper emptying.

dominate the discharge profile, resulting in an increase in average particle diameter in
the discharge profile. The transition point predicted by the continuum model leads that
for the DEM simulation because the continuum model starts with a V-shape and ignores
the transition in the DEM simulation of the surface from a heap to a V-shape. However,
this only affects the transition time slightly, and the continuum model still predicts the
average radius at the outlet after the transition reasonably well. Overall, the continuum
model prediction of the mean particle diameter at discharge agrees well with the DEM
simulation results.

Additionally, it is also possible and instructive to quantitatively compare the dis-
charged particle size distributions, ¢(&), between the continuum model and DEM simula-
tion results at different times during discharge. Figure[5.8|shows the model and simulation
results for two different particle size distributions starting from a segregated initial condi-

tion during hopper discharge at the beginning (V3/V; = 0), middle (V4/V; = 0.5), and end
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(Va/V; = 1) stages of hopper discharge. We consider the log-normal particle distribution
shown in figure (a) first. As the hopper discharge begins, the well-mixed particles at
the bottom the hopper are discharged first, resulting in a log-normal particle size distribu-
tion corresponding to the initial particle distribution. As the discharge process continues,
small particles on the hopper center dominate the discharge as is evident in figure 5.5
at t = 3 s, resulting in an increase in small particles and a decrease in large particles
that shifts the distribution leftward. When the front of the large particle concentrated
region reach the outlet, the large particles become more predominant, causing a decrease
in small particles and an increase in large particles shifting the distribution rightward.
The variation in the particle size distribution with time is even more evident for a uni-
form particle size distribution between 1 mm and 4 mm, shown in figure [5.8(b). In this
case, the distribution starts flat but shifts toward smaller particles in the middle of the
discharge. By the end of the discharge, large particles become predominant. These par-
ticle distribution patterns are consistent with the trend observed from particle discharge
profiles in figure It is also important to note that the model predictions match the
DEM simulation results quite well, indicating the continuum model faithfully represents

the segregation that occurs.

5.4. Experimental validation

Up to this point, we have demonstrated quantitative agreement between DEM sim-
ulation and continuum model predictions of size segregation despite several simplifying
assumptions. To further validate the continuum model, we conduct experiments in a

quasi-2D hopper that consists of a glass front wall, an aluminum back wall, and acrylic
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Table 5.1. Size range for each particle species used to create quasi-
polydisperse mixture

Color | Size range (mm)

black 1.0<a<13
green 13<a<17
blue 1.7<a<21
silver 24<a<29
yellow | 29 <a <34
brown | 3.4<a<4.0

o

Figure 5.9. Polydisperse particle size distribution used in the experiment.

sidewalls using spherical glass particles (Deco glass beads by Ceroglass Technologies Inc.,
TN). We create a polydisperse particle distribution using various volumes of specified
particle species nominal particle diameters ranging from 1 mm to 4 mm. Details of each
particle species size range and color are provided in table The final polydisperse
particle mixture size distribution is characterized from optical images of particle samples
using the scientific image analysis software, ImageJ [87]. The experimental polydisperse
distribution shown in figure [5.9| is used as the input for the continuum model for the

model calculation.



143

(@)

Z (m)

0
02 0 0.2
X (m)

Figure 5.10. Comparison of discharged particle size distributions between
model prediction and experiment with for hopper discharge started with
an initially segregated condition and fed with ¢ = 16 ¢cm?/s for hopper
filling (a) segregation predicted by continuum model (left) and experimental
results of corresponding hopper filling (right) (b) Comparison of discharged
particle average diameter between continuum model predictions (curves)
and experimental results (circles).

In the experiments, a well-mixed polydisperse particle mixtures is center-fed into the
hopper by an auger feeder (101-1-DD/2, Acrison, Inc., NJ, USA) at a constant feed rate
g with the hopper outlet closed. A quasi-2D let-down tube consisting of two vertical bars
at the feed zone on the heap surface is raised at the heap rise velocity to minimize particle
bouncing. After filling the hopper, the material is discharged onto a belt conveyor that
is positioned under the hopper outlet. The conveyor belt moves at a constant speed to
preserve the sequence of discharged materials, but it has no influence on the flow inside
the hopper. After the discharge is completed, the material on the belt is divided into nine
approximately equal samples, and the mean radius of discharged particles is measured
by sifting particle mixtures using different mesh sizes to calculate the volume fraction

of each monodisperse species. The segregation pattern based on the continuum model
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and the corresponding experiment at the same instant are shown in figure [5.10(a). The
segregation pattern consists of a region of large particles that are concentrated near the
hopper periphery upon filling and second region of large particles at the centerline forming
as particles flow out of the hopper during discharge, much like DEM simulations shown in
figure 5.5 The segregation pattern in the experiments is well captured by the continuum
model. Figure M(b) also shows a good agreement for the discharge profiles between that
predicted from the continuum model and the experimental results. The trend is similar to
that in figure [5.7] That is, small particles exit the hopper first followed by large particles
toward the ned of the discharge. The transition occurs around V;/V; ~ 0.5. Overall, the
model result matches experimental data reasonably well, demonstrating the potential for

the model to predict hopper segregation during filling and discharge.

5.5. Conclusions

In this chapter, a polydisperse continuum segregation model is applied to quantita-
tively predict the polydisperse size segregation in quasi-2D hopper discharge flow. The
model accurately predicts the segregation patterns inside the hopper and the discharge
segregation profiles for both initially well-mixed and segregated conditions resulted from
center filling. The agreement between experiment and continuum model further corrobo-
rates the modeling approach.

However, challenges remain to be addressed in future work. For example, we have not
yet extended the continuum model to 3D hoppers (cylindrical and wedge shaped), which
could have significantly different flow kinematics. For example, the flowing layer thickness

in a 3D hopper could be much larger than the flowing layer thickness in a quasi-2D hopper
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due to the minimal influence of wall friction [56]. Additionally, for certain flow regimes,
the free surface of a 3D hopper remains relatively flat until materials enter the converging
portion of the hopper. However, these flow kinematics could be easily incorporated into
the segregation model once the flow kinematics are fully understood. Additionally, we
have not considered the coupling between the continuum segregation model presented
here and predicative models for the flow proposed in previous studies [83] 84], 39, 23], [7].
These extensions will further advance model development toward a general framework for

modeling particle segregation in many different flows.
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CHAPTER 6

Summary and future work

In this chapter, the major conclusions from this dissertation are summarized. Addi-
tionally, future research work directions that could be built on top of these conclusions

are outlined.

6.1. Summary

This dissertation focuses on extending the application of the modified continuum
model for bidisperse segregation that captures the effects of segregation, diffusion, and
advection to polydisperse (continuous distribution of particle size) segregating materials
and to unsteady flow (time-dependent flow kinematics).

e The continuum transport model for bidisperse size segregation was first extended
to describe tridisperse size segregation in a developing chute flow, which is an important
stepping stone between bidisperse and polydisperse segregation. The model uses the
kinematics of the flow and other physical parameters such as the diffusion coefficient and
the percolation length scale, quantities that can be determined directly from experiment,
simulation or theory and that are not arbitrarily adjustable. The approach also introduced
a characteristic streamwise length scale related to the relative strengths of segregation for
the smallest and largest particles. The model was validated against DEM simulations over
a wide range of chute geometries and flow conditions. Additionally, a parametric study

on quasi-2D chute flow was done in terms of Pe, ;j, and L to demonstrate how particle
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segregation patterns depend on the interplay of advection, segregation, and diffusion. The
model also makes possible the study of how the segregation is affected by the velocity
profile and slip at the surface of the chute.

e The transport model for multidisperse segregation was then extended to describe
polydisperse segregation in steady flow including developing flow (bounded heap) and
transient flow (rotating tumbler). This requires the solution of the continuum transport
model with an integral to account for the dependence of the percolation length scale on
the local species concentration. Additionally, the polydisperse approach was applied to
density polydisperse materials with the same particle size. Predictions of the model agree
quantitatively with experimentally validated DEM simulations of both size polydisperse
and density polydisperse mixtures over a range of particle distributions and flow condi-
tions. This is particularly remarkable given the simplifying assumptions in the model and
that the segregation parameters are based on bidisperse mixtures.

e To demonstrate the applications of the continuum transport model to unsteady flow,
we also showed that the model can be adapted to account for the modulated heap flow, in
which the flow kinematics are inherently unsteady due to the time-varying feed rate. The
predictions of the model are consistent with experimental results and provide physical
insight into the stratification that occur in such flows. Using a modulated feed rate as
a method to create and control extended layers of granular materials could potentially
enhance the effective mixing of deposited materials by layering small and large particles
rather than having all small particles deposited upstream of the large particles.

e The transport equation approach was further extended to describe size segregation of

polydisperse granular particles in a hopper flow, which has wide industrial applications in
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solids processing. This required combining the polydisperse segregation model of Chapter
2 with the kinematics of filling and emptying a hopper. Model results consistent with
DEM simulations and experiments were obtained. Although the continuum transport

model was applied to a quasi-2D hopper, it could be extended to a fully 3D hopper.

6.2. Future work

Using continuum approach to understand and model granular flow remains to be a
tremendously rich area. There are many improvements that can be further explored based
on work presented in this thesis. For example, we have not studied the interplay between
simultaneous density and size effects, which have been shown to be a counter mechanism
for size segregation [48] [49] [30]. The approach should be applicable to this case, provided
that the relations are known for dependence of the segregation velocity on the particle
dispersity and for the dependence of diffusion on the kinematics of the flow. These
relations could be determined either through DEM simulations or experiments, following
the similar approach by Schlick et al. [89]. Additionally, we have not yet considered the
coupling between flow kinematics models, such as the u(7) rheology [83] 84 39, 23], [7], and
our transport continuum model, or the possibility of interplay between the segregation
and kinematics, which is minimal in the cases studied here but can be significant in other
situations.

Moreover, most of the flow geometries considered in this thesis are quasi-2D, which are
idealized versions of 3D flows. It would be worthwhile to extend the continuum transport
model for segregation to 3D flow geometries such as 3D conical hopper flow, 3D wedge

hopper flow, and V-shaped blender flow. It may even be possible to extend the model to
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situations in a blade passes through a granular medium as is the case in bladed particle
blenders and the agricultural application of plowing. Applying this model to these 3D
geometries could provide insights into the segregation mechanism in these geometries and
yield practical guidance for design and operation of granular materials handling systems
in a wide range of applications. These extensions will further enhance the current model
and advance it toward a general framework for modeling particle segregation in many

different flow situations.
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APPENDIX A

DEMSLab DEM Simulation details

All the simulations in the Chapter 2 and 3 are conducted using DEMSLab [I], a
commercial DEM simulation software package. In DEM simulations, the translational
and rotational momenta of each particle are tracked by integrating Newton’s Second
Law. For simplicity, a linear-spring-dashpot model for particle interaction forces is used,
which, nonetheless, allows accurate simulation of ensembles of spherical glass particles for
dense granular flow [I17, 118]. For two contacting particles i and j, the normal force is
F?: = —kn0nj — NnijVn,j, and the tangential force is Ffj = —ki01ij — MV Here,
k, and k; are the normal and tangential spring stiffnesses, respectively; n,,; and n.;;
are the normal and tangential damping coefficients, respectively, which can be calculated
using the effective mass of the two contacting particles, or a particle contacting an infinite
mass wall, and the restitution coefficient [I01]; 4., ;; is the normal displacement between
two particles, d;;; is the tangential displacement which is measured by d;;; = ft'; vy 4dt,
where ¢ is the initial contact time between two particles; and v,;; and v:;; are the
relative velocities of particles in the normal and tangential direction, respectively. When
the relation |F'y;;| > p|F,;| is satisfied, the Coulomb friction model for sliding is used to
calculate the tangential contact force as F'y;; = —pu|F,;7]015/|0+4;|, where pu is the friction
coefficient. The tangential stiffness is ks = (2/7)k,, which ensures that the normal and

tangential oscillation frequencies are equal in the zero damping limit [93]. The damping
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coefficients are 7,;; = 2|In e|\/k:nmeﬁr/(7r2 +1In%e) and Neij = (2/7)Nn.ij, where meg =
m;m;/(m;+m;) is the effective mass of the two contacting particles or a particle contacting
an infinite mass wall, and e is the restitution coefficient [I01, 03]. DEM simulation
parameters are listed in table , see [119]. Negligible differences in segregation occur
for different e, p, and stiffness coefficients within the range of feed rates, size ratios, and
density ratios tested in this specific geometry as suggested in previous study [112] 26]. The
symplectic Euler integration algorithm [103], 50, [I7] is used to update particle positions
and velocities. The simulation time step is chosen to be smaller than the critical time
step, which is one-tenth of the minimal natural oscillation period of the spring-mass
system [77, [1T6), 117, 119]. Well mixed particle mixtures are randomly generated in a
rectangular grid coordinate within the feed zone. Grid coordinates are spaced at least
one large particle diameter apart to prevent particle collisions during particle generation

and reduce particle segregation within the feedzone.

Table A.1. DEM Simulation parameters

Simulation parameter Value
n 1400 (N/m)
ky 400 (N/m)
p 2500 (kg/m?)
W 0.3
e 0.9
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APPENDIX B

In-house GPU DEM Simulation details

All the simulations in Chapter 5 are conducted using in-house GPU DEM code [27, [90),
89, O1], 112, 115]. In GPU DEM simulations, the translational and rotational momenta of
each particle are tracked by integrating Newton’s Second Law. A linear-spring-dashpot
model for particle interaction forces is used, which allows accurate simulation of ensembles
of spherical glass particles for dense granular flow [115] 26, 27, 00, 117, 118]. For two
contacting particles i and j, the normal force is F7; = (kn€n — 20n,iime(Vij - 745)] 745,
where the overlap and relative velocity are €, and V;;, respectively, the unit normal
vector is 7;;, and the effective mass is meg = m;m;/(m; +m;). The restitution coefficient,
e, and the binary collision time, t., are related to the spring stiffness and damping by
kn = [(m/t.)* — ¥2meg and 7, = In(e/t.). In the tangential direction, the contact force
is modeled as Fj; = —min(|ke/, |F7;|)sgn(e;)s, which is a combination of a linear

spring model and Coulomb sliding friction. The tangential stiffness, k;, is determined as
ky = %kn, w is the friction coefficient, and s is the unit vector in the tangential direction.
The tangential displacement is determined as ¢, = ftt Vﬁjdt, where t, is the initial contact
time, and ij is the relative tangential velocity. For particle-wall interactions, the same
force models are applied, and the wall is treated as a sphere with infinite mass. For
all simulations presented in this study, the binary collision time is ¢, = 107 s, the

restitution coefficient is e = 0.8, and the friction coefficient is p = 0.4. The parameters

have been used previous in many previous studies to accurately simulate surface flows
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of glass particles [I15] 26, 27, [90]. The time step is set to be t./40 to ensure numerical
stability [115, 26, 27, 00]. The symplectic Euler integration algorithm [103] 50} [17] is
used to update particle positions and velocities. Negligible differences in segregation
occur for different e, u, and stiffness coefficients within the range of feed rates, size
ratios, and density ratios tested in this specific geometry as suggested in previous studies
112, 26]. Well-mixed particle mixtures are randomly generated in a rectangular grid
coordinate within the feed zone. Box-Muller transformation method is used to generate
polydisperse particle size distribution[I2]. Grid coordinates are spaced at least one large
particle diameter apart to prevent particle collisions during particle generation and to

reduce particle segregation within the feedzone.
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APPENDIX C

Diffusion coefficient

The spatio-temporal average of the diffusion coefficient, D, of the flow is calculated
only in the normal direction. To do so, the time evolution of the non-affine trajectory

component in the normal direction of every particle, AZ(At) = z(to + At) — z(tg) —

ft()+At

to w(t)dt, is used to calculate the mean squared displacement in normal direction,

(AZ(At)?) [8, 109]. Here, w(t) is the local mean normal velocity at time ¢, and (x)
denotes the ensemble average. The diffusion coefficient is then calculated as the slope of
the equation (AZ(At)?) = 2DAt for the range At where the relationship is linear (here,

0 to 0.3 s) [106].
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APPENDIX D

Additional DEM simulations for tridisperse chute flow

Among the physical control parameters, the particle size ratio R, chute incline angle 6,
and flow rate ¢ have the greatest impact on the segregation [89] and bulk flow kinematics
[3, 04, [76]. Figure shows a series of model predictions and simulation results for the
concentration of each species at different streamwise locations for different R, 6, ¢, and
with a simulated flowing length [ = 0.6 m. The operating conditions for each simulation
are shown in table [D.11

Though not meant to be a parametric study, figure (a) shows that there is less
segregation for R =1:1.2: 1.5 compared to R =1:1.6: 2.5 in figure 2.4} even though 6
and ¢ are nearly the same. The decrease in R, which results in a decrease in Pe and an
increase in the segregation scale L, leads to a decrease in segregation over the simulated
length, especially for the medium size particles, which only minimally segregate with
respect to small and large particles because their relative size ratios are small. Figure
(b) shows a similar particle mixture to that shown in figure but with a steeper chute
incline (f = 29°) and higher flow rate (¢ = 17000 mm?/s). The resulting thicker flowing
layer ¢ leads to an advection dominated regime where particles flow out of the simulated
region before they fully segregate (Z < 1). The details of the advection, diffusion, and
segregation time scales are discussed in section 2.5 In addition, to show that the model

works for a larger range of R and high ¢, the predictions of the model are compared

with simulation for R =1 : 2 : 3.5 for different § and ¢ in figure (c,d). The model



169

predictions are consistent with DEM simulations in both cases even though R = 3.5 is
slightly out of the range of applicability for equation We note that for the two cases
with the highest flow rates (b,d)), there are slight deviations between the model
and simulation, which are likely due to a slight dependence of the velocity profile on
streamwise position, especially in the region close to the free surface [110], which differs
from the model’s fully developed velocity profile assumption. We further compare the
predictions of the model with R =1 : 2 : 3 but with a smaller absolute particle diameter,
as = 1mm, in figure (e), and, again, the predictions of the model agree well with
the DEM simulation. From the DEM simulations presented in figures and [D.1] it
is evident that the model is effective over a wide range of flow and particle conditions.
Thus, it is possible to confidently explore the continuum model to analyze the impact of

operating conditions on segregation over a range of dimensionless parameters.

Table D.1. Parameters for DEM simulations shown in figure D.I} «ay =
2mm for (a-d) and oy = 1 mm for (e). T is the gap thickness.

FigD.1]| ¢ |7 (mm) R g (mm?/s) | 6 (mm) | velocity | L(m) | Pe
(a) 26.5° 25 1:1.2:1.5 3400 23 Linear 24 | 12
(b) 29° 35 1:1.6:25| 17000 45 | Exponential | 4.7 | 22
(c) 22° 35 1:2:35 3200 24 Bagnold 0.85 | 21
(d) 29° 35 1:2:35 18000 44 | Exponential | 2.9 | 21
(e) 29° 15 1:2:3 2800 16 Linear 0.90 | 10
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Figure D.1. Comparisons of concentration profiles from DEM simulations
and the continuum model for tridisperse chute flow under different operating
conditions at different streamwise positions. See table for operating

conditions.

170



171

APPENDIX E

Bounded heap flow kinematics

To implement the polydisperse segregation model, the velocity profile, flowing layer
depth and diffusion coefficient are needed. Here, these characteristics of the flow are mea-
sured from the DEM simulations. As suggested previously [27], an exponential expression
f(2) = €**/° provides an accurate approximation to the velocity profile, where k is a

scaling constant. The full velocity profiles based on f(z) are:

kq x
___ M (4 _) kz/$
T ( L)€
(E.1)
4 (ks g
v L(1 —eF) (6 ) ’
Additionally, equations [3.4] and are non-dimensionalized as follows:
x 2 u w
E.2 ~:— N:— ~: d’v:—‘
(E.2) T=g,2=51 2q/5an w 20/L

In this way, the domain (the flowing layer) is transformed into a square (0 < Z < 1 and

0 <z <1), and the dimensionless velocities (4 and W) can be expressed as:

k N\ Kz
:m(l—x)ek

w:ﬁ(ek’%—l).

Figure shows the kinematics of a polydisperse log-normal distribution of particles

ISg1

(E.3)

(1 mm < a <4 mm, o =0.3) with ¢ = 1700 mm? s~ from DEM simulations of bounded
heap flow (Figure . Representative streamwise velocity profiles at different streamwise
locations are shown in figure (a). The streamwise velocity decreases rapidly from the

free surface (z = 0) and then decreases more slowly in the lower portion of the flowing
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layer to the quasi-static region where particles are deposited on the heap. The streamwise
surface velocity us decreases nearly linearly with the streamwise position as shown in
figure [E.1|(b). The streamwise velocity profiles at different streamwise locations collapse
onto a single curve, as shown in figure (c) when the streamwise velocity is normalized
by the local surface velocity and z is normalized by the local flowing layer thickness [26].
Figure |[E.1|(d) compares normal velocities from simulation with the analytic form of w/v,..
In the coordinate system moving upward with the rise velocity, v,, the normal velocity
is zero on the free surface (2 = 0) and decreases to —v, at the bottom of the flowing
layer Z = —1. Because normal velocity is typically an order of magnitude smaller than
the streamwise velocity, the data are more scattered especially on the free surface of the
flow (2 = 0), where effects of small particle bouncing become more evident. Nevertheless,

reasonable agreement between simulation and equation is achieved.



Figure E.1. Kinematics of a polydisperse log-normal distribution of parti-
cles (1 mm < a <4 mm, o = 0.3) from DEM simulations of bounded heap
flow with ¢ = 1600 mm? s~*. (a) Streamwise velocity profiles vs. depth
at three different streamwise locations z = 0,0.3,0.6 m. Gray dashed line
represents the bottom of the flowing layer. (b) Surface velocity uy decreases
linearly with streamwise location. (c¢) Dimensionless streamwise velocity vs.
dimensionless depth at different streamwise locations (0.25 < z < 0.68 m).
The solid curve is u/u, = €**. (d) Scaled normal velocity w/v, in the depth
direction at different streamwise locations (0.25 < 2 < 0.68 m). The solid
curve is w/v, = 1.
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APPENDIX F

Tumbler flow kinematics

There have been many detailed studies of flow kinematics in tumblers [69, [T, 2, 1T,
47,74, 190]. The velocity field in the flowing layer is typically assumed to have a constant
shear rate [47, [74, [90], yielding the following velocity field:

w( & —1)[z+0dx)] if 2> —d(x),
(F.1) u(z, z) = ( ¢ )

wz if 2 < —0(x),

w(1-% = if 2 > —d(w),
(F.2) w(z, z) = < f > o)

—wx if z < —0(x),

where R is the tumbler radius, v and w are the velocity components in the streamwise
() and normal (z) directions, respectively, and w is the rotation rate. Here 6(x) is the

flowing layer thickness at streamwise location x and is defined [69] [74, O0] as

N 2
(F.3) 5(z) = dor |1 — <E> ,

where 9y is the maximum flowing layer thickness and is measured directly from DEM
simulation. As indicated in a previous study [90], the velocity field given by equations
and is an approximation, and there is a discontinuity near the bottom of the flowing
layer. Nevertheless, equations and are sufficient for the modeling approach if /R

is not too large [90]. From equation [F.1] the surface velocity is

(F.4) Uy = W (?—j - 50) 1 (%)2.
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To implement the polydisperse segregation model based on this flow model, all that
is needed are the maximum flowing layer thickness, dy, and diffusion coefficient, D, for
the given rotation speed, w, and tumbler radius, R. The velocity field and local flowing
layer thickness come from equations [F.2] and [F.3] In this study, we measure dy as
the maximum depth at which the streamwise velocity is 5% of the surface velocity by
averaging over 3 s of rotation after the mixture reaches its dynamic angle of repose. To
non-dimensionalize equations and [F.2] lengths are scaled by R and time is scaled by

%. Dimensionless variables are denoted with a tilde. The dimensionless velocities in the

flowing layer (equation |F.3|) are

W7, 26) =152 (F+e/1-22)

(F.5)
1—e2 %3

W(i, ) =12
where € = §/R is the dimensionless flowing layer depth. As shown in figure [F.1a), the

surface velocity from the DEM simulations matches equation reasonably well. In
figure (b), the streamwise velocity from the DEM simulation decreases approximately
linearly as z decreases, matching equation[F.I|reasonably well. The discrepancies are likely
due to the simplifications assumed in equations and [F.2] as discussed previously. The
diffusion coeflicient D is based on the dependence of D on the shear rate in bounded heap

flow [89, 27] using the average shear rate of the velocity field given in equation .
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0.5 1

Figure F.1. (a) Surface velocity u(z,0) vs. streamwise position z. (b) Di-
mensionless streamwise velocity vs. dimensionless depth at different stream-
wise locations (—1 < 7 < 1).
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APPENDIX G

Hopper discharge flow kinematics

To apply the polydisperse segregation model to hopper flow, the velocity profiles in the
flowing layer and the bulk region are needed. Even though the velocity profiles have been
tested in a previous study for size bidisperse hopper flow [I15], it is unclear whether the
same scalings will apply size polydisperse hopper flow. To resolve this, we first validate
the velocity field using polydisperse hopper flow DEM simulation, and then apply the

model to solve the continuum model using the validated velocity field.

(a) €
e

-0.5F 0 .
o
-~
N

-1 F » B

_1.5 Ly 1 1 1 1
0 0.2 0.4 0.6 0.8 1
u/us

Figure G.1. Flow kinematics of truncated log-normal size distribution mix-
ture with mean In(@) = 0.27, 0 = 0.3 and 0.5 < & < 1.5 from DEM
simulations of hopper discharge in the surface flowing layer at ¢t = 2 s.
(a) Streamwise velocity profiles vs. depth at different streamwise loca-
tions. Black curve represents u/u, = €/, (b) Flowing layer thickness vs.
streamwsie position
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Figure shows the kinematics within the flowing layer of a mixture with a truncated
log-normal size distribution with mean In(&@) = 0.27, 0 = 0.3 and 0.5 < a < 1.5 from
DEM simulations of hopper discharge flow. In the free surface flowing layer, the largest
streamwise (horizontal) velocity occurs at the free surface (z = 0), and the velocity de-
creases in the depth direction z. We define the flowing layer thickness § as the depth
where v = 0.1us, where u, is the free surface streamwise velocity. Representative di-
mensionless streamwise velocity (u/u) at different streamwise locations (different colors)
is plotted against dimensionless depth (z/d). The velocity decreases rapidly at the free
surface (z/0 = 0), and then slowly close to the bottom of the flowing layer (z/6 = —1).

Previous studies [115, 27] suggested that an exponential velocity profile u/u, = e#*/°

pro-
vides a reasonable approximation to the velocity profile in the flowing layer, where k = 2.3
is a scaling constant. The streamwise velocity profiles at different streamwise locations
collapse onto this exponential velocity profile curve, as shown in figure (a). Figure
[G.1|(b) further shows the flowing layer thickness across different streamwise locations for
the left half of the hopper averaged over 2 s, and the error bars represent one standard
deviation. The flowing thickness variances close to the hopper side wall (z ~ 0 m) are
larger than the variances in the hopper, which is likely due to the boundary effects on
the sidewall. Also, the flowing thickness standard deviations increase slightly at hopper
center (x ~ 0.2 m) where the two opposing surface flows meet. Nevertheless, the constant
average flowing layer thickness is a reasonable first order approximation.

Figure compares the bulk velocity profiles between DEM simulation and the kine-

matic model calculation (equation and DEM simulation of size polydisperse for hop-

per discharge bulk flow kinematics at different depths (different colors) for the left half
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0.04 T T T

u (m/s

Figure G.2. Velocity comparison between DEM simulation (circles) and the
corresponding kinematic model predictions (curves) for bulk flow velocity
profiles of the left half of the hopper flow with W = 0.4 m, W, = 0.06 m,
f = 65° and H, + H, = 0.84 m. (a) Streamwise velocity at z = 0.4H,
(red), z = 0.8H, (blue), and z = 1.2H, (magenta). (b) Vertical velocity at
z=0.4H,. (red), z = 0.8H,. (blue), and z = 1.2H,. (magenta).

of the hopper. At almost all depths, the model predictions agrees well with the DEM
simulations results. Particles move toward the hopper center (z = 0.2 m) and meet the
particles from the opposite side at the center. Additionally, particles near the sidewalls
also move toward the outlet as opposed to forming a stagnant zone near the sidewalls. As
the particles move toward the outlet, the streamwise velocity starts to deviate from the
kinematic model prediction slightly (z = 0.4H,). This is likely due to the simplification
we made for the outlet velocity. That is, for the vertical boundary condition, we assume
that there is a uniform outlet velocity, w(z,0) = g4/ W, so that no additional parameters
are needed. Nevertheless, the kinematic model gives relatively good agreement with DEM

simulations as shown in figure
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