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ABSTRACT

Distributed Optimization Methods In Large-Scale Systems With Realistic Constraints

Charikleia Iakovidou

Originally motivated by the emergence of networked systems lacking central coordi-
nation such as multiprocessors, wireless sensor networks and smart grids, the study of
distributed optimization algorithms has been an active field of research spanning multiple
decades. More recently, the rapid growth in the availability of high-dimensional datasets
has posed the problem of learning efficiently and securely from data located across thou-
sands of devices. In addition, distributed optimization for networks of mobile agents has
been gaining significant traction over the last few years due to advancements in robotics
and autonomous vehicles research. However, large-scale learning and mobile agent sys-
tems have inherent challenges that are typically overlooked in distributed optimization
literature. This thesis aims to address some of these concerns.

In the first part of this thesis, we propose and analyze a first order distributed method

(S-NEAR-DGD) which utilizes cost-efficient stochastic gradient approximations and can



tolerate inexact communication to alleviate the problems of excessive gradient compu-
tation costs and communication bottlenecks in large-scale Machine Learning. S-NEAR-
DGD is based on a class of flexible deterministic algorithms (NEAR-DGD) that permit
adjusting the amounts of communication and computation performed to best accommo-
date the application environment. Under strong convexity and Lipschitz gradient conti-
nuity, we show the linear convergence of SSNEAR-DGD to an error neighborhood of the
optimal solution. Moreover, we provide numerical results demonstrating that S-NEAR-
DGD is robust to types of inexact communication which may cause other state-of-the-art
methods to diverge.

In the second part of this thesis, we consider the setting of nonconvex distributed opti-
mization which features prominently in machine learning applications. Obtaining conver-
gence guarantees is particularly challenging for nonconvex problems. Utilizing novel Lya-
punov functions and under weaker assumptions compared to existing works on the same
topic, we prove convergence of the iterates of the NEAR-DGD method to critical points.
Moreover, we employ results stemming from dynamical system theory to demonstrate
that NEAR-DGD almost always avoids strict saddle points and thus likely converges to
minimizers. Our numerical results are promising and indicate that NEAR-DGD performs
competitively against state-of-the-art methods.

In the last part of this thesis, we consider the multi-agent rendezvous problem, i.e.
guiding of a group of agents to a common meeting point, with applications in multi-robot
and multi-vehicle networks. We treat rendezvous as a distributed consensus optimiza-
tion problem and develop a fully asynchronous algorithm that can handle any number of

agents and spaces of any dimension, and which provably converges to an arbitrarily small



neighborhood of the optimal rendezvous point. Our method is robust to outdated infor-
mation and to potentially erroneous displacements caused by the continuously moving

nature of robotic agents.
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CHAPTER 1

Introduction

Beginning with the seminal works [162], 163, 17], the development and analysis of dis-
tributed optimization algorithms has been an active research area for over three decades.
The need to harness the computing power of multiprocessors to solve increasingly complex
problems and the emergence of a multitude of networked systems that lack central coordi-
nation such as wireless sensor networks [5], 123}, 51], (94, 122], 131, 173, 45| 76, [75] 59),
142}, [44], multi-robot and multi-vehicle networks [12}, 24], 117, 139, 187, 136, 28, 29,
188] and power systems [105], (61, 96, [83], 129, 120, (71, [78, 151, 174, 180, [56], necessi-
tated the design of optimization algorithms that can be implemented in a distributed man-
ner. More recently, the proliferation of datasets coupled with storage constraints, growing
computation costs and privacy concerns, has sparked significant interest in decentralized
optimization for machine learning [67), 137, 41, 21, 81, 178, 101, 147, 20}, 91, 90].

The diversity of the applications of distributed optimization makes a "one size fits
all” approach unlikely to achieve optimal performance in every setting. Moreover, the
distinct constraints inherent in different types of distributed systems are typically over-
looked during algorithm design. The goal of this thesis is to develop and study efficient
optimization methods that take into consideration the special requirements and limita-
tions present in distributed systems and their emerging applications. For the rest of this
work, we focus on the setting where the nodes of a connected, undirected network G(V, ),

with V = {1,2,...,n} denoting the set of nodes and & = {(,7) : i ~ j} the set of edges,
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collaborate to solve the following composite optimization problem

(1.0.1) min f(z) = Zfi(x),

zERP

where z € R? and f; : R — R.

Node 7 € V has unique private access to the function component f;. In addition, due
to the absence of a shared memory, each node maintains a local copy x; € RP of the global
variable x. Problem can then be reformulated to what is commonly referred to as
the consensus optimization problem [17] in the literature

min £(x) = ) fil:)
(1.0.2) =

st. (W® I[,)x =x,

where x = [2], 2}, ...,2.]" € R™ is the column-wise concatenation of local variables x;,
W € [0,1)"P*" is a matrix constructed in such a way that the constraint in Problemm
is satisfied iff z; = x; for all pairs (¢, j) € £, and I, is the identity matrix of dimension p.

We will be referring to W as the consensus matriz throughout this work.

Problems|1.0.1] and [1.0.2| are equivalent. However, unlike problem [1.0.1} the consensus

problem is separable with respect to the variables x; € R? and thus can be solved in a
decentralized fashion. A model of distributed computation where each component of the
decision vector is evaluated by a different processor was proposed as far back as in [162],
163, [17], while the first comprehensive analysis of a distributed (sub)gradient method for
solving problem in a distributed manner was published in [111]; starting from initial

point xg = [(21,)’, .., (Tno)]" € R™, the system iterates of Distributed (Sub)Gradient
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Descent (DGD) [111], can be expressed as
(1.0.3) X1 = Lxy — aVE(xg),

where Z = W ® I, I, is the identity matrix of dimension p, ® denotes the Kronecker
product operation, « is a positive steplength, Vf(x;) = [(Vfi(z1x)), ., (Vu(2nr))
and z; , the local decision variable at node 7 and iteration count k.

The building blocks of DGD and distributed optimization algorithms in general can
be observed in ; every iterate combines the local optimization of functions f; (a
gradient step in the case of DGD) with a communication or consensus step, where nodes
update their local variables by forming weighted averages with those of their neighbors
(term Zxy in (1.0.3)). Moreover, distributed optimization algorithms can be classified by
the order in which computation and consensus are combined to produce an update; DGD
is an example of an algorithm employing the Combine-Then-Adapt (CTA) strategy [141],
where local iterates are first combined into a weighted average followed by an adaptation
(computation) step. Conversely, the distributed gradient method known as diffusion [35]
employs the Adapt-Then-Combine (ATC) strategy, where gradient steps are locally exe-
cuted first and their results are combined in a weighted average. The system updates in

this case can be written as
(1.0.4) X1 = L(xp — aVE(xy)).

The NEAR-DGD method proposed in [13] generalizes (1.0.4) by combining a gradient

step with an arbitrary number of nested consensus rounds in a single iteration of the
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algorithm. The iterates of NEAR-DGD are given by

(1.0.5) xp = Z'Wy,

(1.0.6) Yit1 = xp, — aVE(xy),

where Z!®) = W'*) @ [, and {t(k)} is a sequence defining the number of consensus
rounds #(k) executed at the k' iteration of the algorithm. The strength of NEAR-DGD
in comparison to other distributed optimization methods lies in its flexible structure,
as the sequence {t(k)} can be tuned on a case-by-case basis to best accommodate the
underlying application and system properties.

The rest of the Introduction is organized as follows: in the next section we briefly
summarize some of the main classes of distributed optimization algorithms. Section
concerns the problems of communication bottlenecks and excessive computation costs
frequently arising in large-scale machine learning applications. In Section [1.3] we delve
into the topic on nonconvex distributed optimization, which is prominent in modern large-
scale machine learning systems and where deriving convergence guarantees is a challenging
task. Finally, in Section[I.4] we focus on the problem of multi-agent rendezvous in robotics

and investigate the particular type of asynchrony inherent in networks of mobile agents.

1.1. Summary of distributed optimization algorithms

Distributed optimization algorithms can be roughly divided into the following cate-
gories: (sub)gradient algorithms, primal dual methods, Newton-based methods and the
Alternating Direction Method of Multipliers (ADMM). We summarize some of the high-

lights for each category in the paragraphs below.
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e (Sub)gradient algorithms

As with DGD, these methods rely on first order information to optimize
local functions f;. Examples include a projected consensus algorithm for con-
strained optimization, [112], distributed Nesterov gradient methods [74], diffu-
sion algorithms where consensus is applied on local gradients instead of local
variables [35], 141], distributed proximal gradient methods [34] and gradient
methods with multiple nested consensus steps [13]. When functions f; are con-
vex, distributed first order methods generally converge to a neighborhood of the
optimal solution of problem with constant steplengths and require dimin-
ishing steplengths for exact convergence.

A special mention should be made of a class of distributed first order algo-
rithms sometimes referred to as ”gradient tracking” (GT) methods [113], 43, (146),
184, 130}, 177]. Gradient tracking methods maintain an additional variable that
converges over time to the true descent direction of problem i.e. instead
of taking a step towards V f;(x;), node i progressively moves in the direction of
Vf(x:i) =>1 Vfi(x;). These methods have been shown to admit a primal-dual
interpretation [113}, 176] and are capable of achieving exact convergence to the
solution of problem with constant steplengths when the functions f; are
convex.

e Primal dual methods

The observation that problem is a nonlinear optimization problem with

linear constraints led to the development of distributed primal-dual algorithms

[188, 79, 99, 18, 98, [73, 82]. These methods aim to locate the saddle points



(1.1.1)

(1.1.2)
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of a(n augmented) Langrangian function, such as
P
£,05.y) = 169 + (y, A%) + £,

where y is the dual variable, A is matrix suitably chosen to enforce consensus (eg.
A =1 —7Z) and p a tunable parameter (eg. p = 0 for non-augmented Lagrangian
methods).

Primal-dual algorithms typically update both the primal variable x and the
dual variable y at every iteration until convergence is reached. Like gradient
tracking methods, distributed primal-dual algorithms provably achieve exact con-
vergence with constant steplengths for convex objective functions.
Newton-based methods

The Newton method iterates for centralized optimization can be written

as [16]
T+l = T — @(VQf(xk))flvf(xk)a

where V2 f(x},) is the Hessian matrix of f at zy.

Newton methods typically enjoy superior convergence rates compared to gra-
dient methods at the cost of having to compute the inverse of the second-order
term V?f(x;). A number of works employ second-order information in order to
achieve fast convergence in the distributed setting, including primal-dual meth-
ods [73, 169] and distributed Newton methods that bypass the difficulty of
calculating the Hessian inverse (V2f(x))™' by replacing it with a suitable ap-

proximation [103], (97, [52].



(1.1.3)

(1.1.4)
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e The Alternating Direction Method of Multipliers (ADMM)

Consider the problem

min f(y) + g(2)
st. Fy+ Dz = c,

where y € R", z € R™, F € RP*" D € RP*™ and ¢ € RP.

While the objective function of problem is separable with respect to y
and z, the linear constraint Fy + Dz = ¢ is coupled. The Alternating Direction
Method of Multipliers [23] is a dual decomposition-based method that solves

problems of the form of using the augmented Lagrangian
P
Ly(y,2,0) = f(y) +9(z) = N Fy + Dz =) + S ||[Fy + Dz — |3,

where A is the dual variable and p a tunable parameter.

Each iteration of ADMM consists of three steps performed in a Gauss-Seidel-
like order; a minimization of £, with respect to of y, followed by a minimization
with respect to z and an update of the dual variable A\ to satisfy the optimality
conditions of problem [I.1.3] Distributed variants of ADMM with convergence

guarantees have been proposed in [72, 107, 167, 16§].

e Other methods

Instances include coordinate descent algorithms [67, 137, 18| 60, 121,
flocking-based methods [124] and distributed adaptations of Nesterov’s dual av-

eraging algorithm [51].
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In the next section, we focus on two major challenges in large-scale Machine Learning
systems, namely communication bottlenecks and the increasing cost of gradient eval-

uations. After a summary of the existing literature, we outline our contributions on

extending the NEAR-DGD method ([1.0.5)) (1.0.6) to accommodate these challenges.

1.2. Challenges in Distributed Large-Scale Machine Learning I:

Computational & Communication Constraints

1.2.1. Literature review

1.2.1.1. Distributed optimization algorithms with quantized communication.
The amount of communication between nodes has long been identified as a major perfor-
mance bottleneck in decentralized computing, especially as the volume and dimensionality
of available data increase [135], [82]. Limiting inter-node communication without overly
sacrificing accuracy is an active research topic, and popular solutions include applying
quantization techniques [135], 3|, 132], which compress information so it can be transmit-
ted with fewer bits, or sparsification methods [166), [4], which aim to decrease the number
of transmitted bits while simultaneously enforcing vector sparsity (other approaches can
be found in [81], 165]). While sparsification methods yield substantial gains in prac-
tice [4], they increase the variance of the information exchanged via the communication
channel [166] and for this reason we do not investigate them in this work. Moreover, in
any practical setting where the bandwidth of the communication channel is limited, the
information exchanged cannot be represented by real-valued vectors with arbitrary pre-

cision. This limitation can prevent algorithms from converging to the true optimal value
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of Problem (1.0.2)) [47,, [46], 128, 10]. Both of these concerns motivate us to design dis-
tributed optimization methods where nodes receive inexact/quantized information from
their neighbors.

Multiple works in the literature focus on studying the effects of quantized communi-
cation on the convergence of distributed algorithms and on the design of methods robust
to quantization error. An energy-based analysis of distributed incremental algorithms
under quantized communication which characterized the dependency of the error induced
by quantization on the quantization interval was first established in [132]. The conver-
gence properties of DGD [I11] when both communication and storage are quantized were
later studied in [110], while [88] investigates the behavior of the same algorithm under
deterministically quantized communication. The distributed dual averaging method [51]
under both deterministic and probabilistic quantization of transmitted information was
studied in [182]. Various works focus on distributed averaging (consensus) algorithms
in conjunction with bandwidth-limited communication resulting from the application of
deterministic quantization schemes [109] [77, 102 53], probabilistic/randomized tech-
niques [10}, B2] and dynamic communication protocols [54].

A number of different approaches have been proposed to guide distributed algorithms
with inexact communication towards optimality, such as using weighted averages of in-
coming quantized information and local estimates [135], 46|, designing custom quantiz-
ers [84), [47, 128], employing encoding/decoding schemes [3], 135], 79|, and utilizing error
correction terms [189], 84, [47]. Among these, only [128], [84] achieve exact convergence
with linear rate by employing dynamic quantizers which require the tuning of additional

parameters and global information at initialization. Moreover, neither of these methods
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allow for adjusting the amounts of computation and communication executed at every
iteration.

1.2.1.2. Stochastic gradient in distributed optimization. Consider a supervised
learning setup [22], where the goal is to construct a model of the relationship between an
input variable X and an output variable Y from measured instances (g, yx), k =1, ..., M.
Let f,, be a function parametrized by a vector w which serves as an estimate of the true
mapping from X to Y. Moreover, let [(7,y) be a loss function representing the cost of the
model erroneously predicting 7 instead of the true value y. The empirical risk Ep(f.) of
the chosen model is the average value of the loss function across all M existing samples

and is given by the expression

(1.2.1) Ey(fw) = : D U fuwlr) ye)-

M k=1

Minimizing empirical risk with respect to the parameter vector w is a basic machine
learning tool; however, as is evident from Eq. , the computational cost of doing so
scales unfavorably with the number of available samples M. As a consequence, the price
of a gradient evaluation can become prohibitive in large-scale systems. This problem was
partially mitigated by the introduction of Stochastic Gradient Descent (SGD) [22], 190]
and mini-batching gradient algorithms [80, (50}, 89, [62], 11], which rely on calculating
an approximation of the true gradient at every iteration by appropriately subsampling
the original dataset. Various studies and analyses on stochastic gradient based meth-

ods have been conducted in centralized settings [22), [62], federated learning (client-server

model) [T01], 790] and distributed settings over general topologies [90), 106, 126], which
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is the setting this thesis adopts. Existing results indicate that general network topolo-
gies have potential advantages over client-server architectures [90]. Other works have
demonstrated that certain distributed stochastic methods achieve a variance reduction
effect similar to mini-batching [125], 148), 127, [145] (for more comparisons between dis-
tributed and centralized stochastic methods, we refer interested readers to [106), 126]).
Finally, the authors of [144] conduct an extensive cost-benefit analysis of distributed
stochastic algorithms but only for a limited number of network topologies.

There exists an extensive body of work on distributed stochastic optimization over
general networks. Existing approaches include stochastic variants of DGD [154), 149,
90], stochastic diffusion algorithms [160], 106}, 127], primal-dual methods [33, 82, [65],
gradient-push algorithms [114, 148], the dual-averaging method [51], accelerated dis-
tributed algorithms [57] and stochastic distributed gradient tracking methods [104], 125),
145, 175, 87]. While some of these methods reach exact convergence (in expectation)
with linear rates (eg. stochastic variants of gradient tracking, exact diffusion), they achieve
this by utilizing variance reduction techniques that may have excessive memory require-
ments. Moreover, all of the aforementioned algorithms have a fixed structure and lack

adaptability to diverse environments.

1.2.2. Contributions

In Chapter 2] we propose and analyze the Stochastic-NEAR-DGD (S-NEAR-DGD) method,
a distributed algorithm which utilizes stochastic gradient approximations and can toler-
ate noisy communication to conserve bandwidth and computational resources. Our main

contributions are summarized as follows:
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(1) S-NEAR-DGD is based on a class of flexible algorithms (NEAR-DGD) [13] which
permits adjusting the amounts of computation and communication performed
during a run of the method. It is, thus, to the best of our knowledge, the only
distributed method using stochastic gradient approximations and quantized com-
munication that can be tailored on a case-by-case basis to balance convergence
accuracy and total application cost in a diverse set of environments;

(2) We study various techniques for handling communication errors and investigate
their effects on the convergence of distributed algorithms. We empirically demon-
strate that Gradient Tracking (GT) methods may diverge in the presence of noise
in the communication channel, unless the appropriate error correction is imple-
mented. Conversely, purely primal methods such as S-NEAR-DGD appear to be
more robust to noisy communication;

(3) We provide theoretical results which prove that S-NEAR-DGD converges to a
neighborhood of the optimal solution with linear rate. Parts of the results have
appeared in our previous works [15] and [70], where we considered deterministic
quantization and stochastic gradient errors separately. We note that the com-
munication errors considered in Chapter [2| are stochastic and include the ones
in [15] as a special case. The stochastic nature calls for an error correction mech-
anism to prevent the communication errors from accumulating, which requires

new analysis.

The next section is dedicated to another challenge arising in decentralized large-scale
Machine Learning (ML) systems, which is closely related to the recent popularity of

artificial Neural Networks (NN) given their superior performance in ML tasks. Namely,
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we focus on the setting where the objective function f : R? — R or Problem ((1.0.1)
is nonconvex, and where the obtainment of convergence guarantees can be particularly

difficult. After reviewing the existing literature on this topic, we outline our contributions.

1.3. Challenges in Distributed Large-Scale Machine Learning II: Nonconvex

Optimization

Problems [1.0.1] and [1.0.2| are common in large-scale decentralized machine learn-

ing [67), 137, 21], where the data is distributed over multiple networked computing units.
Nonconvex objective functions feature prominently in machine learning applications, at-
tracting significant interest in the development and analysis of distributed optimization
methods for nonconvex problems [3I]. The convergence of DGD when the function f of
Problem1.0.1] is nonconvex has been studied in [186]. NEXT [95], SONATA [143), [40],
xFilter [152] and MAGENTA [68], are some examples of distributed methods that uti-
lize gradient tracking and can handle nonconvex objectives. Other approaches include
primal-dual algorithms [64], [66] (we note that primal-dual and gradient tracking algo-
rithms are equivalent in some cases [113]), the perturbed push-sum method [159], zeroth
order methods [63), 158], and stochastic gradient algorithms [19], 90}, 157, 153].
Providing second order guarantees when Hessian information is not available is a chal-
lenging task. As a result, the majority of the works listed in the previous paragraph
establish convergence to critical points only. A recent line of research leverages existing
results from dynamical systems theory and the structural properties of certain problems
(which include matrix factorization, phase retrieval and dictionary learning, among oth-

ers) to demonstrate that several centralized first order algorithms converge to minimizers
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almost surely when initialized randomly [85]. Specifically, if the objective function sat-
isfies the strict saddle property, namely, if all critical points are either strict saddles or
minimizers, then many first order methods converge to saddles only if they are initial-
ized in a low-dimensional manifold with measure zero. Using similar arguments, almost
sure convergence to second order stationary points of Problem is proven in [40] for
DOGT, a gradient tracking algorithm for directed networks, and in [66] for the first order
primal-dual algorithms GPDA and GADMM. The convergence of DGD with constant
steplength to a neighborhood of the minimizers of Problem is also shown in [40].
The conditions under which the Distributed Stochastic Gradient method (D-SGD), and
Distributed Gradient Flow (DGF), a continuous-time approximation of DGD, avoid sad-
dle points are studied in [155] and [156], respectively. Finally, the authors of [159] prove
almost sure convergence to local minima under the assumption that the objective function
has no saddle points.

Given the diversity of distributed systems in terms of computing power, connectiv-
ity and energy consumption, among other concerns, the ability to adjust the relative
amounts of communication and computation on a case-by-case basis is a desirable at-
tribute for a distributed optimization algorithm. While some existing methods are de-
signed to minimize overall communication load (for instance, the authors of [152] employ
Chebyshev polynomials to improve communication complexity), all of the methods listed
above perform fixed amounts of computation and communication at every iteration and

lack adaptability to heterogeneous environments.
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1.3.1. Contributions

In Chapter 3} we extend the convergence analysis of the NEAR-DGD method, originally
proposed in [13], from the strongly convex to the nonconvex setting. NEAR-DGD is a
distributed first order method with a flexible framework, which allows for the exchange of
computation with communication in order to reach a target accuracy level while simulta-
neously maintaining low overall application cost. We study two instances of NEAR-DGD:
a variant performing a fixed number of consensus rounds at every iteration (NEAR-DGD?),
and a time-varying variant where the number of consensus rounds executed increases by
one at every iteration (NEAR-DGD™). We design custom Lyapunov functions which
track the progress on Problem and the distance to consensus for both cases, and
demonstrate under weaker assumptions compared to similar works in the literature that
NEAR-DGD' converges to the set of critical points of our defined Lyapunov function and
to approximate critical points of the function f of Problem [1.0.1] while NEAR-DGD*
converges to the set of critical points of f. Moreover, we show that the gap between the
limit points of NEAR-DGD? and the critical points of f can become arbitrarily small by
appropriate selection of algorithm parameters. Finally, we employ recent results based on
dynamical systems theory to prove that both variants almost surely avoid strict saddles.
Our analysis is shorter and simpler compared to other works due to the convenient form

of our Lyapunov functions.
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1.4. Challenges in Distributed Mobile Agent Systems: The Case of the

Rendezvous Problem

The “rendezvous” problem, first studied in [6], concerns steering a group of robots
to a common meeting point using exclusively local information, such as the positions or
headings of other robots located within a sensing radius. Rendezvousing is an important
component in a multitude of complex cooperative control applications, such as search
and rescue [30], mine countermeasure [181], area exploration and monitoring [138], [2],
refueling and recharging of unmanned ground vehicles (UGVs), unmanned aerial vehicles
(UAVs) and autonomous underwater vehicles (AUVs) [140, 100, [86], target tracking
[116], herding [119] and emergency evacuation [39], to name a few.

The authors of [6] proposed the so-called “circumcenter” algorithm to guide a group
of robots capable of mutually observing the positions of other robots in their proximity
to a rendezvous location on the 2-dimensional plane. Specifically, robots continuously
and asynchronously execute cycles consisting of the following steps: i) observation of the
positions of neighboring robots, ii) calculation of target positions based on most recent
observations and #i7) movement towards the target positions. The robots are restricted
in the distance they can cover within one cycle, and are unable to modify their directions
until a new cycle begins. The synchronous and asynchronous versions of the circumcenter
algorithm, again for the 2-dimensional plane, were later elaborated on in [92] and [93],
respectively. The authors of [92], 93] adopt a "stop and go” strategy composed of a
“sensing” period where agents observe their surroundings, and a “maneuvering” period
where agents move to a target point and then rest. Moreover, restrictions are imposed on

the distances agents can cover and the total time they can travel within each phase. The
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synchronous version of the circumcenter algorithm was studied under weaker assumptions
in [37], while the authors of [38] proposed a class of synchronous circumcenter algorithms
for switching topologies and arbitrary dimensional spaces that are robust to link failures
and capable of maintaining edges between neighboring robots over time by restricting
their motion range and defining a set of allowable graphs.

A different line of works leverages the connection between rendezvousing and what is
known as “consensus” in the distributed computing literature [162], 17, 163]; namely the
exchange of values between neighboring agents and the formation of weighted averages
of local and neighbor values with the aim of reaching agreement between agents. Indeed,
the rendezvous problem can be viewed as a consensus problem where agent positions
serve as the local decision variables, a fact that has been previously noted in the litera-
ture [118], 27]. Without explicitly mentioning consensus, the authors of [36] propose an
asynchronous Center-Of-Gravity (COG) algorithm for robotic systems, which similarly
to [6], operate in “Look-Compute-Move” cycles corresponding to sensing the environ-
ment (positions of neighboring robots), computing the COG of the observed robots and
moving towards the computed point in a straight line, respectively. Two distinct mo-
tion models are considered: an “undisturbed motion model” where robots always reach
their destinations, and a “sudden stop model”, where robots are guaranteed to move a
minimum distance towards the goal point. The convergence of a class of asynchronous
consensus processes which includes the sudden stop model of [36] as a special case was
subsequently shown in [58] using paracontractions theory. In the same year, the authors of
[25] proposed a consensus protocol utilizing column stochastic matrices that is capable of

achieving rendezvous called “Consensus-Based Rendezvous” (CRB); they later provided
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probabilistic convergence guarantees for CRB in the presence of stochastic noise with
bounded variance in [26]. In [I171], consensus schemes are employed to reach rendezvous
under asynchronous and intermittent communication over switching and directed graphs;
the robots operate in sensing-computing-moving cycles with deterministically bounded
length, and do not rest or change direction within a cycle. The work [108] considers
event-triggered rendezvous for two-wheeled robots under time-varying communication de-
lays; however, the proposed controller relies on one-dimensional consensus protocols and
hence each motion coordinate is updated separately at a different time.

Finally, a special mention should be made of the challenge of maintaining network
connectivity while rendezvousing, due to the fact that the existence of edges usually
depends on distance-based criteria. Graph maintenance is out of the scope of this thesis,

but examples of approaches for tackling this issue can be found in [27, [38], 150}, 185), [48].

1.4.1. Contributions

In Chapter [ we propose a fully asynchronous algorithm for distributed multi-agent ren-
dezvous and derive its convergence properties. Our work adopts a fundamentally different

approach to the rendezvous problem with respect to existing works in the following ways:

(1) We wish to handle the simultaneous optimization of local position-dependent cost
functions related to the background application alongside rendezvousing; hence,
we model the rendezvous problem as a consensus optimization problem rather
than as a consensus problem. Under the assumption of strong convexity, we

define the optimal rendezvous point x* in an arbitrary p-dimensional space to be
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the solution of Problem [1.0.1] i.e.

n
_— . _ .
o = argmin /(1) = 3 /(o).
where f; : R — R is the local cost function assigned to agent i € V.

Note that by setting f; = 0, the consensus optimization problem , i.e. Problem
which is equivalent to Problem [I.0.1] reduces to the standard consensus
problem. While there exists an extensive literature on asynchronous distributed
optimization algorithms (eg. [97, 133,134, 64, 161,72, 121]), these works have
not been developed for the mobile agent setting and do not provide convergence
guarantees for the type of asynchrony we study.

(2) We model the asynchronous activations of agents as the arrivals of local indepen-
dent Poisson processes, i.e. agent ¢ € } is associated to a local Poisson clock with
parameter \;. The parameters \; can be different for each agent, thus allowing
for heterogeneity in update frequencies.

(3) With regard to agent mobility, our setting is most similar to the one described
in [I71]. We assume that agents randomly alternate between two non-overlapping
states: i) an “active” state, where they can perform computations, read and
broadcast messages and adjust their velocities; and ii) a “inactive” state where
they listen for messages from other agents which are stored in local buffers. These
states roughly correspond to the “computing” and “moving” phases described in
the previous section. In line with existing works on rendezvousing, our agents
are unable to change their directions during inactive states. Moreover, they

never become stationary, unless they explicitly set their velocities equal to zero.
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Unlike [171], we do not impose deterministic bounds on the duration of inactive

states and unlike [93] [36] we do not restrict agent motion range.
In addition to our novel approach, our algorithm enjoys the following properties:
(1) It provably converges to an arbitrarily small small neighborhood of the optimal
rendezvous point while achieving approximate rendezvous;
(2) Tt is fully asynchronous and can handle outdated information.
We provide probabilistic convergence guarantees for our algorithm in Section 4.2 of Chap-
ter We conduct our analysis in discrete time; moreover, our analysis is simple and

intuitive and does not rely on complex mathematical tools.
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CHAPTER 2

S-NEAR-DGD: A Flexible Distributed Stochastic Gradient
Method for Inexact Communication
2.1. Algorithm Development

2.1.1. Notation & Assumptions

In this Chapter, all vectors are column vectors. We use uppercase boldface letters for
matrices. We will use the notation 1,, for the vector of ones of dimension n. The element
in the ¢-th row and j-th column of a matrix H will be denoted by h;;, and the p-th element
of a vector v by [v] . The transpose of a vector v will be denoted by v". We will use || - |
to denote the ly-norm, i.e. for v € R? ||v|| = P [v]?, and (v,u) to denote the inner
product of two vectors v, u. Finally, we define N; to be the set of neighbors of node 1, i.e.,
Ni={jeV:(ij) €&}

We adopt the following standard assumptions on the local functions f; and the con-

sensus matrix W of Problem [[.0.2

Assumption 2.1.1. (Local Lipschitz gradients) Each local objective function f;

has L;-Lipschitz continuous gradients, i.e. |V fi(x) =V fi;(y)|| < Li||lx —y|, Vz,y € RP.

Assumption 2.1.2. (Local strong convexity) Fach local objective function f; is

pi-strongly convew, i.e. fi(y) > fi(x) + (Vfi(x),y — ) + &z —y|3, Vz,y e R
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Assumption 2.1.3. (Consensus matrixz) The matric W € R™™ has the following
properties: i) symmetry, ii) double stochasticity, and i) w; ; > 0 iff (i,7) € € ori =j

and w; ; = 0 otherwise.
7-]

Since W is symmetric it has n real eigenvalues, which we order by A, < \,_; < ... <
Ao < A1 in ascending order. Assumption implies that A\; = 1 and Ay < Ay for any
connected network. The remaining eigenvalues have absolute values strictly less than 1,
i.e., =1 < \,. Moreover, the equality (W ® [,,) x = x holds if and only if z; = z; for all
(1,7) € € [111]. For the rest of this chapter, we will refer to the absolute value of the

eigenvalue with the second largest absolute value of W as 3, i.e. = max{|\a|, |[\u|}

2.1.2. The S-NEAR-DGD method

To accommodate bandwidth-limited communication channel, we assume that whenever
node ¢ € {1,...,n} needs to communicate a vector v € RP to its neighbors, it sends
an approximate vector 7, [v] instead, i.e., 7.[-] is a randomized operator which modifies
the input vector to reduce the bandwidth. Similarly, to model the availability of only
inexact gradient information, we assume that instead of the true local gradient Vf; (z;),
node ¢ calculates an approximation 7, [V f; (x;)], where 7, [-] is a randomized operator
denoting the inexact computation. We refer to this method with inexact communication
and gradient computation as the Stochastic-NEAR-DGD (S-NEAR-DGD) method.
Each node i € {1,...,n} initializes and preserves the local variables xfk and y; k.
At iteration k£ of SSNEAR-DGD, node i calculates the stochastic gradient approximation
Gik—1=Tg [V fi (xf(,f:ll ))} and uses it to take a local gradient step and update its internal

variable y; ;. Next, it sets :ng = y;, and performs #(k) nested consensus rounds, where
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Algorithm 1: S-NEAR-DGD at node ¢
Initialization: Pick xﬁfg) = Y0
for k=1,2,... do

Compute g -1 =T, [Vfi <$f(::11)>}

Update y;x fﬂf(ll:ll) — i k-1

Set 7). = Yix

for j=1,...,t(k) do
Send ¢/, = 7. [#;'] to neighbors I € A and receive g,
Update xik =2 (w“qu,k> + (xﬁl - qgk)

end

end

during each consensus round j € {1,...,¢(k)} it constructs the bandwidth-efficient vector
qfk =17, [Q:J.;l], forwards it to its neighboring nodes [ € N; and receives the vectors qik
from neighbors. Finally, during each consensus round, node ¢ updates its local variable
xzk by forming a weighted average of the vectors ql{ w L =1,...,n and adding the residual
error correction term (l‘f;l — qfk) The entire procedure is presented in Algorithm .
Let xf)(o) = Y0 = [Y1,0;---;Yno) be the concatenation of local initial points y; o at nodes
i = 1,...,n as defined in Algorithm [I The system-wide iterates of S-NEAR-DGD at

iteration count k and j-th consensus round can be written compactly as,

(2.1.1a) Vi = xz(fl_l) — agr_1,
(2.1.1b) x,=x) "+ (Z -1, ql, j=1,...tk),

where x =y, Z=(W®I,) € R g, 1 =T, [vfz (mf(iljjll)ﬂa qfk =T [d;l} for
j=1,...,t(k) and g, and qi are the long vectors formed by concatenating g; ;1 and

q,, over i respectively.
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Moreover, due to the double stochasticity of W, the following relations hold for the

average iterates gr = = > " |y and 7, = = > " a7, for all k and j,

(2.1.2a) Uk = 9732;(51_1) — k-1,

(2.1.2b) o=z j=1,..,tk),

where gk—l = %Z?:l gi,k—l'
The operators 7.[-] and 7,[] can be interpreted as 7. [:r:f;l} = atﬁl + €g,k7 and
T, [sz <xf(::11)>} = V/f; (xffj?) + Gk, Where E‘Zk and ¢, are random error vectors.

We list our assumptions on these vectors and the operators 7. [-] and 7, [-] below.

Assumption 2.1.4. (Properties of 7.[-|) The operator T.[-] is iid for all i =
L,..,n, j=1,...,t(k) and k > 1. Moreover, the errors efk =7 [xﬁl} — :Eﬁl have zero

mean and bounded variance for alli =1,...n, j=1,...,t(k) and k > 1, i.e.,

Er. [¢,|el'] =0, Er |

o
el kll?zii'] < ot

where o, is a positive constant and the expectation is taken over the randomness of 7T..

Example 1. (Probabilistic quantizer)
An example of an operator satisfying Assumption |2.1.4] is the probabilistic quantizer
in [182], defined as follows: for a scalar x € R, its quantized value Q [x] is given by
|z with probability ([z] — z) A

Qla] =
[x]  with probability (x — |x]) A,
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where |z| and [x] denote the operations of rounding down and up to the nearest integer

multiple of 1/A, respectively, and A is a positive integer.
It is shown in [182] that E [33 -Q [x]] =0and E [Jz — Q [:c]|2] < 1xz. For any vector
v = [v,‘]i:{lwp} in R?, we can then apply the operator Q element-wise to obtain 7, [v] =

[Q [vl]] in R? with E7, [v — T [v] |[v] = 0 and E7, |

2
i={1,....p} v =T [V]]I” |v] < &= = o2,

Assumption 2.1.5. (Properties of T,[-|) The operator T, -] is iid for alli =1, ...,n
and k > 1. Moreover, the errors ¢, =Ty [sz (mf(,]:__ll)ﬂ -V (x:(,f__ll)> have zero mean

and bounded variance for alli =1,...,n and k > 1,

Er, |Gk

k—
2] =0, Ex [lGl?

t(k—1) 2
Lk } < 0y

where o, is a positive constant and the expectation is taken over the randomness of T,.

Assumption [2.1.5]is standard in the analysis of distributed stochastic gradient meth-
ods [154}, 114} (125, [90].

We make one final assumption on the independence of the operators 7. [-] and T[],
namely that the process of generating stochastic gradient approximations does not affect

the process of random quantization and vice versa.

Assumption 2.1.6. (Independence) The operators T, [-] and T.[-| are independent

foralli=1,...,n,j=1,..,tk) and k > 1.

Before we conclude this section, we note that there are many possible choices for
the operators 7. [-] and 7, [-] and each would yield a different algorithm instance in the

family of NEAR-DGD-based methods. For example, both 7. [-] and 7, [-] can be identity
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Method Communication Computation
NEAR-DGD [13], NEAR-DGD'e:ts [14] 7. [#] k] =al, T, V5 (1) = v xt(k)%
NEAR-DGD+Q [15] 7;[ ] =], +e 1! (D) To | V1 (a0 = v (21
SG-NEAR-DGD [70) A k] —at, T, [V Ex“’“)g =Vfi E zly )g +Cikr1 (R)
S-NEAR-DGD Teloly] =al, 4+l ®) T [VA (#9))] = va z“ )+ Grsr (R)

Table 2.1. Summary of NEAR-DGD-based methods. (D) and (R) denote
deterministic and random error vectors respectively.

operators as in [I13]. We considered quantized communication using deterministic (D)
algorithms (e.g. rounding to the nearest integer with no uncertainty) in [15], while a
variant of NEAR-DGD that utilizes stochastic gradient approximations only was presented
n [70]. This chapter unifies and generalizes these methods. We summarize the related
works in Table denoting deterministic and random error vectors with (D) and (R),

respectively.

2.2. Convergence Analysis

In this section, we present our theoretical results on the convergence of S-NEAR-DGD.
We assume that Assumptions hold for the rest of this chapter. We first focus
on the instance of our algorithm where the number of consensus rounds is constant at
every iteration, i.e., t(k) =t in for some positive integer ¢ > 0. We refer to this
method as S-NEAR-DGD?. Next, we will analyze a second variant of S-NEAR-DGD,
where the number of consensus steps increases by one at every iteration, namely t(k) = k,
for k > 1. We will refer to this new version as S-NEAR-DGD™.

Before our main analysis, we introduce some additional notation and a number of

preliminary results.
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2.2.1. Preliminaries

We will use the notation .7-—2 to denote the o-algebra containing all the information gener-
ated by S-NEAR-DGD up to and including the k-th inexact gradient step (calculated us-
ing using gr_1) and j subsequent nested consensus rounds. This includes the initial point
X0 = Yo, the vectors {x. : 1 <1 <t(r)if 1l <7 <kand1<I<jifr =k}, the vectors
y, for 1 <7 <k, the vectors {q. : 1 <1 <t(r)if1<7<kand1<[<jif 7=k} and
the vectors g, for 0 < 7 < k — 1. For example, F; would denote the o-algebra containing
all the information up to and including the vector y generated at the k-th gradient step
(notice that F? contains the inexact gradient g;_1, but not gy), while F} would store all
the information produced by S-NEAR-DGD up to and including x!, generated at the [*"
consensus round after the k-th gradient step using g;_;.

We also introduce 4 lemmas here; Lemmas [2.2.1] and [2.2.2| will be used to show that

the iterates generated by S-NEAR-DGD? are bounded and to characterize their distance
to the solution of Problem . Next, in Lemmas and we prove that the
total communication and computation errors in a single iteration of the S-NEAR-DGD'
method have zero mean and bounded variance. These two error terms play a key role in
our main analysis of convergence properties.

The following lemma is adapted from [115, Theorem 2.1.15, Chapter 2].

Lemma 2.2.1. (Gradient descent) Let h : R? — R be a p-strongly convex function

with L-Lipschitz gradients and define x* := argmin, h(z). Then the gradient method
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_2

T yenerates a sequence {xy} such that

Tpr1 = v — aV f (xy) with steplength o <

2oL N
o =217 < (1 225 ) o - )

Lemma 2.2.2. (Convexity and smoothness) The global function f : R — R,

f(x) = 130" fi(x) is p-strongly conver and L-smooth, where ;i = min; p; and L =

max; L;. In addition, the average function f : RP — R, f(z) = 13" | fi(x) is py-strongly

n
1=

conver and Lg-smooth, where pj = %Z?:l pi and Ly = % Yoy L.

Proof. This is a direct consequence of Assumptions [2.1.1| and [2.1.2] 0]

Lemma 2.2.3. (Bounded communication error) Let & = x;, — Z'y}, be the
total communication error at the k-th iteration of S-NEAR-DGD', i.e. t(k) =t in (2.1.1al)
and (2.1.1b)). Then the following relations hold for k > 1,

4 2
) -0, B flel’172] < 725

Proof. Let Z = Z — Ip. Setting x} = y; and applying (2.1.1b), the error Ep

can be expressed as &, = x; ' + Zq}, — Z'x). Adding and subtracting the quantity

S5 (@) = 0 (7 (6 Za) ) (o (21.10)) vields,

t— t—1
Eik =7 (q’,‘;: — xtfl) — (Zt*jxi) + (Zt*jxf:l)
1 =2

)

<.
Il

t—1

+>(224)) + 277 (a} - x})

=2
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t—1

where have taken the (t — 1) term out of —ijl

S (25 (s + 7))

We observe that sz (z' xfg) = 23;12 (Zt_j“xi_l), and after rearranging and com-

(Zt_jxi) and the 1% term out of

bining the terms of the previous relation we obtain,

t

(2.2.1) = (Zt_jz (af - Xi_l)) :

J=1

Let di = qi; —Xf:l. Noticing that df = [ef7k; s eflk] as defined in Assumption |2.1.4} it

follows that Er- [d;

F'| = 0for 1 <j <t Due to the fact that FY C F} C .. C F

applying the tower property of conditional expectation yields,

(2.2.2) ;. [d;;

f;?] =Er, [ETC [di

7 |F] =o.

Combining the preceding relation with (2.2.1]) and due to the linearity of expectation, we
obtain E7. [Stc k‘]:f] = 0. This completes the first part of the proof.

Let Di =7 Zdi. By the spectral properties of Z, we have

Hzt—fZH = max [\ 7|\ — 1] < 267,
1>



41

We thus obtain for 1 < j <t
Er. (|10 |72] < 46* Bz [ | 7]

e o o ]

S Ex [Jlel’ 7]
=1

(2.2.3)
— 452(t_j)ET

]-“,S]

< 4% )ng?,

where we derived the second inequality using the tower property of conditional expectation
and applied Assumption to get the last inequality.
Assumption implies that for iy # i and j; # jo, efllk and efjk and by extension

@' and dJ* are independent. Eq. (2.2.2) then yields E, [(Dg, DJ?)

.7:,8] = 0. Combining

12
this fact and linearity of expectation yields E, [Hé’fk‘f |.7:,8] =Eg HZ;ZI D] ]-",S] =
Z;:l Er. HD%H2 ‘]—",8 . Applying to this last relation yields,
Er. (66|72 < ano? $ gn < 0o
Te t.k k| = c -1 52’

j=1

where we used 22:1 [2E=0) = Z;;E B = 11:%2; < 1552 to get the last inequality.

Lemma 2.2.4. (Bounded computation error) Let £ = g1 — V£ (x}_,) be the

computation error at the k-th iteration of S-NEAR-DGD'. Then the following statements
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hold for all k > 1,

Er, [E|Fi.] =0, Er [I€01° | Fio] < o

g

Proof. We observe that & = [(14;...; (o as defined in Assumption m Due to

the unbiasedness of 7, [-], we obtain
Er, [£1|Fi-1] = E7, [gr-1 — VE (x4) [Fra] =0,
For the magnitude square of & we have,

1L = [Jgrr — VE (k) || = D NGl
=1

Taking the expectation conditional to F}_; on both sides of the equation above and using

Assumption [2.1.5| establishes the desired results. 0

We are now ready to proceed with our main analysis of the convergence properties of

S-NEAR-DGD.

2.2.2. Main Analysis

For simplicity, from this point on we will use the notation E[-] to denote the expected
value taken over the randomness of both 7. and 7,. We begin our convergence analysis
by proving that the iterates generated by S-NEAR-DGD! are bounded in expectation
in Lemma [2.2.5] Next, we demonstrate that the distance between the local iterates
produced by our method and their average is bounded in Lemma [2.2.6] In Lemma [2.2.7]

we prove an intermediate result stating that the distance between the average iterates of
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S-NEAR-DGD! and the optimal solution is bounded. We then use this result to show
the linear of convergence of S-NEAR-DGD! to a neighborhood of the optimal solution in
Theorem [2.2.8 and we characterize the size of this error neighborhood in terms of network
and problem related quantities and the precision of the stochastic gradients and the noisy
communication channel. We prove convergence to a neighborhood of the optimal solution
for the local iterates of S-NEAR-DGD? in Corollary 2.2.9 We conclude our analysis by
proving that the average iterates of S-NEAR-DGD™ converge with geometric rate to an

improved error neighborhood compared to S-NEAR-DGD? in Theorem [2.2.10

Lemma 2.2.5. (Bounded iterates) Let x5, and yy be the iterates generated by S-

NEAR-DGD' (t(k) =t in Eq. and ) starting from initial point yo = Xq €
R™ and let the steplength o satisfy

2

o< ——
1+ L

Y

where p = min; p; and L = max; L;.

Then X, and yy are bounded in expectation for k > 1, i.e.,

(14 K)*no; . 2(1 + k)*no?
212 a(l= 52 L2

E [|lyxlI"] < D+

(14 k)*noz  2(1+k)*no?  4no?

C

27 T a(l—pyI2  1—p

E [xt*] < D+

where D = 2E [HyO_U*H2] + 21+ 4 ) ), wt = [uhul.ul] € R, uf =

ooy n

2apu L

> and k = L/ is the condition number of Problem|1.0.2,

argmin, f;(z), v =
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Proof. Consider,

[yier = w'[)* = [ — agy — w]|”
= ||xt — aVE(xL) — u* — agl,||”
= [|x. — V() — wt[|” + o [J€L,F — 20 (xf — aVE(x) —u' L)
where we used to get the first equality and added and subtracted o'Vf (x}) and

applied the computation error definition &; =g VI (x%) to obtain the second equality.

Taking the expectation conditional to F} on both sides of the inequality above and

applying Lemma yields,
(22.4) E[llyes = wP | 7] < %, - aVE(d) = w* + a?no?.

For the first term on the right-hand side of (2.2.4]), after combining Lemma with

Lemma and due to a < ;ﬁ we acquire,
foC —aVf(xh) — u*H2 <(1-v) sz — u*HQ,

2L __ 2al

ol — 2ol o,

where v =
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Expanding the term on the right hand side of the above relation yields,
HX'}c — u*H2 = Hgfk + Z'y, — Z'u* + Z'a* — u*||2
C 2 2 C
=[5l + 112" (i =) = (1 = 2°) w'|" + 2 (€8, Zyi — )
& 2 * 2
< [& 1" + @+ ) [|Z (v — w)
+ (L[ - 2w+ 208 Zys - w)
c 12 — c *
<&+ ) fly — o |P 4 (L4270t + 28 2y — u')
where we added and subtracted the quantities Z'y; and Z‘u* and applied the communi-
cation error definition &, := x}, — Z'yy to get the first equality. We used the standard
inequality 4+2(a,b) < cl|la||* + ¢7!{|b]|* that holds for any two vectors a,b and positive
constant ¢ > 0 to obtain the first inequality. Finally, we derived the last inequality using
the relations ||Z*|| = 1 and ||[I — Z*|| < 2 that hold due to Assumption [2.1.3]
Due to the fact that Fp C Ff, combining the preceding three relations and taking the
expectation conditional on F} on both sides of ([2.2.4) yields,
2 ¢ 112
E|[[yes = w[|70] < (1= %) llyx = wIP + a%no? + (1 = v)E [[|&5]° | 7]
+4r7t (1= [Jut)? + 2(1 — v)E [(&84, Zyy — w*) | F7]

Ano?
*12 c — *(12
< (1=22) [lye — u|| +a2nag+(1—y)1_62+4y Y1 =22 [Jur))?,
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where we applied Lemma to get the last inequality. Taking the total expectation on

both sides of the relation above and applying recursively over iterations 0,1, ..., k yields,

E[Hyk _ u*H2] S (1 B V2)k]E |:||y0 . u*HQ] + 0421/_272,0'3
4no?

-

<E[|lyo - u*||2} + a2y—2na; +

+wt-vh +4 (1/_3 — y_l) ||u*||2

4 2no?
1— 3

+4v70 Jur|?,
where we used Z:;é (1-— V2)h < v72 to get the first inequality and v > 0 to get the
second inequality.

Moreover, the statement ||y,|* = |lyx — u* + u*||*> < 2|lyx — w*||* + 2 |Ju*|| trivially
holds. Taking the total expectation on both sides of this relation, yields,

E[lyel*] < 28 [lye — w)?] +2 o)

2.2.5
( ) 8v2no?

< 2E [[lyo — u*||2] +20°v *no + T +2(1+4v7%) [u*]|” .

Applying the definitions of D and & to (2.2.5)) yields the first result of this lemma.

Finally, the following statement also holds
xil” = ll&ss + 2yl

= [l&all + 1 20yel|* + 2 (80 Ziy)

< [lgall® + yall® + 2 (50 Z9)

where we used the non-expansiveness of Z for the last inequality.
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Taking the expectation conditional on F? on both sides of the preceding relation and
applying Lemma yields,

2
dno;

1- 3

E [ 78] < 20 + vl

Taking the total expectation on both sides of the relation above, applying (2.2.5) and the
definitions of D, v and k concludes this proof.

O

We will now use the preceding lemma to prove that the distance between the local
and the average iterates generated by S-NEAR-DGD! is bounded. This distance can
be interpreted as a measure of consensus violation, with small values indicating small

disagreement between nodes.

Lemma 2.2.6. (Bounded distance to average) Let ), and y;; be the local it-
erates produced by S-NEAR-DGD' at node i and iteration k and let 7}, := Y 1", x}, and
Uk = Y. Yix denote the average iterates across all nodes. Then the distance between

the local and average iterates is bounded in expectation for alli=1,....,n and k =1,2, ...,

namely,
Bt — a4)°] < [l - Mg ] < 5D
N BH(1+k)*no;  28%(1 + k)’no?  4no?
212 2(1-p9L2  1-p2
and

(14 K)*no; N 2(1+ k)*no?
217 2 (1= )12

E|[lyix — ¢l°] < E [lye — Myl*] < D+
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where M = (% ® Ip> € R"™ is the averaging matrix, constant D is defined in Lemmal2.2.5

k = L/ is the condition number of Problem L = max; L; and y = min; L;.
Proof. Observing that " | ||«!, — fk||2 — ||xt, — MxL||*, we obtain,
(2.2.6) oty — 2 ||” < |]xt — MxL|]*, i=1, .0

We can bound the right-hand side of (2.2.6)) as

(2.2.7)

Ik, = M| = [|€5 + 2y — M — My + My||”
= [|&¢4 + (ZF — M) yi — Mx, + MZly, |
= [ = M) &7 + 12— M)yl +2((7 = M) & (2° = M) i)
< Jl&ll” + B Mlyell® + 2 (1 = M) &, (2 = M)y,
where we applied the definition of the communication error £, of Lemma[2.2.3)and added

and subtracted My, to obtain the first equality. We used the fact that MZ! = M to

get the second equality. We derive the last inequality from Cauchy-Schwarz and the
spectral properties of Z' = W' ® I, and M = (%) ® I,; both W' and % have a
maximum eigenvalue at 1 associated with the eigenvector 1,,, implying that the null space

= Bt

Taking the expectation conditional to F} on both sides of and applying Lemmam

n

of W' — 121 i5 parallel to 1, and [|Z¢ — M]| = Hwt _ lf

yields,

2
dno;

1—p2

E [ — M + 8% [yl

7| =
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Taking the total expectation on both sides and applying Lemma [2.2.5| yields the first
result of this lemma.

Similarly, the following inequality holds for the y; iterates,
(2:2.8) ik — Gell” < lye — Myal’, i =1,.m.

For the right-hand side of (2.2.8)), we have,

lyie = Myl* = 1(Z = M) yell® < llyall®,

where we have used the fact that || — M| = 1.
Taking the total expectation on both sides and applying Lemma [2.2.5 concludes this

proof.

The bounds established in Lemma [2.2.6] indicate that there are at least three factors
preventing the local iterates produced by S-NEAR-DGD? from reaching consensus: errors
related to network connectivity, represented by (3, and errors caused by the inexact com-
putation process and the noisy communication channel associated with the constants o,
and o, respectively.

Before presenting our main theorem, we state one more intermediate result on the

distance of the average ¥ iterates to the solution of Problem (|1.0.2]).
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Lemma 2.2.7. (Bounded distance to minimum) Let § := ~ > | y; ), denote the
average of the local y; . iterates generated by S-NEAR-DGD" under steplength « satisfying

2

o< ——,
pit Ly

where py=2<3"" ;i and Ly =150 L.

Then the following inequality holds for k =1,2, ...

a’0?  apL?A,
E [lIgks — 21| L) < pllah - a|* + =2 + 22
n nyy
* . L7 2
where x* = argmin, f(z), p = 1 — ayp, 75 = Hl;ilff’ L = max; L;, Ax = ||x} — MxL||

and M = (% ® Ip> e R"™ is the averaging matriz.

Proof. Applying (2.1.2d) to (k + 1) iteration we obtain,

_ =t —
Y+1 = T — QGy,

where g, = %Z?:l Jik = %Z?zl (Cz’,k+1 + V /i (xfk)) Let hy = %Z?:l Vi (xfk)
Adding and subtracting ah; to the right-hand side of the preceding relation and tak-

ing the square norm on both sides yields,

Hgk-',-l - «T*||2 = Hi’z — O{hk - .Z‘*”Q + 062 ||hk - ngQ + 2 <fl;€ - Oéhk — .77*, hk — §k>

n
> Gk
i=1

2
2 9 n
= [[at — a — 2" + 55 — =3 (@ — ahy =2 )
=1
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1—(127ij > 0. We can re-write the first term on the right-hand side of

Moreover, let p =

the inequality above as,

t

i —ah— 2| <(1+9) |2, = aV (@) — 2|+ a® (L+57") || = V(@)

< (1) lat = o[ +® (14 57) [ — 97 (@) .

where we added and subtracted the quantity oV f (z%) and used the relation +2(a, b) <
clal|* + c71||b||* that holds for any two vectors a, b and positive constant ¢ to obtain the

first inequality. We derive the second inequality after combining Lemmas [2.2.2| and [2.2.1

that hold due to a < Nfi z and z* = argmin, f(z).

We notice that E [Ci,kﬂ‘f}i] = 0 and that

2
E | Fi| =E +E Z (Girer1s Ginkerr) | Fi | < mo,
i1F£02

n
> Gk
=1

n
> Gkl [ 7
=1

due to Assumption [2.1.5| and the linearity of expectation. Combining all of the preceding

relations and taking the expectation conditional on F}, yields,

(2.2.9)

2 2
OéUg

B[l - 2 1] = (1= ) 1 = 2] + 02 (14 577) e - 97 (@) +

Finally, for any set of vectors v; € RP, ¢ = 1,...,n we have

SO STAIED 9 9(F £ S

h=1 \i=1 h=1 i=1

n
> v
i=1

where we used the fact that +2ab < a? + b? for any pair of scalars a,b to get the first

inequality and reversed the order of summation to get the last equality. We can use this
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result to obtain,

n 2

> (Vi (wie) = Vi (21)

i=1

32V () — V@)

n
L? ' 12
W > lwhe =il
i=1

L? 2
= — th — Mx! ||
n k k )

2 1
-2

| = V7 (a)

IN

IN

where we used Assumption to get the second inequality.
Substituting the immediately previous relation in 1D observing 145! = (1 — cwf) [ayp

and applying the definition of p yields the final result.

We have now obtained all necessary results to prove the convergence of SNEAR-DGD?

to a neighborhood of the optimal solution in the next theorem.

Theorem 2.2.8. (Convergence of S-NEAR-DGD') Let 7} := L 5"  a!, denote
the average of the local xfk iterates generated by S-NEAR-DGD" from initial point yo and

let the steplength o satisfy,

a < min , ,
@+ L Mf—i-Lf

where i = min; L;, L =max; L, py= 3" p; and Ly = 23" L.

=1
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Then the distance of T}, to the optimal solution x* of Problem 15 bounded in

expectation for k =1,2, ...,

_ .2 4 aq2] , af*pl?D
B ks — o] < g [laf - ] + 222
(2.2.10) ) ,
ooy B (L+ k) pog  dapLlPo} | 26% (1+ k) po?
+ + + - e
275 (1=8%v  a(l-=p5%)95
and
a2 L B*pL*D
[ A [ e
(2.2.11) , )
Loy POt R poy  dpLPa?  28% (14 k) po?
nyr 297 (1=p)F 21 =p%)F "

where Tg = L3 g0, p=1—avp, v5 = /:%LLJ;’ k = L/ is the condition number of

Problem [1.0.3 and the constant D is defined in Lemma[2.2.5.

Proof. Applying (2.1.2b) to the (k + 1) iteration yields,
p o
Tpor = Tpy J = 1,0t

which in turn implies that fiﬂ =y for j=1,... ¢t
Hence, the relation ||z}, — a:*||2 = ||%ks1 — «*|” holds. Taking the expectation con-

ditional to F}, on both sides of this equality and applying Lemma yields,

20

2 2
apL Ay
g+:0

(8%
B [k = F 7] < ol =+ 72+ 2

where A, = ||xt — Mx! ||,
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Taking the total expectation on both sides of the relation above and applying Lemma|2.2.6

yields,
_ A2 a2l L aB¥pLl*D | oo
E (|| - 2[°] < oB [Jlzk - 2|*] + e
(2.2.12) d
af?(1+ k)*po? N dapLl?c?  2B%(1 + k)*po?
2vf (A =52) al=p5)5

We notice that p < 1 and after applying (2.2.12)) recursively and then using the bound

Zz;é Ph <(1- p)fl we obtain,

af?pL?D ooy

(1 =p)  n(l—p)

af®(1+ k)*po; N dapLio? 28%(1 + k)?po?
2v7(1 = p) (A =08)1=p)  al=p)y(1-p)

E |2 - "] < /"B [llz0 — 2] +

Applying the definition of p completes the proof.

O

Theorem indicates that the average iterates of SSNEAR-DGD? converge in ex-
pectation to a neighborhood of the optimal solution z* of Problem (|1.0.1)). We have
quantified the dependence of this neighborhood on the connectivity of the network and
the errors due to imperfect computation and communication through the terms contain-
ing the quantities 3, o, and o, respectively. We observe that the 2"* and 3¢ error terms
in ([2.2.11)) scale favorably with the number of nodes n, yielding a variance reduction effect
proportional to network size. Our bounds indicate that higher values of the steplength «
yield faster convergence rates p. On the other hand, a has a mixed effect on the size of the
error neighborhood; the 2" term in is associated with inexact computation and

increases with «, while the last term in (2.2.11]) is associated with noisy communication
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and decreases with «. The size of the error neighborhood increases with the condition
number k as expected, while the dependence on the algorithm parameter ¢ indicates that
performing additional consensus steps mitigates the error due to network connectivity
and the errors induced by the operators 7, [-] and 7. [-].

In the next corollary, we will use Theorem and Lemmas [2.2.7] and 2.2.5] to show

that the the local iterates produced by S-NEAR-DGD? also have bounded distance to the

solution of Problem (|1.0.1]).

Corollary 2.2.9. (Convergence of local iterates (S-NEAR-DGD') Let x},
and y; 1. be the local iterates generated by S-NEAR-DGD' at node i and iteration k from

initial point Xo = yo = [Y1,0;---; Yno] € R™ and let the steplength o satisfy

< mi { 2 2 }
a < min , ,
p+ L pp+ Ly
where p1 = min; p1;, L = max; Ly, pif = %Z?:l pi and Ly = %Z?zl L;.
Then for v = 1,...,n and k > 1 the distance of the local iterates to the solution of

Problem 15 bounded, 1i.e.

C 2002
E|[lof - o*[|°] < 20 [z — *|I"] +26% <1 N _) D 2%
n nfyf

. B2 (1+ Fd)Q (n+C) 03 N 8(n+C)o?  4B%(1+ k)2 (n+ C)o?

E Qe TA-PT

and,

2t 2 2
E|lyix — 2*[°] < 26" [llz — 2*|") + 2 <1 P C) D+

nyF
N (I4+ k) (n+p*C)o;  8Co?  4(1+k)? (n+ B*CO) o2

12 + 1— 32 a?(1 — B?)L2 ’




o6

nily
pt+Ly?

where C' = %2, p=1—ays v;= To =y . Yio and the constant D is defined in

7
Lemma[2.2.5.

Proof. For all i € {1,..n} and k > 1, the following relation holds for the z} iterates,

e I = e — 2+ - o
(2.2.13)
<2faty — a + 2ot — o

where we added and subtracted Z% to get the first equality.

Taking the total expectation on both sides of (2.2.13) and applying Lemma [2.2.6]

Theorem [2.2.8 and the definition of C' yields the first result of this corollary.

Similarly, for the y; 5 local iterates we have,

lyik — 21 = llyik — T + T — 27|

(2.2.14) < 2y — Bl + 2 17 — 2

_ _ 2
= 2lyin — Tell” + 2||2h — 2|
where we derive the first equality by adding and subtracting ¢, and used (2.1.2b]) to obtain
the last equality.

Taking the total expectation on both sides of (2.2.14)) and applying Theorem m,

Lemma [2.2.6] and the definition of C' completes the proof. 0

Corollary concludes our analysis of the SSNEAR-DGD! method. For the remain-

der of this section, we derive the convergence properties of SSNEAR-DGD™, ie. t(k) =k

for k> 11in (2.1.1a) and (2.1.1D)).
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Theorem 2.2.10. (Convergence of S-NEAR-DGD") Consider the S-NEAR-

DGD* method, i.e. t(k) =k for k > 1. Let xf = =37 a¥, be the average iterates

T on

produced by S-NEAR-DGD™" and let the steplength o satisfy

a < min , :
pw+ L ff+ Lf‘
Then the distance of ¥ to x* is bounded for k = 1,2, ..., namely

k 2 2
E[Hiﬁ N x*HZ] < p'E [||Zo — x*HQ} + no*apL*D N ao;

nyy nyy
n6*a (1 + w)* po; L ApLPoz 206" (1+ k)" poe
275 1=5)7; a@=F)y

where n = |82 — p| " and 0 = max {p, 3%}

Proof. Replacing ¢ with £ in (2.2.10]) in Theorem m yields,

2k 72 2,52
a L*D oo
L 9PTPLD | o,

E|[aktt - o*|°] < o' |12k — |

nyy n
af? (14 k)° pol  daplPo?  26% (1 + k) po?
25 1=6%)7 all-p)y
Applying recursively for iterations 1,2, ..., k, we obtain,

(2.2.15)

E| ||z - 2*|*| < 'E [I170 - =*|I"

LS, apLl?D n a(l+k)po?  2(1+ k) po? LS, (04203 N 4apLio? )
ny 25 a(l—=p%)yf no (1=

where S; = Z?;S P pAE=1=0) and Sy = Zf;é P
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Let ¢ = £. Then S = 20D Y40 ypd = pR-D1I = 5200 < gk Applying this

result and the bound 5, < 1%;) = L to0 (2.2.15) yields the final result. O

OL’Yf'

Theorem [2.2.10| indicates that S-NEAR-DGD™ converges with geometric rate 6 =

max {p, 3*} to a neighborhood of the optimal solution x* of Problem with size

2 2 2
Izt — 7] = = LR

2.2.16 lim sup E .
(22.16) my - 5972

k—o0

The first error term on right-hand side of Eq. depends on the variance of the
gradient error o, and is inversely proportional to the network size n. This scaling with n,
which has a similar effect to centralized mini-batching, is a trait that our method shares
with a number of distributed stochastic gradient algorithms. The last error term depends
on the variance of the communication error o. and increases with 3, implying that badly

connected networks accumulate more communication error over time.

Conversely, Eq. (2.2.11]) of Theorem yields,

ao 3 4pL?a?

+
nyr - (1=58%)77
(B0 (LD 0rePs} 24 es;
%\ n 2 a(l—p?)

]}i_g)losupE [Hf’,@ - x*HZ] =

(2.2.17)

Comparing (2.2.16)) and (2.2.17)), we observe that (2.2.17)) contains three additional error

terms, all of which depend directly on the algorithm parameter ¢. Our results imply that
S-NEAR-DGD? generally converges to a worse error neighborhood than S-NEAR-DGD™,

and approaches the error neighborhood of S-SNEAR-DGD™ as t — co.
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2.3. Numerical results

2.3.1. Comparison to existing algorithms

To quantify the empirical performance of S-NEAR-DGD, we consider the following regu-
larized logistic regression problem for the classification of the mushrooms dataset [49],

M
. 1 a1
min f(x) = 7= > log(L+ 74 ) 4 — a3
s=1

z€RP

where M = 8124 is the total number of samples, A € RM™*? is a feature matrix, p = 118
is the problem dimension and b € {—1,1}* is a vector of labels.

We evenly distributed the samples among n = 14 nodes and assigned to node i the
function fi(z) = [S;| 7' Y0 cq, log(1 + e P¢4m) 4 M~1|z|3, where S; is the set of sample
indices accessible to node 7. We modeled the network as a connected, random graph
generated using the Erdés-Rényi model [55] with edge probability 0.5. To construct the
stochastic gradient approximations each node randomly samples with replacement B = 16
indices from its local distribution and computes a mini-batch gradient (we note that due
to the finite number of samples, these gradients satisfy Assumption . To simulate the
inexact communication operator 7 [-] we implemented the probabilistic quantizer in [182],
described in Example [T}

Moreover, we tested a number of different approaches to handle the communication
noise, summarized in Table 2.2] Specifically, variant Q.1 is the scheme S-NEAR-DGD
uses in step (2.1.1bf), and includes a consensus step using the quantized variables qfk and

. . i1 i . . .
the addition of the error correction term (xi . —q k). Variant Q.2 considers a more naive

approach, where a simple weighted average of the noisy variables g; ;, is calculated without
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the addition of error correction. Finally, in variant Q.3 we assume that node ¢ either does

not have access to its local quantized variable g;; or prefers to use the original quantity

J

mi; whenever possible and thus computes the weighted average using its original local
variable and noisy versions from its neighbors. For algorithms that perform consensus
step on gradients instead of the decision variables, similar schemes were implemented.
We compared S-NEAR-DGD? with ¢t = 2 and ¢t = 5, to versions of DGD [111], 154],

Table 2.2. Quantized consensus step variations

Variant name Consensus update
Q.1 ka A Z?:l (wz‘lq;,k) + (wﬁl - qz]k)
Q.2 A Jfg,k - > (wil%]',k) A
Q.3 w3y (wadl )

EXTRA [146] and DIGing [113] with noisy gradients and communication. All methods
use the same mini-batch gradients at every iteration and exchange variables that are
quantized with the same probabilistic protocol. We implemented the consensus step
variations .1, Q.2 and Q.3 for all methodﬂ All algorithms shared the same steplength
a = 1. Our results averaged over 20 trials of the experiment are shown in Fig. (we note
that smaller steplengths yield similar data trends). We plot the squared error ||z, — z*||*
against the number of iterations for quantization parameter values A = 10 (left) and
A = 10° (right). The most important observation in Fig. is that the GT methods
(EXTRA, DIGing), diverge without error correction in Q.2 and Q.3 regardless of the
quantization resolution. This aligns with recent findings indicating that GT methods
are more sensitive to the network topology, which directly affects the quantization error,
ICombining DIGing with Q.1 and using the true local gradients instead of stochastic approximations

recovers the iterates of Q-NEXT [84]. However, the authors of [84] accompany their method with a
dynamic quantizer that we did not implement for our numerical experiments.
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Figure 2.1. Error plots, A = 10 (left) and A = 10° (right)

compared to purely primal methods [183]. For coarse quantization (A = 10, Fig. [2.1]
left), SSNEAR-DGD? combined with Q.1 slightly outperforms the remaining methods
in terms of convergence accuracy. When the quantization is fine (A = 10°, Fig. m,
right), we observe that the choice of consensus variant has no effect on the performance of
the primal methods (DGD, S-NEAR-DGD), making S-NEAR-DGD the most attractive
option when quantized versions of the local variables, necessary for the implementation
of Q.1, are not available. When A = 1075, S-NEAR-DGD®, EXTRA and DIGing overlap

as the number of iterations increases under variant Q.1.

2.3.2. Scalability

To evaluate the scalability of our method and the effect of network type on convergence

accuracy and speed, we tested 5 network sizes (n = 5, 10, 15, 20, 25) and 5 different network
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types: i) complete, 7i) random (connected Erdés-Rényi, edge probability 0.4), iiz) 4-cyclic
(i.e. starting from a ring graph, every node is connected to 4 immediate neighbors), iv)
ring and v) path. We compared 2 instances of the NEAR-DGD! method, 7) ¢t = 1 and
i1) t = 7. We opted to exclude NEAR-DGD™ from this set of experiments to facilitate
result interpretability in terms of communication load. We set @ = 1 and A = 10? for all
instances of the experiment, while the batch size for the calculation of the local stochastic
gradients was set to B = 16 in all cases. Different methods applied to networks of identical
size selected (randomly, with replacement) the same samples at each iteration.

Our results are summarized in Figure 2.2 In Fig. 2.2 top left, we terminated all
experiments after T = 2 - 10* iterations and plotted the normalized function value error
(f (z1) — f(z%)) /f(x*), averaged over the last 7 = 10% iterations. We observe that net-
works with better connectivity converge closer to the true optimal value, implying that the
terms inversely proportional to (1 — 3?) dominate the error neighborhood in Eq. (2.2.17).
Adding more nodes improves convergence accuracy for well-connected graphs (complete,
random), possibly due to the ”variance reduction” effect on the stochastic gradients dis-
cussed in the previous section. For the remaining graphs, however, this beneficial effect
is outweighed by the decrease in connectivity that results from the introduction of addi-
tional nodes and consequently, large values of n yield worse convergence neighborhoods.
Increasing the number of consensus steps per iteration has a favorable effect on accuracy,
an observation consistent with our theoretical findings in the previous section.

For the next set of plots, we analyze the run time and cost of the algorithm until
termination. The presence of stochastic noise makes the establishment of a termination

criterion that performs well for all parameter combinations a challenging task. Inspired
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by [170], we tracked an approximate time average f of the function values f (7) using

Welford’s method for online sample mean computation, i.e. fi = fr_1+ %‘f’“—l, for k =

fe—fea

1,2, ..., with fo = f (Zo). We terminate the algorithm at iteration count k if -

< €,

where € is a tolerance parameter.

In Figure , top right, we graph the number of steps (or gradient evaluations) until
the termination criterion described in the previous paragraph is satisfied for e = 1075,
We observe a similar trend to Figure 2.2] top left, indicating that poor connectivity has
an adverse effect on both accuracy and the rate of convergence, although the latter is not
predicted by the theory. Increasing the number of consensus steps per iteration reduces
the total number of steps needed to satisfy the stopping criterion. Finally, in the bottom
row of Fig. [2.2] we plot the total application cost per node until termination, which we

calculated using the cost framework first introduced in [13],
Cost = ¢, x #Communications + ¢, x #Computations,

where ¢, and ¢, are constants representing the application-specific costs of communication
and computation respectively.

In Fig.[2.2] bottom right, the communication is a 100 times cheaper than computation,
i.e. c. = 0.01 - ¢, Increasing the number of consensus steps per iteration almost always
yields faster convergence in terms of total cost, excluding some cases where the network is
already reasonably well-connected (eg. complete graph). In Fig. , bottom left, the costs
of computation and communication are equal, i.e. ¢, = ¢4, and increasing the number of

consensus steps per iteration results in higher total cost in all cases.
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Figure 2.2. Dependence on network type and size. Function value error
averaged over the last 7 iterations out of T total iterations (top left),
steps/gradient evaluations until termination (top right), total cost until ter-
mination when communication is cheaper than computation (bottom left),
and when communication and computation have the same cost (bottom right).

In Figure bottom, the costs of computation and communication are equal, i.e.
c. = ¢g4, and increasing the number of consensus steps per iteration results in higher total

cost for all cases.
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2.4. Summary

We proposed a first order method (S-NEAR-DGD) for distributed optimization over
fixed, undirected networks, that can tolerate stochastic gradient approximations and noisy
information exchange to alleviate the loads of computation and communication. The
strength of our method lies in its flexible framework, which alternates between gradient
steps and a number of nested consensus rounds that can be adjusted to best match the
application requirements. Our analysis indicates that S-NEAR-DGD converges in ex-
pectation to a neighborhood of the optimal solution when the local objective functions
are strongly convex and have Lipschitz continuous gradients. We have quantified the
dependence of this neighborhood on algorithm parameters, problem-related quantities
and the topology and size of the network. Empirical results demonstrate that our algo-
rithm performs comparably or better than state-of-the-art methods, depending on the

implementation of the quantized consensus.
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CHAPTER 3

Nested Distributed Gradient Methods for Non-Convex

Optimization With Second Order Guarantees

3.1. Convergence Analysis

In this section, we generalize the convergence properties of the NEAR-DGD method
(1.0.5)), (1.0.6]) from the strongly convex [13] to the nonconvex setting. Before stating our
results, we introduce some additional notation and list our assumptions for the remainder

of this chapter.

3.1.1. Notation

In this Chapter, all vectors are column vectors. We will use the notation v to refer to the
transpose of a vector v. The average of the vectors v; € R? contained in v = [v], ..., 0] €
R™ will be denoted by v, i.e. v = %ZLI v;.  We use uppercase boldface letters for
matrices and will denote the element in the i row and j™ column of matrix H with h;;.
We will refer to the i (real) eigenvalue in ascending order (i.e. 1st is the smallest) of a
matrix H as A\;(H). We use the notation 1, for the vector of ones of dimension n. We
will use || - || to denote the ly-norm, i.e. for v € R? we have |[v]| = />°7_, [v]? where [v],
is the i-th element of v. The inner product of vectors v, u will be denoted by (v,u). The

symbol ® will denote the Kronecker product operation. Finally, we define the averaging

matrix M := (% ® ]p>.
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Assumption 3.1.1. (Consensus matriz) The matric W € R"™" of Problem[1.0.3
has the following properties: i) symmetry, i) double stochasticity, i) w;; > 0 if and only

if (4,7) € € ori=j and w;; = 0 otherwise and ) positive-definiteness.

We can construct a matrix W satisfying properties (i) — (i4i) of Assumption by
defining its elements to be max degree or Metropolis-Hastings weights [172], for instance.
Such matrices are not necessarily positive-definite, so we can further enforce property (iv)
using simple linear transformations (for example, we could define W = (1—¢ )_1(W—(5 I,,),
where § < A\;(W) is a constant). For the rest of this work, we will be referring to the 2"
largest eigenvalue of W as 3, i.e. = \,_1(W).

We also adopt the following standard assumptions for the global function f : R — R
of Problem Note that unlike other works on this topic (eg. [186), 40]), we do not

make any assumptions on the local functions f; : RP — R.

Assumption 3.1.2. (Lipschitz gradients) The global objective function f : R™ —

R has L-Lipschitz continuous gradients, i.e. ||Vf(x)—VE(y)|| < L||x—yl||, Vx,y € R"™.

Assumption 3.1.3. (Coercivity) The global objective function £ : R™ — R is

coercive, i.e. limy_, f(xx) = 00 for every sequence {x}} such that |xx| — oo.

We need one more assumption to guarantee the convergence of NEAR-DGD. Namely,
we require that the Lyapunov functions we will employ in our analysis are ”"sharp” around
their critical points, up to a reparametrization. This property is formally summarized

below.
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Definition 1. (Kurdyka-Lojasiewicz (KL) property) [9] A function h : RP —
RU{+o0} has the KL property at z* € dom(0h) if there existsn € (0, +00], a neighborhood

U of x*, and a continuous concave function ¢ : [0,17) — RT such that:

(1) ¢(0) =

(2) ¢ is C' (continuously differentiable) on (0,7n);
(3) for all s € (0,m), ¢'(s) > 0; and

(4)

4) for all z € UN {x : h(z*) < h(z) < h(z*) +n}, the KL inequality holds:
¢'(h(x) — h(z*)) - dist(0,0h(z)) > 1

Proper lower semicontinuous functions which satisfy the KL inequality at each point of

dom(0h) are called KL functions.

In the next subsection, we provide first order guarantees (i.e. show convergence to
critical points) for two instances of the NEAR-DGD method. First, we study a variant of
NEAR-DGD where a fixed number of consensus rounds are executed at every iteration, i.e.
t(k) =t for some t € N* in Eq. (1.0.5)), and to which we will refer as NEAR-DGD?. Next,
we examine a variant of NEAR-DGD where the number of consensus rounds increases
by 1 at every iteration, i.e. t(k) = k in Eq. (1.0.5). We will refer to this latter variant as

NEAR-DGD™.

3.1.2. First order guarantees

We begin this subsection with a general result which will be necessary for proving the

convergence of the iterates of NEAR-DGD. Namely, we outline a number of sufficient
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conditions related to the KL property under which a sequence achieves local convergence

(namely, it converges if initialized from a suitable neighborhood).

Lemma 3.1.4. (Local convergence) Suppose the function h : RP — R is a KL
function and let ¢, U and n be the objects in Def. [l Moreover, suppose that there exists a
sequence {xy}, a sequence {v} and a point z* € RP such that i) h(z*) < h(zy) < h(x*)+n
for allk > 0; and i) if for some index T > 0 the point x, € {x}} satisfies the KL inequality

with respect to x*, then the following inequality holds

(3.1.1) [0 = 22| < e(¢(r) = @llrta)) + vr,

where l; = h(z,) — h(x*) and ¢ is a positive constant.
Finally, suppose that ;- v, < U where v is a non-negative constant, and that the

initial point xy € RP and the constants ¢ and v satisfy
co(lo) + [lwo — 27| + 7 <,

where B(x*,r) C U.

Then the sequence {xy} is finite, i.e. Y oo ||Tk41 — zx|| < 00, and thus, convergent.

Proof. We prove the result by induction. Since ||xg — z*|| < r and h(z*) < h(zg) <
h(xz*) + n the KL inequality holds at xy and (3.1.1)) holds for 7 = 0. Let us assume that
x € B(z*,r) up to and including some index 7 > 0, which implies that the KL inequality

and by extension (3.1.1)) hold for all £ < 7. We apply the triangle inequality twice to
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obtain

271 = 2| < flzrin = @oll + [l — 27|

T

Z (Tj41 — 75)

Jj=0

+ l[zo — 27|

.
<D g =l + o — .
j=0

Applying Eq. (3.1.1) to the preceding relation and evaluating the resulting telescoping

sum yields

271 =2 < e (@ (lo) = & (lrsn)) + D vy + llzo — 2|
=0
<o (lo) + ||xo — 2| + 7 < 7.
Hence, x4, € U, which in turn implies that x;, € U for all £ > 0. Combined with
h(x*) < h(zy) < h(z*) +n for all k£ > 0, we conclude that the KL inequality holds for all

k > 0 and thus we can sum Eq. (3.1.1)) from &£ = 0 to infinity to obtain

o0
S s — anll < colly) + 7 < oo.
k=0

Hence, the sequence {x;} is finite and Cauchy (convergent). O

3.1.2.1. First order guarantees for NEAR-DGD'. We now present our theoretical
results on the convergence of NEAR-DGD?, i.e. t(k) =t in ((1.0.5)) for some t € N*. We

introduce the following Lyapunov function, which will play a key role in our analysis,

1 1
12 :f Zt - Zt — 22t'
(312 L) = £ (2y) + oyl — o I
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Assumption 3.1.5. (KL Lyapunov function) The Lyapunov function L; : R™ —

R is a KL function.

Assumption [3.1.5] covers a broad range of functions, including real analytic, semial-
gebraic and globally subanalytic functions (see [8] for more details). For instance, if the

function f is real analytic, then £; is the sum of real analytic functions and by extension

KL.

We note that using (3.1.2)), we can express the x;, iterates of NEAR-DGD' as,

(313) Xk+1 = X — OéVﬁt (yk) .

We will demonstrate that the sequence of {y;} iterates of NEAR-DGD! generated by
Eq. (1.0.6) converges to a critical point of the Lyapunov function £; (3.1.2). We begin
our analysis by showing that the sequence {L;(yx)} is non-increasing in the following

Lemma.

Lemma 3.1.6. (Sufficient Descent) Let {y.} be the sequence of NEAR-DGD'
iterates generated by (1.0.6) and suppose that the steplength « satisfies a < 2/L, where

L is defined in Assumption [3.1.3. Then the following inequality holds for the sequence
{L:(ye)},

Ly (Yii1) < Li(yr) = pllyess — vl

where p = (2a) ' min; (AYZ) (1 + (1 — aL) A\(Z))) > 0.
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Proof. Combining ([1.0.5) and (3.1.2)), we obtain for & > 0,

1 1
(3.1.4) Li(yr) = f(xx) + %<Ykaxk> - %||Xk||2~

Let d, := Xpy1 — X;. Assumption then yields f(xgy1) < f(xx) + (VE(xx),ds) +
L\dy||? = £(xk)— 2 (Y41 —x%, du)+5||d, |2, where we acquire the last equality from (1.0.6).

Substituting this relation in (3.1.4) applied at the (k + 1) iteration, we obtain,

1

Li(yr1) < £(xx) — £<Yk+1 — X, dg)
L 1 1
+ §de”2 + 5<Yk+1yxk+1> - ﬁ”xk+1l|2
Li(32) = o= (¥ 30) + o
= - — X —|x
t\Yk 2% Y&, Xk 2% k
1 L 1 1

- o dx - dx 2 . . 2
Oé<y}c+1 Xy, dy) + 2” | +2&<Yk+17xk+1> 2a||xk+1” ;

where we obtain the equality after further application of (3.1.4]). After setting d, :=

Yr+1 — Yk and re-arranging the terms, we obtain,

1
Li(yri1) < Li(yr) — %<Ykaxk>
1 1 1 L
F 2 = o) — (50 - 3 ) 1P

1
= Li(yr) — ﬁ”%”%t

1 1 , 1 L
= f - — c— = = 2 ) d,l?
+ a<Yk+1ayk>Z 2OéHkaHz (2a 2> [|de |l

1 1 L
= i) - gl - (5 = 5 ) Il

Let H := (2a)7'Z' (I + (1 — aL)Z"), which is a positive definitionnite matrix due to

Assumption and the fact that o < 2/L. Moreover, ||d,||* = ||d,||%. by Eq. (1.0.5).
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We can then re-write the immediately previous relation as L£i(yxi+1) < Li(Yk) — | Vi1 —

vi|%. Applying the definition of p = A\ (H) concludes the proof. O

An important consequence of Lemma is that NEAR-DGD? can tolerate a bigger
range of steplengths than previously indicated (o < 2/L vs. o < 1/L in [13]). Moreover,
Lemma implies that the sequence {L:(yx)} is upper bounded by L;(yo). We use

this fact to prove that the iterates of NEAR-DGD?! are also bounded in the next Lemma.

Lemma 3.1.7. (Boundedness) Let {x;} and {y} be the sequences of NEAR-DGD"
(t(k) = t) iterates generated by and , respectively, from initial point yo and
under steplength o < 2/L. Then the following hold: i) the sequence {L(yx)} is lower
bounded, and ii) there exist universal positive constants B, and B, such that ||x;|| < B,

and ||yr+1|| < By for all k>0 and t € N*.

Proof. By Assumption [3.1.3] the function f is lower bounded and therefore £; is
also lower bounded (sum of lower bounded functions). This proves the first claim of this
Lemma.

To prove the second claim, we first notice that Lemma [3.1.6|implies that the sequence
{Li(yx)} is upper bounded by L;(yo). Let us define the set Xy := {Z'yo,t € N*}. The
set X is compact, since || Zyo|| < |lyol| for all ¢ € N* due to the non-expansiveness of Z.
Hence, by the continuity of f and the Weierstrass Extreme Value Theorem, there exists
X9 € X such that f(xg) < f(Xq) for all xo € &Xy. Moreover, Assumption yields
I

HyOH%t(I—Zt) < |lyoll? for all positive integers ¢, and therefore £,(yo) < L for all t € N*,

where £ = f(Xq) + (20) 7|yl
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Since £ > L(yo) > Li(yr) > £(Ztyy) = f(x;,) for all k> 0 and ¢ > 0, the sequence
{f(xx)} is upper bounded. Hence, by Assumption [3.1.3] there exists positive constant B,
such that ||xx|| < B, for £ > 0 and ¢ > 0. Moreover, Assumption yields f(ygi1) <
F(xi) + (VEXR), Yrer — Xe) + £l yes — xil? = £(xi) — o[ VE(xp) |2 + 25| VE(x)|? =
f(x;) —a (1 — %) |[[VE(xp)||* < £(xx), where we obtain the first equality from and
last inequality from the fact that o < 2/L. This relation combined with Assumption m
implies that there exists constant B, > 0 such that ||ys4:1|| < B, for £ > 0 and t > 0,

which concludes the proof. 0
Next, we use Lemma, to show that the distance between the local iterates gener-

ated by NEAR-DGD! and their average is bounded.

Lemma 3.1.8. (Bounded distance to mean) Let ;) and y;, be the local NEAR-

DGD' iterates produced under steplength o < 2/L by (1.0.5) and (1.0.6), respectively,
and define the average iterates Ty, := %Z?:l T and Yy = %Z?:l Yik- Then the distance

between the local and the average iterates is bounded fori=1,....n and k = 1,2, ..., i.e.
Hl.i,k - fk” < BtBya and Hyz,k - gk” < By»
where By is a positive constant defined in Lemma[3.1.7

Proof. Multiplying both sides of ((1.0.5)) with M = (% ® [p> yields T = 7. More-

over, we observe that |[vi, — Mvy > = 20" |luix — @) for any vector v € R. Hence,

ik = Zrll = [lzik — Gell < llxie — Mygl|

< [|Z'y — Myy|| < Byl
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where we derive the last inequality from the spectral properties of Z and M (we note that

the matrix 1,1/ /n has a single non-zero eigenvalue at 1 associated with the eigenvector

Lop).

Similarly, for the local iterates y; ;, we obtain,

1Yik = Tkl < lyx = Myll = [[(1 = M) yell < [yl

Applying Lemma to the two preceding inequalities completes the proof. [l

We are now ready to state the first Theorem of this section, namely that there exists

a subsequence of {y;} that converges to a critical point of L;.

Theorem 3.1.9. (Subsequence convergence) Let {y} be the sequence of NEAR-
DGD' iterates generated by (1.0.6) with steplength o < 2/L. Then {yy} has a convergent

subsequence whose limit point is a critical point of (3.1.2)).

Proof. By Lemma [3.1.7, the sequence {y} is bounded and therefore there exists a
convergent subsequence {yx. }sen — ¥y as s — oo. In addition, recursive application of

Lemma [3.1.6| over iterations 0, 1, ..., k yields,

k—1
Li(yr) < Li(yo) —p Y lyier — il
j=0

where the sequence {£; (yx)} is non-increasing and bounded from below by Lemmas
and B.1.7
Hence, {£; (y1)} converges and the above relation implies that 35 ||y — il <

+o00 and |lyrs1 —yl — 0. Moreover, |[Xp11 — Xkl = [[yes1r — Yillzee < [[¥re1 — yell
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by the non-expansiveness of Z and thus ||xz;1 — xx|| — 0. Finally, Eq. yields

IVL: (yr) || = at|xgr1 — xx]| = 0. We conclude that |VL; (y&.)|| — 0 as s — oo and

therefore VL, (y*) = 0. O

We note that Assumption [3.1.5]is not necessary for Theorem to hold. However,
Theorem does not guarantee the convergence of NEAR-DGD?!; we will need As-
sumption to prove that NEAR-DGD? converges in Theorem |3.1.11, Before that, we

introduce the following two preliminary Lemmas that hold only under Assumption [3.1.5

Lemma 3.1.10. (Bounded difference under the KL property) Let x5, and yy, be
the NEAR-DGD" iterates generated by (1.0.5) and (1.0.6), respectively, under steplength
a < 2/L. Moreover, suppose that the KL inequality with respect to some point y* € R

holds at yy, i.e.,

(3.1.5) &' (Le(yr) = LY DIVLAye)l] = 1.

Then the following relation holds,

1
[Vigr — Vi < ap (@ (k) = & (lgs1))
where ||V — vi|| can be || xp1 — Xkl or [|[yre1 — yill and Ui := Li(yr) — Li(y*).

Proof. Lemma [3.1.6yields p||yisi1 — Yil® < Lo (y&) — Lo (Yrs1) =l — Loy for k > 0.

We can multiply both sides of this relation with ¢’ (1) > 0 to obtain p¢/ (Ix) ||yt — yx||” <

=" (Ik) (lkv1 — k) < & (k) — & (lg11) , where we derive the last inequality from the concav-

ity of ¢. In addition, using Eq. |3.1.3, we can re-write (3.1.5) as o *¢'(Iy)||xps1 — Xi|| > 1.
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Combining these relations, we acquire,

O‘pHYk:-H - Yk:”2
[Xk41 — Xg|

<o (k) = ¢ ()

Observing that ||xx+1 — Xk|| < ||ye+1 — Y]] due to the non-expansiveness of Z and re-

arranging the terms of the relation above yields the final result. 0

Next, we combine our previous results to prove the global convergence of the yy, iterates

of NEAR-DGD! in Theorem [3.1.11l

Theorem 3.1.11. (Global Convergence) Let {yy} be the sequence of NEAR-DGD'
iterates produced by under steplength o < 2/L and let y*> be a limit point of a
convergent subsequence of {yx} as defined in Theorem .

Then under Assumption the following statements hold: i) there exists an index
ko € NT such that the KL inequality with respect to y> holds for all k > ko, and ii) the

sequence {yy} converges to y*.

Proof. We first observe that by Lemma[3.1.6] the sequence {£,(yx)} is non-increasing,
and therefore £;(y*) < L;(yx) for all £ > 0. Moreover, by Lemma the inequality
lyrer — Yell < (ap)™t (¢ (1) — ¢ (Ix11)) holds for all y; satisfying the KL inequality with
respect to y™°, where Iy, = Li(yx) — Li(y™). If Assumption holds, then the objects U

and 7 in Def. [1| exist and by the continuity of ¢, it is possible to find an index kj satisfying
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the following relations,

(ap) ™' 0 (Lelyry) = Le(y™)) + lyr =yl <,

Li(yn) € [Le(y™), Le(y™) +m), Yk = ko,

where B(y*>,r) C U.

The global convergence of NEAR-DGD? follows from applying Lemma on the
sequence {yi}esk, With b = L, ¢ = (ap)™!, {v} = {#} = {0} and y* = y*>. Since
y>° is the limit point of a subsequence of {y;} and {y,} is convergent, we conclude that

{yr} — y=. O

Since Z is a non-singular matrix, Theorem [3.1.11| implies that the sequence {x} also
converges. Moreover, using arguments similar to [7], we can prove the following result on

the convergence rate of {xy}.

Lemma 3.1.12. (Rates) Let {x;} be the sequence of iterates produced by (1.0.5)),
x> = Z'y> where y* is the limit point of the sequence {yx} and suppose ¢(s) = cs*= in
Assumption [3.1.5 for some constant ¢ > 0 and 6 € [0,1) (for a discussion on ¢, we direct
readers to [8]). Then the following hold:

(1) If 0 =0, {xx} converges in a finite number of iterations.
(2) If 6 € (0,1/2], then constants ¢ > 0 and Q € [0,1) exist such that ||x; — x| <
cQF.

(3) If 6 € (1/2,1), then there exists a constant ¢ > 0 such that ||x — x| < ck™ 20,

Proof. i) # = 0: From the definition of ¢ and 6 = 0 we have ¢/(l},) = ¢(1 — 0)I,% = c.

Let I :={k € N: xy,1 # X;} (by the non-singularity of Z, it also follows that yx1 # y&
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for k € I). Then for large k the KL inequality holds at y; and we obtain [|[V.L;(y)|| > ¢7*,
or equivalently by (3.1.3), ||xx+1 — xx|| > ac™!. Application of Lemma combined
with the fact that ||xzr1 — Xkl < ||yra1 — vl vields £i(yii1) < Li (yx) — pa®c™2 Given
the convergence of the sequence {£;}, we conclude that the set [ is finite and the method
converges in a finite number of steps.

i) 0 € (0,1): Let Sy, := 3272, %11 — x| where x> = Z'y>. Since ||x), — x>|| < S,
it suffices to bound S;. Using Lemma [3.1.10] with y* = y* and for k > kg, where kj is

defined in Theorem [3.1.11] we obtain,
1 & 1 1
e < — = — () = =11
(3.1.6) < o E_k ¢(lj+1)) ap<b( )=S0

where v = ap/c.
Moreover, Eq. vields [|[VL; (yr)|| = a7t |xps1 — Xkl = a1 (S — Spy1). Using

this relation and the definition of ¢, we can express the KL inequality as,

(3.1.7) % (Sk — Sky1) > 1,

where p = alc(1 —0).

If & € (0,1/2], raising both sides of the preceding inequality to the power of v =

177‘9 > 1 and re-arranging the terms yields u” (Sx — Spy1)” > L7, Due to the fact
that Sy — Skt1 = || VLi(yr)|| — 0, there exists some index k such that Sy — Sky1 >
(Sk — Skr1)” and g7 (Sg — Sgy1) > 1179 Combining this relation with (3.1.6]), we obtain

VS < Y (Sk — Skg1) & Spg1 < (1 - —> Sk
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If 9 € (1/2,1), raising both sides of to the power of /(1 — ) > 1 yields
SZ/(l_e) < v 0/0=019 " After substituting this relation in (3.1.7) and re-arranging we
obtain 1 < C (S — Ser1) (ST/0") =1 where € = jw=?/0-9. Define h : (0, +00) — R
to be h(s) = 579079 The preceding relation then yields 1 < C(S; — Si1)h(Sy) <
Cfik+lh(s)ds = ¢! (S,ﬁ — S,§+1>, where ¢ = (1 —20)/(1 —6) < 0. After setting
C = —C~1¢ > 0 and re-arranging, we obtain C' < S,gﬂ — S,g. Summing this relation over
iterations k = ko, ..., t—1 yields (t—k‘o)é' < Sf—SgO & S5 < ((t — l{:o)é + S,§0>1/< < /s,

for some ¢ > 0. O

We conclude this subsection with one more result on the distance to optimality of the

local z; ;, iterates of NEAR-DGD! and their average Ty = %22;1 Ti) as k — oo.

Corollary 3.1.13. (Distance to optimality) Suppose that {y,} — y> and let
x> = Z'y>®. Moreover, let T™° = ™ = %Z?:l x°. Then x*° is an approzimate critical

point of f,

IVf(z)|l < 'v/nLB,

where By is a positive constant defined in Lemma[3.1.7

Proof. We observe that MVf(My™) = 1.1, ® Vf(5>) and hence |[MVf(My*)| =
n 1, @V f(52)| = (vVn) Y|V f(5>)]], where we obtain the last equality due to the fact
that ||1, ® v||* = n||v||? for any vector v.

Moreover, y* is a critical point of and therefore satisfies VL, (y™) = Z'V{(Z'y>)+
éZtyoo — éZ%yOo = 0. From the double stochasticity of Z, multiplying the above relation

with M yields MV L, (y*>) = MVf(Z'y>) = 0. After combining all the preceding results,
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we obtain,
IV £(z%)|| = Vnl|MVE(My*>) — MVf(Z'y™)||
< VnL|My> — Z'y>|| < §'v/nL[ly>||,

where used the spectral properties of M and Assumption to get the first inequality
and the spectral properties of Z to get the second inequality. Applying Lemma [3.1.7]

yields the result of this Corollary. O

We have now concluded our work on the first order guarantees for the NEAR-DGD?
variant. Next, we provide similar guarantees for NEAR-DGD™; while our proof has a
similar structure to our proof for NEAR-DGDY, the time-variant nature of NEAR-DGD*
requires the design of a new Lyapunov function. It is also necessary to establish that the
iterates of NEAR-DGD™ achieve consensus exponentially fast, which is not the case with
NEAR-DGD".
3.1.2.2. First order guarantees for NEAR-DGD™. We now analyze the convergence
of NEAR-DGD™, ie. t(k) = k in (L.0.5). Specifically, we will demonstrate that the
sequence of {x;} iterates of NEAR-DGD™ generated by Eq. converges to a critical
point of the function f : R? — R of Problem locally at the agent level. Similar
results for nonconvex problems have been established for the DGD method under
diminishing steplength [I86]; however, unlike [186] we do not require that the gradients

of f : R™ — R are universally bounded.
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In the same vein as the previous subsection, we define the following Lyapunov function
that we will use thoughout our convergence analysis to track the progress of the NEAR-

DGD™ iterates,
(3.1.8) Lo(y) =£(My).

Assumption 3.1.14. (KL Lyapunov function (NEAR-DGD")) The Lyapunov

function L : R™ — R is a KL function.

We begin our analysis by demonstrating that the x;, iterates of NEAR-DGD™ gener-

ated by (1.0.5)) achieve consensus with a linear rate.

Lemma 3.1.15. (Bounded distance to consensus (NEAR-DGD™")) Suppose
that t(k) = k in and let Ay = (Z¥ — M)y, = (I — M)xy, be the distance to
consensus, and By, = ZFy, —u*, where u* € crity which is guaranteed to be non-empty by
Assumption[3.1.3 Then if the steplength in (L.0.6)) satisfies o < (871 —1)/L, where B is

the second biggest eigenvalue of W, the distance to consensus decays with linear rate, i.e.

| Agll < p*C, where p = B(1+al) <1 and

0 — . { Ll + oL o]

H
Bol| + 18
Al )

Proof. Combining (1.0.5) and (1.0.6)) at the k' iteration with ¢(k) = k yields

(3.1.9) yi = Z" 'y 1 — aVE(ZF y ).
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We multiply Eq. (3.1.9) with Z*¥ — M and take the norm on both sides to obtain

[Ak| < (ZF — M)Aj_i || + af (ZF — M)VE(ZF 'y,
(3.1.10)

< B[ Al + @B Ll By,

where we used the triangle inequality and the fact that ZIM = M to get the first inequality,

and applied Assumptions [3.1.1] and [3.1.2 to get the second inequality.

For the quantity By, Eq. (3.1.9)) yields

1Bell < 12" Bl + | ZMVE(Z* yyea)
+[[(Z* = Du*|] < (1 + aL)||By-a]| + [lu])

where we added and subtracted Z*u* and applied the triangle inequality to get the first

inequality, and obtained the second inequality from Assumptions|3.1.1)and |3.1.2]

Let R := || Bo| + (L)~ !||u*||. Applying the preceding relation recursively yields

k—1
IBell < (1 + aL)¥||Boll + [[u*| Y (1 + aLy
Jj=0
(1L+al)* = 1Dfju]

= (1+al)"|B
(14 aL)”|| Bol| + ol

< (1+aL)*R.

Next, we substitute the relation above in (3.1.10)) to obtain

| Al < B*ll Akal + aB*(1 4+ aL)* LR,
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We will now prove the claim of this lemma by induction. The claim holds trivially for

k= 1. Assuming ||Az_|| < ¥ 1(1 + aL)*71C, the preceding relation yields

1Al < (801 +a))* (5—+C“L) c

1+ al

Since # < 1, the claim holds for all £ > 1. O

Next, we utilize the diminishing distance to consensus established in Lemma|3.1.15|to

show that the sequence of the Lyapunov function values {L£(yx)} is non-increasing.

Lemma 3.1.16. (Sufficient descent (NEAR-DGD')) For NEAR-DGD™", let

the steplength in (1.0.6)) satisfy

a < min L+ V5 g1
i
2L 7 L

Then the following relations hold for k > 0

(3.1.11a) Loo(Yit1) < Loo(yr) + 1 Cr = Cs| [ VE(My) |14

(3.1.11b) Loo(Yii1) < Loo(yr) + 2 Ch — Cs|| VE(xk) 13,

where Cy = @(1 +al), p € (0,1) and C > 0 are defined in Lemma Cy =

S(1+al —o?L?) and C3 = § (1 - fji)
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Proof. Let Vy; = Vf(Myy) and Vo = VE(x). Substituting (1.0.6) in (3.1.8)) for

the (k + 1) iteration we obtain

Loo(Yri1) = F(My), — aMVE(xy))

@’L 9
< f(Myx) — a(Vig, Vor)m + THVQkHM

[0} [0}
< Loo(yr) + 5(1 + L) ||V — Voulli — §||V2,k||§/1

0%
— 5 (L+al)[ Vgl + @ LI Viklml Vol

(67

5 (14 aL)|[[Vie — Varlia

= Lo (Yk) +

o IVarlZe o [ Varlu >
— =Vl (;—2@’—4r 1+alL
2 Vil \ (72, 2 Wl D)

0]
= Loo(yr) + 5(1 + L) ||V = Vol

. IVialde o, [ Villne )
ot (oSl Pl )
5 [Vl | ( ) V2412, Vo] Im

We first notice that [|[Vix — Vaill3y < L2||Ak]|?> < p?*L?C? by Assumption and
Lemma/3.1.15, Moreover, consider the 2"¢ degree polynomials P (z) = 22—2aLz+(1+al)
and Py(2) = (1 +al)z? —2alz+ 1. If a < %5, then 40*L? — 4(1 + aL) < 0 and
Pi(2),Py(z) > 0 for all z € R with min, Pi(z) = 2a7'Cy and min, Py(2) = 2a7'Cj.
Applying the definitions of C, Cs and C3 to the preceding relation yields the final result

of this lemma. O

Lemma [3.1.16] combined with Assumption [3.1.3] implies that the average iterates of
NEAR-DGD™ form a compact set. Given that distance to consensus diminishes by
Lemma [3.1.15, we conclude that the x;, iterates of NEAR-DGD™ also belong to a compact

set for all £ > 0. This result is formally stated in the following Lemma.
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Lemma 3.1.17. (Boundedness (NEAR-DGD%)) Let {x;} be the sequence of

iterates generated by FEq. (1.0.5) with t(k) = k and suppose the steplength in Eq. (1.0.6))

satisfies o < min{(1 4+ /5)/(2L), (B~* — 1)/L}. Then there exists positive constant B}

such that ||xx|| < B for all k > 0.

Proof. The triangle inequality yields

1%kl < [lxk]lve + [(1 = M)x]|
< Ixkllv + p*C
< ||xk|ln + C,

where we invoked Lemma |3.1.15| to obtain the second inequality.
Moreover, Lemma|3.1.16|implies that the sequence { L (yx)} = {f(Myx)} = {f(Mxy)}
is bounded, and hence by Assumption the norm ||xg||nm is bounded for all £ > 0.

We conclude that a constant B, > 0 exists such that ||x,| < B for all k£ > 0. O

In the next Theorem we show that the sequence of iterates of NEAR-DGD™ have at
least one subsequence that converges to a critical point of L.,. This fact combined with
Lemma [3.1.15[ implies that the local iterates x;j of such convergent subsequence of {xy}

converge to critical points of the function f or Problem [1.0.1]

Theorem 3.1.18. (Subsequence convergence (NEAR-DGD")) Let {x} be the
sequence of iterates generated by Eq with t(k) = k and suppose the steplength in
Eq. satisfies o < min{(1 + /5)/(2L), (87" — 1)/L}. Then if the set of critical
points of f(x) = > 1| fi(x) is non-empty, {xx} has a subsequence converging to a point

x*° =7z*° ® 1, € R™ where > € critf.
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Proof. By Lemma [3.1.17, the sequence {x;} is bounded, and thus has at least one

subsequence converging to some point x>*. By Eq. (3.1.11b) of Lemma [3.1.16| and

the convergence of {L.(yx)} we have ||[Vf(xg)|lm — 0, which yields MVf(x>*) =

(n=1>°"  Vfi(2°)) ® 1, — 0. Finally, Lemma [3.1.15 guarantees that
Tip—mn foo =z,
i=1

for all j € {1,...,n}. O

Theorem [3.1.18 does not guarantee the convergence of the iterates of NEAR-DGD™;
to establish this result, we first prove the following intermediate Lemma on the distance

between two consecutive iterates of the NEAR-DGD™ method under Assumption |3.1.14]

Lemma 3.1.19. (Bounded difference (NEAR-DGD")) Suppose that for some
index k > 0, the point yi satisfies the KL inequality with respect to some y*. Then there

exists a positive constant () such that

ke = ull < G (6(0) = Bllai) +14Q
2

where Iy = Loo(Yi) — Loo(y*), Co > 0 is defined in Lemma|3.1.16/ and p € (0,1) is defined

in Lemma [31.13.

Proof. Let d, = x;11 — x; and recall that Ay, = (I — M)xy. The triangle inequality
yields

[de|l < [dellm + [[Aprall + | A&
(3.1.12)

< a|VE(x)lm + p*(n+ 1)C.
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where we applied Lemma |3.1.15 to get the last inequality.

We proceed by deriving a bound for the first term on the right-hand side of the

equation above. Eq. (3.1.11a]) of Lemma [3.1.16| directly yields

IVEMy)llag < C3' (Loo(Yr) = Loo(Yrsr)) + 1 CL0

We multiply the preceding relation with ¢'(l;) > 0 to obtain

¢ (L) IVEMyp)|IRe < —C5 ¢ () (ler — ) + p*CLC5 ¢ (1)
< Oy (o) — dlpr)) + p**C1C5 1 (1),

where the last inequality follows from the concavity of ¢.
Note that we can re-write the KL inequality for L., as ¢'(I)||VE(Myg)||lm > 1.

Combining this with the inequality above yields

IVEMy) v < C3H(6(l) = 6(lkr1)) + 1 CrC5 ¢ (1),

Moreover, the following inequality follows from Lemma [3.1.15| and Assumption |3.1.2

IVEG) [l < [[VEMy) v + [[VE(x) = VE(Myy)|[m
< [VE(Myu)llm + p"CL.

Combining the two preceding relations yields

IVEGK) e < G5 (0(0) — 6(lan)) + 12 C1C5 6 (1) + pECL.
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Since ¢ is continuously differentiable and [ is bounded by Lemma [3.1.16, there exists
constant By such that ¢'(l;) < B, for all £ > 0. Substituting everything in Eq. (3.1.12))

and setting Q = uC1Cy ' By + CL + (1 + 1)C yields the final result. O

We are now ready to combine Lemmas|3.1.4}and [3.1.19|in order to establish the global

convergence of the {x;} iterates of NEAR-DGD™ in the following Theorem.

Theorem 3.1.20. (Global convergence (NEAR-DGD')) Let {x;} be the se-
quence of NEAR-DGD™ iterates produced by with t(k) = k and suppose the
steplength in Eq. satisfies o < min{(1++/5)/(2L), (B~* —1)/L}. Moreover, let x>
be a limit point of a convergent subsequence of {xx} as defined in Theorem . Then
under Assumption the following statements hold: i) there exists an index ko € N*
such that the KL inequality with respect to x> holds for all k > kg, and ii) the sequence

{x1} converges to x>°.

Proof. We first note that L..(yx) = Loo(Xx) for all & > 0 by the construction of
L. Lemma |3.1.16 implies that the sequence {L.(Xx)} is non-increasing, and therefore
Loo(x*) < Loo(x) for all & > 0. Moreover, by Lemma [3.1.19| the following inequality

holds for all x; that satisfy the KL inequality with respect to x>,

1 = %l < aC3H(S(lk) = Slksa)) + 1O,

where [, = Loo(Xx) — Loo(x*), € (0,1) and Cy, Q > 0.
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If Assumption holds, then the objects U and 7 in Def. [l exist and by the conti-

nuity of ¢, it is possible to find an index kq satisfying the following relations,

1@
I—p

aCy ' (Loo(Xky) = Loo (X)) + x5, — x| + <

Loo(xp) € [Loo(x%), Loo(x™) + 1), ¥k = ko,

where B(x>,r) C U.

The global convergence of NEAR-DGD™ follows from applying Lemma on the
sequence {Xg sk, With b = Lo, ¢ = aCy ', {vp} = {pFQ} and x* = x®. Since x>
is the limit point of a subsequence of {x;} and {x;} is convergent, we conclude that

{x} = x*. O

We have completed our analysis of the first-order convergence properties of NEAR-
DGD! and NEAR-DGD™, the two instances of NEAR-DGD under examination. In the

next subsection we provide second order guarantees for the same two variants.

3.1.3. Second order guarantees

In this subsection, we provide second order guarantees for the two variants of the NEAR-
DGD method ([L.0.5)), we studied in Subsection namely NEAR-DGD? (t(k) =
t in Eq. for some ¢ € N*) and NEAR-DGD™ (¢(k) = k in Eq. (L.0.5)). Specifically,
using recent results stemming from dynamical systems theory, we will prove that those
two variants almost surely avoid strict saddles when initialized randomly. We begin by

listing a number of relevant assumptions, definitions and theoretical results.

Assumption 3.1.21. (Differentiability) The function f is C?.
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We note that Assumption [3.1.21/implies that the Lyapunov functions (3.1.2)) and ({3.1.8))

are also C2.

Definition 2. (Differential of a mapping) [Ch. 3, [1]] The differential of a map-
ping g : X — X, denoted as Dg(x), is a linear operator from T (x) — T(g(x)), where
T (x) is the tangent space of X at point x. Given a curve v in X with v(0) = x and
(0) = v € T(x), the linear operator is defined as Dg(z)v = %(O) € T(g(x)). The

determinant of the linear operator det(Dg(x)) is the determinant of the matrixz represent-

ing Dg(x) with respect to an arbitrary basis.

Definitions B4, Theorems [3.1.2213.1.23 and Corollaries [3.1.25}3.1.25] are adapted from

[85].

Definition 3. (Unstable fized points) The set of unstable fized points Ay of a

mapping g : X — X is defined as A} = {x € X : g(x) = v, max; |\(Dg())| > 1}.

Definition 4. (Strict saddles) The set of strict saddles X* of a function f : X — R

is defined as X* = {z* € X : Vf(z*) = 0, \ (V2 f(z*)) < 0}.

Theorem 3.1.22. (Stable Center Manifold Theorem)[Theorem 1, [85]] Let x*
be a fixed point for the C" local diffeomorphism g : X — X. Suppose that X = X, & X,
where X, is the span of the eigenvectors corresponding to eigenvalues of magnitude less
than or equal to one of Dg(z*), and X, is the span of the eigenvectors corresponding to
eigenvalues of magnitude greater than one of Dg(x*). Then there exists a C" embedded
disk W that is tangent to X5 at x* called the local stable center manifold. Moreover, there

exists a neighborhood B of x*, such that g(W)N B C WS

loc loc?

and N*=0¢=*(B) c W

loc*
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Theorem 3.1.23. (Non-convergence to unstable fized points) [Theorem 2, [85]]
Let g be a C' mapping from X — X and det(Dg(z)) # 0 for all x € X. Then
the set of initial points that converge to an unstable fized point has measure zero, i.e.,

p({zo : limzy, € A%}) = 0, where A} is the set of unstable fized points of g.

Corollary 3.1.24. (Non-convergence to saddle points) [Corollary 1, [85]] Un-
der the same conditions as Thearem and in addition assume X* C A7 where X* the
set of strict saddles of a function f, then u(W,) = 0 where W, = {x : limy, ¢*(zo) € X*}
and g¥(x¢) is the k-fold composition of the mapping g (k steps) starting from initial point

Zo-

Corollary 3.1.25. (Gradient descent converges to minimizers) [Corollary 2, [85]/
Let g(zy) = x,—aV f(x,) be the gradient descent algorithm, where f € C? and ||V? f(z)|2 <
L. Then if a« < 1/L, the stable set of the strict saddle points has measure zero, meaning

n(Wy) = 0.

We can express the k" iterate of NEAR-DGD as a mapping applied either on the x;

or the yy, iterates produced by Equations (1.0.5) and ([1.0.6]) respectively as follows,

(3.1.13a) gi(x) = Z'W(x — aVf(x))

3.1.13b ¢(y) = Z'Wy — oVF(Z!Py).
k

with Dg!(y) = Z'® (I — aV*£(Z'My)) and Dgf(x) = Z'®(I — aV?f(x)).
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To to utilize Theorem [3.1.22 for establishing the non-convergence of NEAR-DGD to
strict saddles, we first need to confirm that the mappings in Eq. (3.1.13)) are diffeomor-
phisms. In the following Lemma we show that this is indeed the case for any fixed value

of the sequence {t(k)}.

Lemma 3.1.26. (Diffeomorphism) Let the steplength in Eq. (3.1.13a) and Eq.
(3.1.13b)) satisfy o« < 1/L. Then the mappings gi,g; : R™ — R™ are diffeomorphisms

for any positive integer value value t(k).

Proof. It suffices to show that det(Dg{(y)) # 0 for all y € R™ and det(Dgj(x)) # 0
for all x € R™. For some vector v € R™, let \;(V2f(v)) be the eigenvalues of the Hessian
V2f(v). Assumption implies that \;(V*f(v)) < L for all i € {1,...,np}. Moreover,

the determinants of both Dgf and Dgy can be decomposed in the form det (Dgg(-))

det(Z!®)) det(I — aV2E(v)) = (Hi A?’%Z)) (T1.(1 — aX(V2£(v))). Thus, det (Dgi(-)) >

0 by the positive-definiteness of Z and o < 1/L. U

We continue our analysis by proving that the NEAR-DGD! variant almost surely

avoids the strict saddles of the Lyapunov function ((3.1.2)).

Theorem 3.1.27. (Convergence to 2nd order stationary points (NEAR-
DGD)) Let {yx} be the sequence of iterates generated by NEAR-DGD' under steplength
a < 1/L. Moreover, let us define the set of unstable fized points Ay of NEAR-DGD'
and the set of strict saddles Y* of the Lyapunov function following Def. @ cmd
respectively. Then if the Lyapunov function L, (3.1.2)) satisfies the strict saddle property
(i.e. its critical points are either minima or strict saddles), the sequence {yy} converges

almost surely to a 2™ order stationary point of L.
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Proof. We first observe that NEAR-DGD! is expressed as the mapping g/ : R™ —
R™ for fixed t € N*, which is a diffeomorphism by Lemma|3.1.26, Hence, to prove almost
sure avoidance of strict saddles with Theorem [3.1.23| it suffices to show that Y* C .A;.

Every critical point y* of (3.1.2)) satisfies VL (y*) = 0, i.e.
t o % 1 to % 1 2t x
Z'VE(Zy* )+ —Z'y* — —Z%y* = 0.
a a

Since Z is positive-definite and by thus non-singular, we can multiply both sides of the
equality above with aZ ™" and re-arrange the resulting terms to obtain y* = g/ (y*), which
confirms that y* is a fixed point of NEAR-DGD?.
The Hessian of £; (3.1.2) at y* is given by,
1
VLi(y*) = Z'V(Z'y"Z! + ~Z'(1 — Z")
(3.1.14) ) @
=~ (I - Dg{(y")) Z".
a
We define the matrix P := aZ_%VQLt(y*)Z_%. Using the positive-definiteness of Z, we

obtain from (3.1.14])
I — Dgl(y*) = aV?L,(y")Z™" = Z:PZ %,

which implies that (I — Dg/(y*)) and P are similar matrices and have identical spectrums.
Moreover, the matrix Z~2 is symmetric by Assumption m Hence, P and (aVZL:(y*))
are congruent and by Sylvester’s law of inertia [Theorem 4.5.8, [69]] they have the same

number of negative eigenvalues. Given that V2L;(y*) has at least one negative eigenvalue
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by Def.[d] we conclude that so does P and there exists index i such that 1—X;(Dg{ (y*)) < 0

or \;(Dg{(y*)) > 1. Applying Corollary [3.1.24| completes the proof. O

We conclude our convergence analysis by demonstrating that the NEAR-DGD™ vari-
ant locally avoids the strict saddles of the function f : R? — R of Problem [1.0.1] almost

surely providing that the steplength « in Eq. (1.0.6]) is chosen within an appropriate range.

Theorem 3.1.28. (Convergence to SOS (NEAR-DGD™")) Suppose that the
function f(x) = ¢, fi(x) of Problem has a non-empty set of minimizers and
satisfies the strict saddle property. Moreover, suppose that f is C* and has L;-Lipschitz

continuous gradients. Then under steplength satisfying

) {1+\/5 -1 n}
o < min —

2L ' L L

in Eq. (1.0.6), the sequences of the local {x;} iterates of the NEAR-DGD" method gen-

erated by Fq. (1.0.5) with t(k) = k almost surely converge to a minimizer of f.

Proof. First, we observe that NEAR-DGD™ can be viewed as a successive application
of the mappings

@(x) = ZFx — aVE(x)), k=1,2,....

Let vy, ...,v, be the eigenvectors of W with corresponding eigenvalues 0 < A; < ... < A,

n

where v, = 1,, and A\, = 1. Any vector u € R" can be written as u = ZZ 1 a;v; for some

real coefficients a; € R with a, = £17u. Multiplying v with W* and taking the limit
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k — oo yields,
1 k — ] . k .
Jim, W = fi, (Z W )

n
. 1
= fim, (Z o ) - (3t2e) 1
1=
due to \F — 0 for i # n.
Hence, successive applications of gf(x) as k — oo converge to the mapping g% given
by

Joo(¥) = M(x — aVf(x)).

The mapping ¢% is not a diffeomorphism due to the positive semi-definiteness of M.
However, by Lemma [3.1.15| we have ||(I — M)xg|| — 0, and applying ¢~ to X = Mx>
yields

95 (X°) = MX™® — aMVE(%®) = x* — aMVE(x™).

Let z° =n'Y" " 2 € RP so that MX™® = 7> ® 1,,. The preceding relation implies

that the mapping induced by g% on z° is equivalent to the standard centralized gradient

descent method with steplength an™1, i.e.

T T > i V(@)
T T T o Z?:l sz(j.oo)
I - -
n .
%] |77 ] D e V(7))

= (7% - 2VF(E®) @ 1.
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Applying Corollary |3.1.25[ completes the proof. U

3.2. Numerical Results
3.2.1. Quadratic problem

We evaluate the empirical performance of NEAR-DGD on the following regularized qua-

dratic problem,

min f(x) = £ 3" (|l

=1

1
)+ gllallh,

where I € {1,...,p} is some positive index and Q" € RP*? and D; € RP*? are diagonal
matrices constructed as follows: q;-j < 0if j = I and qéj > 0 otherwise, and D; =
¢ - eref, where ¢ > 0 is a constant and e; is the indicator vector for the / th element. It
is easy to check that f has a unique saddle point at x = 0 and two minima at x* =

+1 ( Yo =4, ) er. We can distribute this problem to n nodes by setting f;(x) =

[

sllzll3: + gllzllh,. Moreover, each f; has Lipschitz gradients in any compact subset of
RP.

We set p = I = 4 for the purposes of our numerical experiment. The matrices Q"
were constructed randomly with ¢j; € (=1,0) for j = I and ¢}; € (0,1) otherwise, and
the parameter ¢ of matrix D; was set to 1. We allocated each f; to a unique node
in a network of size n = 12 with ring graph topology. We tested 6 methods in total,
including DGD [111], 186], DOGT (with doubly stochastic consensus matrix) [40], and 4
variants of the NEAR-DGD method: i) NEAR-DGD! (one consensus round per gradient

evaluation), 7) NEAR-DGD?® (5 consensus rounds per gradient evaluation), iii) a variant

of NEAR-DGD where the sequence of consensus rounds increases by 1 at every iteration,

and to which we will refer as NEAR-DGD™, and iv) a practical variant of NEAR-DGDT,
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where starting from one consensus round/iteration, we double the number of consensus
rounds every 100 gradient evaluations. We will refer to this last modification as NEAR-
DGD7y,- All algorithms were initialized from the same randomly chosen point in the
interval [—1,1]". We manually tuned the steplength to o = 107! to achieve the fastest
possible convergence rates, and used the same value for all methods for fairness.

In Fig.|3.1] we plot the objective function error f(Zy)— f* where f* = f(2*) (Fig.|3.1al)
and the distance ||Z|| of the average iterates to the saddle point = 0 (Fig. [3.1b]) versus
the number of iterations/gradient evaluations for all methods. In Fig. , we observe
that convergence accuracy increases with the value of the parameter ¢ of NEAR-DGD?, as
predicted by our theoretical results. NEAR-DGD! performs comparably to DGD, while
the two variants of NEAR-DGD paired with increasing sequences of consensus rounds
per iteration, i.e. NEAR-DGD*' and NEAR-DGDY,,, achieve exact convergence to the
optimal value with faster rates compared to DOGT. All methods successfully escape the
saddle point of f with approximately the same speed (Fig.|3.1b)). We noticed that the
trends in Fig. |3.1b| were very sensitive to small changes in problem parameters and the
selection of initial point.

* versus the cumulative

In Fig. [3.2] we plot the objective function error f(zy) — f
application cost (per node) for all methods, where we calculated the cost per iteration

using the framework proposed in [13],

Cost = ¢, x #Communications + ¢, x #Computations,
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Figure 3.1. Distance to f* (left) and to saddle point (right)

where ¢, and ¢, are constants representing the application-specific costs of one commu-
nication and one computation operation, respectively. In Fig. [3.2a] the costs of com-
munication and computation are equal (¢, = ¢,) and DOGT outperforms NEAR-DGD*
and NEAR-DGDY7, since it requires only two communication rounds per gradient evalu-
ation to achieve exact convergence. Conversely, in Fig. [3.2D] the cost of communication
is relatively low compared to the cost of computation (c. = 1072¢,). In this case, NEAR-
DGD™ converges to the optimal value faster than the remaining methods in terms of total

application cost.

3.2.2. Neural Networks

We conclude the Numerical Results section of this chapter by assessing the performance of

NEAR-DGD on the classification of the MNIST dataset [42] with a feed-forward Neural
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Figure 3.2. Objective function error as a function of cumulative application
cost (per node)

Network (NN) trained in a decentralized manner. We report results for the following meth-
ods: 1) NEAR-DGD!, 7)) NEAR-DGD?, i74) DGD [111], [186] and iv) DOGT [40] with a
doubly-stochastic matrix. We note that methods (i) and (7i¢) have the same iteration cost
as they perform the same amount of computation and communication at every iteration,
and the same is true for methods (i7) and (iv). For the purposes of our experiment, we
implemented a 2-hidden layer NN in Python with layer dimensions (784,128, 64, 10) and
with cross-entropy as the loss function. We used the sigmoid activation function for the
first two layers and the softmax activation function for the output layer.

The training set for MNIST contains 6 - 10* samples in total, which we shuffled and
evenly distributed among n agents connected in a network with ring graph topology.
All nodes computed full gradients using all 6 - 10 /n samples at their disposal at every

iteration. The weights and biases of each layer were randomly initialized at the same point
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for all methods (i) — (iv), and grid search was used to find the maximum learning rate «
that allows each method to successfully converge. At every iteration of each algorithm
we computed the average model, i.e. the model whose parameters are the averages of the

local parameters at each node, and tracked the following performance-related metrics:

(1) the value of the loss function for the average model calculated in a forward pass
using all 6 - 10? training samples as input;

(2) the testing accuracy of the average model using all 10* samples in the testing set
as input; and

(3) the consensus violation, i.e. the sum of the distances (I norms) of the local

models to the average model over all nodes and model parameters.

Finally, we repeated the experiment for two different network sizes, n = 10 (Fig. and

n = 30 (Fig. B4).

The values of the metrics (1), (2) and (3) for network size n = 10 and methods (7)-(iv)

are plotted in Figures [3.3al, [3.3b and [3.3¢, respectively. The two variants of NEAR-DGD?

and DGD were able to reach convergence with learning rate v = 1073, while DOGT re-
quired a smaller learning rate (v = 10™*) and as a result is the slowest method to converge,
although it achieves the smallest consensus error out of all methods (Fig. . DGD,
NEAR-DGD! and NEAR-DGD? perform equally well with respect to loss function value
and testing accuracy (Figures and , however NEAR-DGD? outperforms DGD
and NEAR-DGD! in the consensus violation metric , demonstrating the advantage
of performing additional consensus rounds and confirming our theoretical analysis.

Our results for metrics (1), (2) and (3), network size n = 30 and methods (i)-(iv) are

plotted in Figures[3.4al |3.4bland [3.4c, All methods converged with learning rate o = 1073
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in this instance, with NEAR-DGD? converging the fastest out of all methods and DOGT
the slowest (Figures and [3.4Db)). In terms of agreement between nodes, NEAR-DGD?
and DOGT achieve the lowest consensus error (Fig. [3.4c]), with NEAR-DGD? yielding a

smoother curve. DGD and NEAR-DGD! performed comparably in all cases.

3.3. Summary

NEAR-DGD [13] is a distributed first order method that permits adjusting the amounts
of computation and communication carried out at each iteration to balance convergence
accuracy and total application cost. We have extended to the nonconvex setting the anal-
ysis of two variants of NEAR-DGD: i) NEAR-DGD, which performs a fixed number of
communication rounds at every iteration controlled by the parameter ¢, and ii) NEAR-
DGD™, a time-varying instance of NEAR-DGD that increases the number of consensus
rounds executed by 1 at every iteration. Given a connected, undirected network with
general topology, and the relatively mild assumptions of function coercivity, Lipschitz
gradient continuity and satisfaction of the Kurdyka-Lojasiewicz (KL) property in the en-
tire domain, we have shown that NEAR-DGD? converges to the set of critical points of a
custom Lyapunov function which approaches the set of first order stationary points of the
original problem as ¢ increases, and that NEAR-DGD™ converges to first order station-
ary points of the original problem while its iterates achieve consensus exponentially fast.
Moreover, using recent results from dynamical systems theory, we were able to establish
almost sure avoidance of strict saddles for both variants. Our numerical results confirm
our theoretical analysis and demonstrate that NEAR-DGD can perform favorably against

state-of-the-art methods for nonconvex problems.
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layer NN classifying the MNIST dataset, network size N = 10
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CHAPTER 4

Asynchronous Distributed Rendezvous With Probabilistic

Guarantees

4.1. Algorithm Development

For the rest of this Chapter, we focus on the case of fixed, undirected network topolo-
gies, implicitly assuming connectivity maintenance. We adopt point models for the agents,
and do not consider interagent and agent-obstacle collisions. Moreover, we assume that
all agents satisfy the following conditions:

C1: Agents have access to a global, fixed coordinate system,;

C2: Each agent can store a number of packets equal to the size of its neighborhood;
C3: Agents can instantaneously evaluate gradients, read stored packets and broadcast
messages over the network;

C4: Agents are not equipped with sensors capable of detecting the positions of other
agents; conversely, this information can only be obtained via the communication channel.

Each agent 7 € V is initially located at position z;o € RP with its direction g;( set
at gio = 0 to enforce stillness. Moreover, each agent arbitrarily initializes the stored
positions ZL‘;O of its neighbors for all pairs (i,7) € & (eg. :172’0 can be set equal to zero
or the actual position of agent j if available or any other value). All agents know in
advance the following global parameters: a velocity parameter ¢ > 0 which serves as a

scaling factor for all agents’ velocities and a parameter o > 0 that controls the accuracy
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of the rendezvous. In line with existing works utilizing Poisson clocks for the analysis of
asynchronous distributed algorithms [133}, [97], we define each local agent activation, i.e.
each arrival of a local Poisson clock, to be an iteration count k = 1,2, ... of the algorithm.
We assume that only a single agent can be active at each iteration count.

If agent i is active at the k'™ iteration count then it performs the following actions: 7)
it immediately senses its current position x; ; and broadcasts it to its neighbors, effectively
setting xfk = x;%; and i7) it reads from its buffer the outdated values x?}kfl for (i,5) € £
(if there are multiple values for 2%, ; in its buffer, we assume agent i can deduce which
is the most recent one) and sets its velocity (controller input) equal to ¢- g; x where g; x is

computed using the equation below
(4.1.1) Gik = T — ani(xffk) — Tif,

wo_ o b : th th
where z) = w;;x; ) + Z#i Wij Ty and w; ; is the element in the "* row and 7" column

)

of a matrix W € R™*" satisfying the following assumption.

Assumption 4.1.1. (Consensus matriz) The matric W € R"*" has the following
properties: i) symmetry; ii) double stochasticity; iii) w;; > 0 if and only if (i,7) € € or

i =j and w;; = 0 otherwise; and iv) positive-definiteness.

Conversely, if agent 7 is inactive during the k' iteration count, it continues to move in
the most recently calculated direction (or remains still if it has never been activated) and
inactively listens for incoming messages from neighbors. In the absence of collisions and

other disturbances, it follows that regardless of the state of agent i (active or inactive),
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its position at k" iteration will be
Tig = Tig—1+C-0u(k) - Gig—1,

where &;(k) is the elapsed (continuous) time between the k' and the (k — 1) iteration,
x; k-1 is the position of agent ¢ at the (k — 1)t iteration, and gik—1 is the direction of

agent 7 at the (k — 1) iteration. The entire procedure is summarized in Algorithm 2}

Algorithm 2: Asynchronous distributed rendezvous for continuously moving
agents at node ¢

Initialization: position z; € R, neighbor positions xlj’-’o for (7, 7) € &, direction
gi,0 = 0, velocity parameter ¢ > 0, proximity parameter o > 0;
for k=1,2,... do

if 7 is active at k then

sense current position ;= ;51 + ¢ - 0¢(k) - gig—1;
broadcast z;, to neighbors, i.e. set xfk = Tjk;

read received neighbor positions ZE? vy forall (i,75) € &;
calculate new direction g;  using Eq. ({£.1.1));

set velocity equal to ¢ - g; x;

else

continue moving in the direction g; ;_1;

inactively listen for messages from neighbors;

end

end

For simplicity, we assume that the space dimension p is equal to 1 for the remainder of
this Chapter. We note, however, that the analysis can be directly extended to any value

of p. We define the function F': R® — R
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where X = [z1,...,x,] € R™ is the column-wise concatenation of the variables x; for i € V.

We adopt the following standard assumptions on the function F'.

Assumption 4.1.2. (Lipschitz gradients) The function F' has L-Lipschitz contin-

uous gradients.

Assumption 4.1.3. (Strong convexity) The function F is u-strongly convex.

Moreover, let @5, = diag(p11k, -..s Pnng) € R™™ be a diagonal selection matrix, such
that ¢;;, = 1 if agent ¢ is active at iteration k and ¢,;, = 0 for j # i. We then can

compactly express the iterates of Algorithm 2 as

(4.1.2) X = X1 + 0 (k) (X, —aVFE(XP ) — X)) (position)
(4.1.3) Xp =0 X + (I —d)Xp, (buffer)
(4.1.4) XY = 0p(WaXp + (W = W)XP )+ (I —®p) X, (consensus),

where Wy = diag(wiy, ..., Wnn) € R™™ is the diagonal of the consensus matrix W and
Xy = [Ty o Tnp) €R™, XP = [}, 2l (] € R and X} = [z}, ..., 2%, ] € R are the
column-wise concatenations of the position variables x;y, the stored positions 27, known
to neighbors and the “consensual” positions ;) at iteration k, respectively. We note that
the variables x}), are calculated only during active states to update the directions g;
using Eq. .

In the next section, we derive the convergence properties of Algorithm [2] Namely,
we demonstrate that agents converge to an arbitrarily small neighborhood of the optimal

solution z* of Problem while achieving approximate rendezvous.
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4.2. Convergence Analysis

We begin this section by defining the following function that will play a key role in

our analysis,
1
(4.2.1) Fo(X) = FOVX) + o IX w2,

where || - || denotes the ly-norm, i.e. || X[|? =" 2? for X = [x1,...,x,) € R".

The function F,, is the sum of a strongly convex and a convex function and therefore
strongly convex. We will demonstrate that the iterates of Algorithm [2| converge to the
unique minimizer X* of F,.

We also define the distance metric A,(X,Y) = X =Y — o(VF(X) — VF(Y)) for
any two vectors X,Y € R™ and the following quantities we will invoke throughout our
analysis

& = X, — X*  (distance to optimality)

(4.2.2) EY=WX) — X" (consensus error)

E =X, — X} (buffer error).
Using the notation above, we can re-write Equations (4.1.2)-(4.1.4)) as
(423) Xk = Xk—l + Cdt(k)Qk:—l

(4.2.4) Xp=X) |+ ®E |+ c0i(k)PrQr

(4.2.5) X = X+ co(k)PpWaQp_1 + OLWEL | + ©LEY |,
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where Qr = —aWIWVEL(Xy) + E + Ad(WX2, WXy) + An(X,WX}). In the next

subsection, we state a number of preliminary results necessary for our main analysis.

4.2.1. Preliminaries

The function F, (4.2.1)) is the sum of functions with Lipschitz continuous gradients, and
therefore also has Lipschitz continuous gradients. We explicitly calculate the Lipschitz

constant of F,, in the following Lemma.

Lemma 4.2.1. (Lipschitz gradients) The function F, : R™ — R has L,-Lipschitz
continuous gradients, where Lo, = L+ a~'(1 — ) and B is the smallest eigenvalue of the

consensus matriz W.

Proof. For any pair X, Y € R” we have

IVF(X) = VE.(Y)|| = [W(VF(WX) = VE(WY) + o™ (I = W)(X = Y))|
S LIX =Y +a (I =W)X =Y,

where we used the non-expansiveness of W twice and applied the triangle inequality to
get the second inequality.

Observing that the maximum eigenvalue of I — W is 1 — 3 concludes the proof. [

Due to the randomness of the Poisson clocks associated with each agent, in order to
derive convergence guarantees for Algorithm [2| it is necessary to examine the expected
values of the errors in Eq. (4.2.2). We calculate the expectations for various quantities of

interest that emerge in the analysis of Algorithm [2]in the next Lemma.
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Lemma 4.2.2. (Expectations) Recall that \; is the Poisson clock parameter of
agent i and consider the (continuous) time 0;(k) elapsed between the k™ and (k — 1)
global clock ticks and the selection matriz @), = diag(p11 g, ..., Pun i) al the kt" global clock

tick. The following relations hold for all k > 1 and deterministic vectors X € R",

(4.2.6) Elcdy (k)| Fro1] = & E[62(k)|Fr] = 28,
(4.2.7) E[| @ X|1*|Fra] <TIX|12, E[I(I = @) X|?|Fea] < (1 —m)IX]
(4.2.8)

[0, (k)| X |[*|Fi-] < 26X |1, B0, (k)| (1 — @) X [1*|Fp-a] < 26%(1 — )| X%,

where Fi_1 is the sigma-algebra containing the history of the method up to and including
the (k — 1) iteration, & = ¢ (320, A) ™", T = max; A; (32, M)~ is the mazimum acti-
vation probability among agents and m = min; A\; (3, /\Z-)_1 1s the minimum activation

probability among agents.

Proof. Eq. follows directly from d,(k) being an exponential random variable
with parameter 7. A;. Let p; = A (32, \)”" be the activation probability of agent i.
To prove Eq. , we observe that ®? = @, and hence for any deterministic X =
(21, ..., x,] € R™ we have

E[| 94X *|Fra] = Y ElunlFir)af =D piaf < T XP%,

i=1 =1
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and
E[|(I — @) X|*|Fia] = B[ X > = | @ X|*|Faa] = Y (1 = pi)af < (1 - )| X]7,
i=1
proving Eq. (4.2.7).
We now prove Eq. (4.2.8). Let ¢; be an exponential random variable denoting the
time between interarrivals for the ¥ agent, i.e. ¢; is an exponential random variable with

parameter )\;. If node i is inactive at the k' global clock tick, the quantity ¢y 10.(k)

satisfies

P(ii x0t(k) = 0| Fp—1) = P(ii = 0| Fi—1) = 1 — p;.

If agent i is active at the k™ global clock tick, then for any positive scalar 7 we have

P(O < ¢zz,k5t(k) S T|.Fk_1) = /P(tl = min{tl, ...,tn},ti S T|~Fk—1)-

Let 9; be the pdf of ¢; and let A = >_. \;. The preceding relationship yields
Pt = min{ty, ot} b < 7iF) = [ (=) [[ Pt > 7= s)ds
0 i

_ )\ie—)\i('r—s) e—)\j(T—s)dS
/ I1

J#i

= )\ie_;‘T/ ds = Di (1 - 6_5‘7) )
0
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Hence the pdf of ¢;; x6,(k) conditioned on Fj_y and 7 > 0 is

ipa-cr)

3
dr ’

which yields the expectation

E[¢i 16:(k)?| Fr_1] = )\i/ 203 g
0

2N
0 )\3

2 _ 2 _ _ _
= —)\Z (%B_AT + ﬁ(/\7'€_>\7— + G_AT))

Hence, for any deterministic vector X € R™ we have

p p
8, ()2 @ X P\ Fict] = 0 BI6 (k)| Fir o = 22 pia? < 22211 X2
=1

i=1
and

E[c?0y(k)*||(I — @) X [1*| Fia] = E[c*0:(k)* (| X||* — (|25 X |*)| Fir]

P
= ZE[5t<k)2 — 04(k)* Pii | Fror] 27

i=1

p
=28 (1 -p)ai <28(1—m)|I X%,

=1

thus proving Eq. (4.2.8]). O
The following Theorem has been adapted from [164].
Theorem 4.2.3. (Conditional form of Jensen’s inequality)/[164], Ch. 7, The-

orem 10] Let (2, G, P) be a probability space and let g be a convex function over (—oo, +00)

and X be a random variable such that X and g(X) have finite expectations. If B is any
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sub-sigma field of G, then
9(E[X|B]) < E[g(X)|B] a.s.

The following result is a variation of the standard convergence result for the iterates of
the centralized gradient descent method (eg. [[115], Theorem 2.1.15]), and we will employ

it in our main analysis to determine a suitable range for the proximity parameter a.

Lemma 4.2.4. (Contraction) Under Assumptions and consider the
difference Ay (X,)Y) = X =Y —a(VF(X) — VE(Y)) for any two vectors X,Y € R".

Then if a < 2/(u+ L), the following inequality holds

1A (X, Y)|I* <X = Y%,

2apu L

where v2 =1 — T

Proof. Taking the squared norm of A, (X,Y") yields

IAX V)P = IX = Y|* + *[VF(X) = VE(Y)|* - 20(X =Y, VF(X) = VF(Y))

<X =Y+ o?|VF(X) = VE(Y)|®
2
I*

2oL «
- SIX - YIP — ZIVE) - VR,

where we used [[115], Theorem 2.1.12] to bound the inner product in the first equality.

Observing that the coefficient of the term ||[VF(X) — VF(Y)|? is strictly negative

concludes the proof. 0
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We conclude this subsection with the following Lemma adapted from [125]. We will
use Lemma in the next subsection to show that Algorithm [2] acts like a contractive

operator on the expectations of the errors listed in Eq. (4.2.2)).

Lemma 4.2.5. [[125], Lemma 5] Let S = [s;;] € R**® be a nonnegative, irreducible

matriz with s; < A for some A\, >0 fori=1,2,3. Then p(S) < A iff det(\.I —S) > 0.

4.2.2. Main analysis

We begin our analysis by deriving an upper bound for the displacement (up to a scaling
factor) Qr_1 between two consecutive iterates X; and X;_; in Eq. (4.2.3]) with respect to
the errors £*,E% and €Y defined in Eq. (#.2.2)). As a result of Lemma [4.2.6] we obtain a

range for the proximity parameter « of Algorithm 2]

Lemma 4.2.6. (Displacement) Let Q;, = —aW 'V F, (X)) +EP+ Ao (W XP, W X )+
A (X W XD) and suppose that the parameter o satisfies o < 2/(u + L). Then for all

k> 1 we have

1Qull < aB™ Lall&&ll + (L + DIEN +I1E,

where [ is the smallest eigenvalue of the consensus matric W, L, is defined in Lemma (4.2.1)

2oL
i+

and v = /1 — where L and p are defined in Assumptions |4.1.2 and |4.1.5, respec-

tively.
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Proof. Taking the norm of ) and applying the triangle inequality yields

1Qk]| < a||WIVEL(X)| + |IEX + |Aa(WXp, WXL || + (| Aa(X, WXD)|
< af |\ VEL(X)| + 1€+ 1 Aa(WX2, WX + [ Aa(XE, WXD),

where the last inequality holds due to the spectral properties of W.
Applying the Lipschitz gradient continuity of F,, and Lemma on the first term

of the preceding relation and Lemma |4.2.4/ on the last two terms concludes the proof. [

Next, we derive a bound on the expected distance to optimality with respect to the ex-

pected errors defined in Eq. (4.2.2)) at the previous iteration. We derive similar results for

the buffer error and the consensus error defined in Eq. (4.2.2) in Lemmas and {4.2.9]

respectively.

Lemma 4.2.7. (Distance to optimality) Suppose that the parameter o in (4.1.2)
satisfies « < 2/(u+L). Then the expected norm of the distance to optimality & = Xp—X*

satisfies the following relation for all k > 1

E[| &) < (V14262 —2¢ + eE[IE ] + e(1 + E[IE ] + SvE[IE ]

~ -1 _ 2auL
where ¢ =c (32, Ni) " and y = /1 — ZHE.
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Proof. Subtracting X* from (4.2.3)) and taking the norm on both sides yields

(4.2.9)

12N < NIEx—y — acdi (k)W 'V Fo(Xi-a) | + cde(k) 1€l
+ 00y (k)| Aa(WXg_y, WX )| + (k)| Aa (X, WXL
< 165 — act(B)W TV Fo(Ximn)|| + e (k)1 + )€ | + ed(R)YIIE ],

where we applied Lemma to get the last inequality.

For the first term in (4.2.9)) we have
1€y — acd ()W IV Fo (Xl = iy + c0i(k)(WXio1 — Xiy — aVF(W X))
= [[(1 = c0u(k))(E5 1) + cO(k) Aa(W Xy, WXT)]|
< (11 = cde(k)] + o (k)1 €,

where the second equality follows from the optimality of X* and we obtain the last
inequality by applying the triangle inequality and Lemma 4.2.4]

Substituting the preceding relation back in (4.2.9)) yields

€21 < (11 = cai(k)| + (k) NE_all + cou(k) (L + DIE Il + (k)N

We take the expectation conditional on F;_; on both sides of the preceding relation and

apply Eq. (4.2.6) of Lemma to obtain

E[|EFe-1] < (B[ = (k)1 Fir] + ENIEy ]l + (1 + N[l + VI E |-
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Eq. (42-6) of Lemma[4.2.2) yields E[(1 — ¢6,(k))?|Fr-1] = E[1 + c262(k) — 2¢04(k)| Fr—1] =
1+ 2¢® — 2¢, and thus by Theorem applied on the convex function g(r) = —\/x
we have E[|1 — ¢d:(k)||Fr-1] < V1 + 2¢% — 2¢. Substituting this bound in the preceding

relation and taking the total expectation on both sides completes the proof. U

Lemma 4.2.8. (Buffer error) Under parameter a < 2/(p + L) in (4.1.2), the

following relation holds for the buffer error £ = Xy — X2 for all k > 1

E[J|E2I] < VT = (1 4+ &v2(1+ 7)) E[|E]_,]
+aBe2(1 — M) LE[|E] + E/2(1 — m)AE[| €],

where © = min; \; (33, \) ™" s the minimum activation probability among agents, ¢ =

c(d; X)Ly =4/1— Qﬁ‘f, B is the smallest eigenvalue of the consensus matriz W and

Ly, is defined in Lemma|4.2. 1|

Proof. Subtracting (4.2.4) from (4.2.3) yields
51? = - (I)k)glg—l + ¢y (k) (1 — k) Qp—1.

After taking the norm on both sides of the preceding relation and applying the triangle

inequality, we obtain

IEXIN < (T = P)E_ [l + (I (1 = D) Qre—all-

Taking the expectation conditional on Fj_; on both sides of the relation above and in-

voking Eq. (4.2.7) and (4.2.8) of Lemma and Theorem applied on the convex
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function g(z) = —/z yields,

E[IENFr-1] < VI =mll&_all + &v/2(1 = )| Qu-s |
< V1 —all& |1+ ev2(L = m) (aB™ Lall&E ] + (L +NIEN +NEN).

where we applied Lemma to get the last inequality.
Taking the total expectation on both sides of the preceding relation concludes the

proof. 0

Lemma 4.2.9. (Consensus error) Under parameter o < 2/(pn+ L) in (4.1.2)), the

following relation holds for the consensus error EF = WXb — X¥ for all k > 1
E[lEXN] < (W1 —m +é(1 —m)v2Ily)E[|| €]
+ (1= m)VII(L + &v2(1 +)E[|E_ ] + af &1 — m)V2AILE[| ;4 ],

where m = min; A\; (>, )\i)fl 1s the minimum activation probability among agents, m is

the smallest diagonal element of the consensus matriz W, T1 = max; \; (33, \;) ™" is the

mazimum activation probability among agents, ¢ = c()_, M)y =4 /1— Qﬁ‘f, B is the

smallest eigenvalue of the consensus matric W and L, is defined in Lemma [{.2.1]

Proof. Multiplying Eq. (4.2.4) with W and subtracting Eq. (4.2.5) yields
E = (I — Q)&+ (W = W) P&y + cby(k)(W — W)@ Q-1

where we used the fact that ¢, and W, are diagonal and their multiplication is commu-

tative.



120

Taking the norm on both sides of the preceding relation and applying the triangle
inequality yields
€L < 1T = P)ELN + (W = Wa)Pr&g_y[| + e () |(W — W) @4 Qp—1|

< T = @& N + (1= m)[[@e&x_y || + con () (1 = m) | @1 Q.

where the last inequality follows from the fact that the spectral radius of a non-negative
matrix is bounded by its maximum row sum [[69], Lemma 8.1.21].

We take the expectation conditional on Fj_; on both sides of the relation above and

apply Eq. (4.2.7) and Eq. (4.2.8)) of Lemma in conjuction with Theorem applied

for the convex function g(z) = —/x to obtain

(&N Fi] € VI=ml €1 + (1 = m)VILIE || + &1 — m) V21| Qp-]l
< (VI=m+ &1 —m)V2A|IE ] + (1 —m)VII(L + &vV2(1 + )[4l
+ a1 —m) V2L,

where we invoked Lemma to get the last inequality.
Taking the total expectation on both sides of the preceding relation completes the

proof. O

We conclude our theoretical results with the following Theorem which proves the

convergence of Algorithm [2]
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Theorem 4.2.10. (Convergence) Under Assumptions suppose that o <
2/(u+ L) in Eq. @1.2) and that the quantity ¢ = c (3, \;)”" satisfies

2(1 — 1—+1-— 1—+v1-—
(4.2.10) ¢ < mind 2 Z), L LN
2= (1+7)vV2(1—7) (1 —m)yV20
wherey = /1 — QlffLL, 7 =min; \; (3, \i) " is the minimum activation probability among

agents, II = max; A\; (D, )\i)fl 15 the maximum activation probability among agents and
m s the smallest diagonal element of the consensus matrix W.

Then there exist positive constants C' and B and a scalar p € (0,1) such that if ¢ < C,
the distance to optimality £ = X — X* where X* = argminy F,(X), the buffer error

& = X, — X} and the consensus error EF = WXP — X2 satisfy
(&) < p"B, E[ll&l] < p*B.  Ell&I < p*B.

Proof. Combining Lemmas [4.2.7H4.2.9] we construct the following system of linear

inequalities

Efli&x Efl[ €]
E[IEN | = M \E[ll€_1] -

EflE ] E[IE ]
where the matrix M € R3*3 is given by
V1422 —2¢+ vy c(1+7) &y

M= ap™e\/20—7m)Le  VI—7(1+&V2(1+7)) &/2(1 — )y
af'é(1 —m)V20L, (1 —m)VII(1+&vV2(14+7)) VI -7+ &1 —m)v20Dy
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We will show that the spectral radius p(M) of M satisfies p(M) < 1 for small enough ¢.

The determinant of I — M is
det(I — M) = (1 —mqq) ((1 — Mmagg)(1 —mg3) — m23m32)
— M2 (m21(1 —mg3) + m23m31)
— my3 (m21m32 +(1— m22)m31) :

We first note that all elements of M are positive and that m;; < 1 for i = 1,2,3 due to

Eq.4.2.10|. Moreover, it is easy to verify that the following relation holds for any positive

scalar u

l—u<V1I+22—2u<1—u+u?
and thus we can construct a lower bound Lg for det(I — M) as follows,
det(I — M) > L = mp(1 —mao)(1 — mg3) — mymaozmass
— Mg (m21(1 — Maz) + m23m31)
— M3 (m21m32 +(1— m22)m31) )

where my = ¢(1 — ) and my = é(1 — v — ¢).
We observe that the quantity ¢ 'Lp is a 3"¢ degree polynomial of ¢, i.e. it can be

written in the form ¢ 'Lg = P(¢) = ag + a1¢ + aoc® + azc®, where the coefficients ag and
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az are given by

ap=(1-7)(1+vV1-7)*>0

az = —2y(1 —m)(1+~)/II(1 —7) <O.

To prove p(M) < 1 using Lemma [£.2.5] it suffices to guarantee that P(¢) > 0 in the range
of ¢. Due to ag < 0, there exists a positive scalar x such that P(z) < 0. Moreover, we have
P(0) = ap > 0 and P(¢) is continuous in the interval [0, z]. Hence, by the Intermediate
Value Theorem the polynomial P(¢) has at least one root r in the interval (0,z) such
that P(¢) > 01in [0,7), and a range of small enough values of ¢ such that both ¢ < r and
Eq. is satisfied is guaranteed to exist (we note that the closed form of this range
can be calculated with the cubic root formula). Hence, det(I — M) > Lg = ¢ 'P(¢) > 0

and p(M) < 1 by Lemma [4.2.5] which implies that for all £ > 1 we have

Efll & 1€
k
Bl | =M™ lEsl | -

Efll &l 1€

or for & being any of &, &Y, EY

E[ll&]] < (/)(1\4))’“\/H<‘35||2 +IEI17 + €117

Setting p = p(M) and B = /||&[12 + |EL]|2 + ||EY||? concludes the proof. O

We note that Theorem 4.2.10[implies both component-wise convergence to zero in the

mean sense for the errors £, £ and £ due to ||[v]|; < v/n|jv|| for all vectors v € R", and
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convergence in probability to zero for their norms by the Markov inequality, i.e. for &

being any of the errors &£, £ and & and all € > 0 we have

k
B
P&l > <22 —o.

€
4.3. Numerical Results

We evaluated the performance of Algorithm [2] on a 2-dimensional quadratic problem

4.3.1 i —|z||3: + bz ),
(4.3.) min 3 (el + v )

where the function f;(z) = 1||z|

5 221 + bz is assigned to agent i € V.

Each vector b* € R? for ¢ = 1,...,n was randomly initialized in the interval [—1,1].
The matrices Q' € R?*2? were generated as follows: for each agent i € V we generated a
random orthonormal matrix O € R?*? and set Q' = &' - O - diag([1, k]') - (O%)~!, where
& € (0,1) is a random seed unique to each agent and x = L/u = 10% is the global
condition number of Problem [£.3.1] We opted for a network of size n = 5 with random
graph topology (Erdds—Rényi with edge probability 0.5) shown in Fig. [4.1a]

To construct the local Poisson clocks, we randomly initialized the rates \; (arrivals per
second) for each agent by sampling the positive side of the standard normal distribution,
resulting in the values shown in Fig. . Let ¢; ; be the time of the j* activation of agent
t; then ¢;; = t; j_1 + s;, where s; is a random sample from an exponential distribution
with parameter \;. The global clock was created by merging and sorting the activation

times t; ; for all 7 € V and values of j. We terminated the experiment after T = 2 - 10
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seconds. The agents were randomly initialized on the 2-dimensional plane within the
interval [—15,15] (in meters). We set o = 2/(p+ L) and ¢ = 5- 1072 in Eq. (£.1.2).

The results of a typical run of the experiment are shown in Figures [£.2] and [4.3] In
Fig. [.2a] we plot the following quantities over the entire duration of the experiment:
i) the distance between the solution x* € R? of Problem and the average position
, € R?* at time ¢ € [0,7], i.e. T = n 'Y ;4 where z;; € R? is the position of
agent i € V at time t (solid blue line); i7) the distance to rendezvous over time, i.e.
the average %Z?:l |Z¢ — z;4||* of the distances between the local positions z;; and Z;
(dashed orange line); and #i7) the gradient norm ||V F,(X;)|| of the function F,, 4.2.1| where
Xy = [z},,...,75,] € R*" is the column-wise concatenation of the local positions z;;. Our
numerical results confirm our theoretical analysis, namely that the system-wide iterates
X; € R™ of Algorithm [2| converge to the minimum of F,, with linear rate, while the local
iterates x;; € RP converge to a neighborhood of the optimal solution 2* of Problem [I.0.1]
while achieving approximate rendezvous. In Fig. 4.2b| we plot the norms of each agent’s
velocity for ¢ € [0,200], i.e. ||c- gi4]]. We observe in Fig. that agents naturally
decrease their velocities as they approach rendezvous and the optimal solution x* of
Problem [I.0.1} moreover, agents that are activated more frequently have smoother velocity
curves. Finally, to facilitate the visual interpretation of our results, we have plotted
snapshots of the trajectories of all agents for time instances t = {0,45.24,114.61,294.07} in
Figure[4.3] The agents are color-coded as in Fig. [£.1], and the solution z* of Problem

is plotted with a red “x” marker.
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(a) Network topology (b) Poisson parameters \;
Figure 4.1. Network topology (left) and Poisson parameter values \; for

agents i = 1,2,3,4,5 (right).

4.4. Summary

We considered a generalized consensus optimization version of the multi-agent ren-
dezvous problem, where each agent is associated with a local cost function and the op-
timal rendezvous point minimizes the sum of the local cost functions. In our setting,
agents randomly and independently alternate between two non-overlapping states: i) an
active state, where they can sense their current positions, broadcast messages to their
neighbors, access their local buffers where outdated information from their neighbors is
stored, and adjust their velocities; and ii) an inactive state, where they continue to move
towards the direction they calculated in their most recent active state and passively lis-
ten for messages. We proposed a fully asynchronous distributed algorithm for reaching

rendezvous over fixed, undirected networks of mobile agents that is robust to outdated
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Figure 4.2. Distance of average position 7, = n™ 'Y "  x;, at time ¢ €
0,77 to the solution z* of Problem [1.0.1] (left, solid blue line), distance to
rendezvous (left, dashed orange line) and gradient norm VF,(X;) where
Xy = [214, -, w54]" (left, dotted green line) and velocity norms for agents
i=1,2,3,4,5 in the interval ¢ € [0,200] seconds (right).

information and erroneous displacements caused by inactive states, and provided

prob-

abilistic guarantees for its convergence; namely we have shown that under appropriate

selection of parameters, our algorithm converges in the mean sense to an arbitrarily small

neighborhood of the optimal rendezvous point while achieving approximate rendezvous.

Our numerical simulations have confirmed our theoretical findings.
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Figure 4.3. Trajectory snapshots for time instances t = 0 (top left), t =
45.24 (top right), t = 114.61 (bottom left) and ¢ = 294.07 (bottom right).
The agents ¢ = 1,2,3,4,5 are color-coded as in Fig. and the optimal
solution z* of Problem is plotted with a red “x” marker.
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