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ABSTRACT

Economics of Service Operations: Information, Simplified Controls and Omnichannel
Services

Abhishek Ghosh

In this dissertation we consider how simple operational levers affect a firm’s revenue and
consumer surplus. In particular, we focus on information disclosure as an useful control
for omnichannel services.

In the first chapter we consider a revenue-maximizing service firm that caters to price
and delay-sensitive customers. The firm offers a menu of service grades where each grade
is associated with a posted price and expected delay. An optimal menu size could be
as large as the number of customer classes. However, in practice, we do observe that
firms offer a handful number of service grades. We study the revenue loss when the
firm offers a simplified menu with a few service grades. Our analysis utilizes a large
system approximations under the assumption that the firm has ample capacity to serve
the entire market. We set up an optimization model and make use of Taylor series and
asymptotic arguments to obtain the revenue loss. We show that, under a simplified menu,
the firm could lose a significant fraction of its revenue in the worst case scenario. This

happens when there is significant heterogeneity between the customer classes in terms of



their delay sensitivities and their valuation for service. In contrast, noting that customer
heterogeneity may typically be less extreme, we show that the firm can in fact provide a
simplified menu while providing a guarantee on worst case revenue that can be obtained
as a fraction of the optimal. We characterize the worst case optimal menu and provide
asymptotic bounds to the worst case revenue loss as the number of customer types grow
without bound. Characterization of the firm’s worst case revenue loss in terms of a
measure of heterogeneity can be used to guide decision making when offering a simplified
menu of service grades.

In the second chapter we examine the role of information disclosure in omnichannel
services. With evolving mobile technologies, an increasing number of firms are running
multiple channels to serve customers. Due to the novelty of these systems, questions
related to the design of such omnichannel systems and their implications for the firm and
customers remain open. In particular, the question of whether or not a firm should disclose
queue information to its customers in an omnichannel setting has not been extensively
addressed in prior literature. Using a queuing game-theoretic framework, we address
some of these open questions of design of omnichannel service system, especially focusing
on the issue of congestion information disclosure and its impact on customer channel
choice behavior. We benchmark the omnichannel model against a conventional single
channel model, and compare these settings in terms of the firm’s throughput and average
consumer surplus. We find that from the firm’s perspective there is no silver bullet; no
channel arrangement delivers the highest throughput for all system parameters. From the
customers’ perspective, we once again find that neither the omnichannel nor the single

channel system dominates the other in terms of the average consumer surplus for both type



of customers combined. The overall consumer surplus depends on the relative proportion
of app users and non-app users in the system. Indeed, it is possible that both segments
are worse-off when online ordering is offered.

In the third chapter, we extend the omnichannel setting to a competitive environment.
Increasingly many firms in the quick service industry are offering digital ordering apps to
customers. While the option of app-ordering is attractive to customers, still, not all firms
offer an app. Even if we ignore the upfront cost of implementation of an app, it is not
clear whether offering an app necessarily leads to an increase in revenue for the firm in
a competitive setting. A proper evaluation needs to take into consideration the relative
capacity of the firms and the sizes of their customer bases. To this end, we examine what
is the best-response for a firm when faced with a competitor who offers an app. We find
that it might not always be in the firm’s best interest to match its competitor in offering

an app.
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Preface

The goal of this dissertation is to consider various simplified operational controls and
how they affect the economics of service systems. A primary focus of this study is to
consider information disclosure in terms of what information about the service system
is available to customers and in terms of the firm’s lack of private information about
customers. We examine how information disclosure plays a role as an operational lever
for the firm, and how it plays a role in determining the type of simplified control that is
available to the firm.

This dissertation consists of three chapters. The first considers a revenue-maximizing
firm that cannot observe private information about customers. As a result, the firm offers
an incentive-compatible menu of price and delay-differentiated service grades. Customers
then self-select into their preferred service grade. In order to limit the complexity of the
offered menu, the firm restricts the number of service grades it offers. We study the effect
of offering a simplified menu of service grades on the firm’s revenue.

The second chapter deals with omnichannel services where customers can order re-
motely using a digital app. In particular, this chapter examines whether or not an om-
nichannel firm should disclose congestion information about the service system to cus-

tomers via the app, and further examines how this decision affects customers’ ordering



strategy. In this case, the decision of whether or not to disclose congestion informa-
tion acts as an operational lever for the firm. We evaluate how the firm’s revenue, and
consumer surplus is affected by this control.

Finally, the third chapter considers competing service providers, with the goal of
examining whether offering an app always leads to an increase in the firm’s revenue when
its competitor firm offers an app. An app reveals congestion information to customers, and
also offers customers the ability to order whenever and from wherever they want. Thus,
in a competitive setting, a firm’s decision of whether or not to offer an app potentially
affects how customers choose from which firm to seek service. We examine the impact
of this decision of whether or not to offer an app on the firm’s revenue when it faces a

competitor who offers an app.
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CHAPTER 1

Value of Simple Menus with Price and Delay Sensitive

Customers (Joint work with Achal Bassamboo and Ramandeep

Randhawa)

1.1. Introduction

Motivation and Research Question. Firms serving price and time-sensitive cus-
tomers often provide a menu of differentiated service grades with posted prices and lead-
times (or delays) where the impatient customers are charged a premium in return for
expedited service. For example, firms like Amazon have multiple delivery options where
patient customers can opt for a free regular delivery whereas impatient customers can pay
a delivery fee for same-day or expedited delivery. Parcel delivery services like UPS offer
expedited overnight shipping for a higher price as compared to regular ground shipping.
Most theme park operators provide their customers with the option of paying for a pass
(for example, Universal offers Express Pass and Six Flags offers THE FLASH Pass) which
essentially acts as priority access and allows its customers to skip the line and reduce the
time they spend waiting. We can refer to numerous other similar examples in the areas of
communication, transportation and government services, where the customers are simul-
taneously differentiated based on their willingness to pay for service and their sensitivity
to delays experienced in service. Revenue maximizing firms use this differential pricing

as a tool to extract higher revenue from the less patient customer base.
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Customers are heterogeneous and have private information about their own prefer-
ences relating to their willingness to pay for service and their sensitivity to delays. Some
customers might be willing to pay higher than the others for instant service (valuation)
and some customers might value faster service more than the others (delay sensitivity).
Throughout the paper, we use customer class to refer to customer “type” which is char-
acterized by the valuation that the customer has for the service, and the delay sensitivity
of the customer. Multiple customer classes could potentially be served by a single service
grade with a posted price and lead-time. By offering a menu of price and delay differ-
entiated service grades, the firm lets individual customers self-select into their preferred
service grade. Customers are self-interested in their choice of service grades. The firm
does not possess information about the individual customer’s preferences. As a result, a
mechanism needs to be designed so that the customers choose the grade of service that is
designed for them. In this sense, the mechanism/menu must be incentive compatible.

Since the firm caters to a heterogeneous customer base, it is expected that a revenue
maximizing menu should offer a large number of service grades which increases with the
number of heterogeneous customer classes. However in practice, we see that in order to
limit the complexity of the offered menu, the number of service grades offered by these
firms is typically limited. By offering a menu with limited number of service grades, the
firm could potentially leave money on the table. In our paper, we study the following
research question: How much revenue can the firm lose by offering a simplified menu that
has limited number of service grades as compared with the revenue mazximizing optimal

menu?
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Methodology. Our analysis utilizes a large system approximation where we assume
that the firm has ample capacity to serve the entire market. This approximation implies
that the size of each customer class proportionately scales with firm’s capacity while
maintaining the stability of the system. In this setting of ample capacity, we note that
any work conserving policy would result in zero lead times. As a result, it would be
socially optimal and incentive compatible to serve everyone with a price and lead-time
of zero. However, revenue maximization would entail artificially inflating the lead times
to differentiate across customer classes. This would dis-incentivize the impatient classes
from joining the cheaper and slower service grades. Therefore, the delays in our framework
do not arise from the congestion in the system due to queuing effects, rather they arise
solely due to induced server idleness necessary for satisfying the incentive compatibility
constraints. Our ample capacity assumptions allows us to focus on these delays without
being mired with tackling the queueing dynamics.

In order to answer our research question, we study the firm’s revenue under a menu
with limited number of service grades possibly fewer than the number of customer classes,
as a fraction of the maximum possible revenue under the optimal menu. Using this study,
we capture the performance of the firm in terms of the revenue relative to the optimal
revenue. Thus, a higher value of this ratio corresponds to a lower optimality gap and a
lower value indicates significant revenue loss and sub-optimal performance by the firm.
With this ratio as the objective function, we measure the performance of a simplified menu
using a worst case analysis by solving a minimization problem in terms of the valuation
and delay sensitivities of the customer classes. The solution of this optimization problem

corresponds to the maximum possible revenue loss by the firm and hence we refer to it as
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the worst case revenue ratio (WCRR) and the resulting valuation and delay sensitivities
as the worst case parameters. We derive structural properties for the optimal menu under
the worst case scenario and make use of Taylor series and asymptotic arguments to derive
the solution to this problem.

Contribution and Summary of Results. We show that, in general, the firm could
lose a significant fraction of its revenue by offering a limited menu of service grades in the
worst case scenario. That is, we show that the WCRR converges to zero as the number
of customer classes grows without bound. We further investigate the parameter regime in
which these significant losses to revenue are realized and find that this happens in settings
in which the heterogeneity in delay sensitivity and valuations is significant even between
any two customer classes.

Noting that customer heterogeneity may typically be less extreme, we analyze the
case of bounded heterogeneity between customer classes. We find that there is a big
difference between the cases of unlimited and limited heterogeneity with respect to how
customer classes are segmented in the optimal menu under the worst case scenario, that
we refer to as the optimal worst case menu. In the unlimited heterogeneity setting, the
optimal worst case menu separates out each customer class customer class is differentiated
from each other. In contrast, in the limited heterogeneity setting, some customer classes
may be pooled. Thus, in the latter case, the number of candidate segmentations of
customer classes grows exponentially with the number of customer classes. We show that
this complexity can be reduced so that one only needs to consider a strict subset of the
possibilities that is quadratic in the number of customer classes. We characterize the

worst case optimal menu, and use it to show that, under limited heterogeneity, the firm
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can in fact provide a simplified menu while providing a guarantee on worst-case revenue
that can be obtained as a fraction of the optimal. Mathematically, we prove that the
WCRR for the firm can be bounded away from zero even if the number of classes grows
without bound. Further, we characterize the firm’s worst case revenue loss in terms of
a measure of heterogeneity, which can be used to guide decision making when offering a

simplified menu of service grades.

1.2. Literature Review

Our paper contributes to the vast literature on pricing and scheduling in queuing sys-
tems with strategic customers. The work on strategic customers in queues dates back
to the seminal paper by Naor (1969). Mendelson and Whang (1990) was the first pa-
per to look at the pricing problem from a social welfare maximization perspective when
serving multiple customers types with type dependent delay sensitivities and linear de-
lay cost. Subsequent papers have considered the social welfare maximization problems
(Van Mieghem, 2000; Hsu et al., 2009). It turns out that the pricing mechanism is incen-
tive compatible and the optimal scheduling policy is work-conserving. This same problem
when studied from a revenue maximization perspective becomes fairly complicated.

Afeche (2013) addresses this problem in the revenue maximization setting in presence
of two customer types and shows that externality pricing and delay cost minimization are
no longer optimal in this setting. Moreover, the paper shows that in the optimal solution,
the service provider artificially delays one customer type (“strategic delay”) beyond what
is obtained from the work-conserving policy. Yahalom et al. (2006) extends this problem

to non-linear delay costs and multiple customer types. Partial extensions of this approach
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to more than two customer types in an M/M/1 setting is studied in Katta and Sethuraman
(2005) and Afeche and Pavlin (2016) under additional assumptions on the relationship
between valuations and delay costs.

Doroudi et al. (2013) considers an M/G/1 queue where arriving customers draw val-
uation from a common distribution and have waiting costs that are proportional to their
realized valuations. The bulk of their analysis focuses on offering a continuum of priorities
but they do demonstrate numerically that a coarse priority scheme with a limited number
of priority classes performs very well. They explicitly compute the optimal menu of prices
in closed form for some specific customer valuation distributions. Katta and Sethuraman
(2005) considers a model with multiple, finite customer types with each customer type
having a constant type-dependent valuation and delay sensitivity coefficient. Under as-
sumptions on valuation and delay coefficients, the authors characterize the structure of
the optimal pricing and scheduling policy. Furthermore, similar to our setting, they con-
sider the case where the service provider is restricted to use a limited number of service
levels. Although, these papers focus on characterizing the optimal policy, due to the com-
plex nature of the problem, there is a lack of insight into the value of offering simplified
menus. Nazerzadeh and Randhawa (2018) use an asymptotic analysis to show that, when
delay sensitivities are linear or sub-linear in the customer valuation, a very coarse priority
scheme is sufficient; in a large system, two levels of priority is asymptotically optimal and
capture nearly all of the possible system value.

Our work focuses on the revenue optimization problem and best relates with Naz-
erzadeh and Randhawa (2018), Afeche and Pavlin (2016), Doroudi et al. (2013) and

Katta and Sethuraman (2005). In relation to these papers, our paper is similar in the
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sense that, we seek to understand the value of offering a simplified menu. While most
of these papers focus on the exact characterization of the optimal policy, we take a large
system asymptotic approach similar to Nazerzadeh and Randhawa (2018) and Maglaras
et al. (2013). To study our problem, we assume that the firm has ample capacity, which
gets rid of queuing related congestion. Consequently, we do not focus on the scheduling
problem. We perform a worst-case analysis of the optimality gap in the firm’s revenue
under limited offering. We consider discrete customer types, similar to Katta and Sethu-
raman (2005), and present the asymptotic lower bound on the firm’s revenue loss as the
number of customer types grow without bound. We make use of Taylor series arguments
for our analysis, similar to Nazerzadeh and Randhawa (2018) and Maglaras and Zeevi
(2003).

In our paper, we study the worst case scenario for the firm. As an outcome of this worst
case analysis, we find that the delay sensitivities would be increasing in valuations, i.e.,
higher valuation customers will be more delay sensitive. In contrast, previously mentioned
papers study the value of offering a simplified menu under the assumption of a monotone
relationship between customer valuations and the delay cost. For e.g., Afeche and Pavlin
(2016) considers the case in which the customer delay sensitivity coefficient is affine in
valuation whereas both Katta and Sethuraman (2005) and Nazerzadeh and Randhawa
(2018) assume that delay sensitivities are sublinear in valuations. Furthermore, depending
on the waiting cost structure, the revenue maximizer may pool some types together,
impose a common price and offer the same expected wait, see Katta and Sethuraman
(2005). Additionally, a revenue maximizer may use a complex service discipline that may

pool customers or exclude some or impose strategic delay, see Afeche and Pavlin (2016).
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Similarly, we find in our worst-case analysis, that the optimal menu might pool multiple
classes into a single service grade or exclude some of the customer classes or offer price-
delay differentiation through strategic delay. Finally, we focus on static price-delay menus
in contrast to dynamic price-lead time quotations which is studied in Plambeck (2004),
Celik and Maglaras (2008) and Ata and Olsen (2013). Our focus in this paper is on posted
pricing; one could consider other price-service mechanism such as priority auctions, see
Afeche and Mendelson (2004).

Finally, there are papers which consider similar setting but address different research
questions. Gurvich et al. (2018) compares how priority scheme is implemented by a rev-
enue maximizer and a social planner, and addresses the question of how priority schemes
affect consumer surplus. Maglaras and Zeevi (2003) studies the pricing and capacity
sizing problem for systems with shared resources under revenue and social optimization
objectives. Maglaras et al. (2013) considers this problem in a large system asymptotic
regime and uses these asymptotic finding to provide interesting contrasts between social

welfare and revenue optimization.

1.3. Model

We model price and time sensitive customers who are heterogeneous in their valuations
for service, and delay sensitivities. We use N to denote the total number of customer
classes. All customers of class i have valuation (willingness-to-pay) v; for service and incur
a linear delay cost of h; per unit time spent in the queue waiting for service to commence.
We use \; to denote the arrival rate for customer class i. Without loss of generality, we

index customer classes in decreasing order of their valuations, i.e. vy > vy > --- > vy.
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Thus, (v;, ki, A;) € R3 fully characterizes class i of customers. We use v, h and A to denote
the valuation, delay sensitivity and arrival rate vectors (vi,ve,...,vy), (hi,he, ..., hy)
and (A1, Mg, ..., Ay) respectively. We use ); to denote Zlm:1 A, for brevity, throughout
the rest of this paper.

Upon arrival to the service system, customers are faced with a menu of K service
grades that are differentiated in terms of price and delay offered by a monopolistic firm.
The parameters for the k' service grade are denoted by (p,dy) € R? where pj, is the
price and dj, is the delay experienced, for all kK = 1,2,..., K. A menu with K service
grades is denoted by {(pr,dr) | 1 < k < K}. Without loss of generality, we index service
grades in decreasing order of the prices, i.e. p; > py > --- > pr. We model the utility of
a customer of class ¢ who pays price p for service and experiences a delay d, as a linear
function of her valuation net of price paid and the delay cost incurred corresponding to
the total time spent by her in the queue, which is given by v; —p — h;d. Customers decide

whether or not to join service, and if they do, which service grade to choose so that their

individual utility is maximized. Thus, for a given customer of class i € {1,2,..., N},
defining
(1.1) j(i) = argmax(v; — pr — hidy),

k=12,...K

the customer joins service grade j(i) if v; — p;u) — hidjiy > 0, and chooses not to join
service if, v; — pju) — hidj; < 0. If customers are indifferent between joining any two

service grades, we assume that they always join the service grade with lower delay. Based
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on the customer’s choice of service, the effective arrival rate for service grade k is,

O (pr di) =D A

i€T;,
where 7, is the set of all customer classes joining service grade k.
The firm’s problem is to offer a menu of K service grades such that it’s revenue is

maximized. We make the following relaxation regarding the firm’s capacity:

Assumption 1. We assume that the firm can offer any delay for all classes, dp > 0

forallk € {1,2,... K}.

Assumption 1 provides analytical tractability. Further, Assumption 1 is a good ap-
proximation for large scale queuing systems (see §4.1 in Maglaras et al., 2013) where the
size of each customer class proportionately scales with capacity keeping the system stable
by maintaining an overall constant throughput of strictly less than one, holding all other
parameters of the problem fixed. In this way, the customer population grows large, but
the characteristics and behavior of individual customers remain the same. Therefore, any
non-zero delay offered by the firm in our setting can be viewed as “strategic delay” (see
Afeche, 2013) which implies that the firm may strategically induce server idleness in order
to satisfy incentive compatibility. In particular, strategic delay allows the firm to offer
differentiated service grades and charge higher valuation customers a premium for service

grades with lower delays.
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The firm’s optimization problem for the best simplified menu with K grades of service
is given by,

K

mx (v, h) = sup Z Or Pk, di.)Pr

(1_2) J -
st. pp >0, dy >0forall k=1,2,..., K.

In contrast, for the optimal menu that maximizes the revenue, depending on the valuation
and the delay sensitivities of the customers, the firm may need to offer up to N service
grades. We use 73 (v, h) to denote the revenue of this optimal menu.

Our goal is to study the loss of revenue for a firm offering K service grades, where K < N,
in comparison to the revenue for the optimal menu under the worst case valuation and
the delay sensitivities. To this end, we are interested in solving the following optimization
problem which represents our worst case analysis:

(1.3) RE = inf {7”}5}

v>0,h>0 7r}"\,

We refer to R% as the worst case revenue ratio (WCRR). We refer to the optimal menu,
which generates a revenue of 7} under the optimal solution to (1.3), as the worst case
optimal menu (WCOM). Thus, RX is the fraction of the optimal revenue, 7%, that the
firm generates by offering a simplified menu with K service grades, under the worst case
valuations and delay sensitivities. A higher value of RY would indicate that a simplified
menu is valuable whereas a lower value would indicate that the firm may lose a lot of

revenue by offering a simplified menu.
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1.4. Analysis: Fundamentals

In this section, we define a set of menus of service grades, and their properties, which
will be essential for the rest of our analysis. In particular, we use these definitions to
characterize the worst case optimal menu, WCOM (see the definition after optimization
problem (1.3)), for our worst case analysis for a given K. We begin by defining the

following customer segmentation.

Definition 1. (CUSTOMER SEGMENTATION o) We say a menu of service grades,

{(pi,dy) | 1 <1< L}, induces a customer segmentation o(iy,1s,...,i5), where 0 = iy <
11 < ---<ip <N, if customer classes i1 + 1,4;_1 + 2, ...,1; join service grade | for all
l=1,2,...,L, and customer classes iy, + 1,ip, + 2,..., N do not join service, where L

denotes the number of service grades.

Customer segmentation ¢ implies that blocks of consecutive customer classes join con-

secutive service grades. Next, we define a set of menus that induces customer segmentation

0.

Definition 2. (oc—INDUCING MENUS) We define My, as the set of all menus that
offers L service grades, {(p;,d))|l = 1,2,...,L}, such that these menus induce some
customer segmentation o(iy,is, ..., i), and the utility of customer class i; resulting from

joining service grade (p;,d;) is zero, i.e., v, —p — hyd; =0 for alll =1,2,...,L. We

define Ml = UY_ M.

Now that we have defined customer segmentation o and a set of menus that induces o,
we present the following lemma, which uses these definitions to establish the characteristics

of the WCOM.
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Lemma 1. The optimal menu, WCOM, in the worst case analysis as defined in (1.3),

belongs to set M, when the firm offers a single service grade, i.e. K = 1.

The prices and delays offered on revenue-maximizing menus in set M are characterized
by the proposition below. In addition, we present a condition, which involves the delay
sensitivities and the arrival rates of the customer classes. This condition is necessary in

order for the menus of set M to be able to delay-differentiate customer classes.

Proposition 1. Consider two service grades (pj, d;) and (py, di) on a revenue - maz-
imizing menu in set M, where j < k, and for corresponding customer classes i; and iy,

the following holds:

Y <
i) The delay sensitivities satisfy the relation —= > =% where \;, = l?: A
h =1
ik ij

(i1) The prices satisfy px = v, — hy, dy and the delays satisfy

0 k=1,
d, =
h”H h% k> 1.

The benefit of delay differentiating any two customer classes comes from the fact that
the customer class with higher valuation is charged a higher price for a faster service.
Simultaneously the lower valuation customer class is charged a lower price for a service
that is sufficiently “degraded,” by offering more delay, to disincentivize the higher valu-
ation customer class from joining it. The offered delay is smaller if these two customer
classes are relatively more delay sensitive to one another. On the other hand, as the
customer classes become less delay sensitive relative to one another, the offered delay

that is required to differentiate them becomes larger. Thus, the revenue coming from the
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higher priced service grade should compensate for the reduction in revenue coming from
the lower priced service grade in order for delay-differentiation to be beneficial to the firm.
Proposition 1(i) highlights this trade-off and says that if customer classes i; and i) are
delay-differentiated, then it implies that these two customer classes are adequately delay
sensitive relative to one another. This would ensure that the resultant price reduction for
the slower service grade, by offering higher delay, does not outweigh the benefit of offering
delay differentiation. This result plays an important role in determining the structure of
the solution to our worst case analysis, especially in §1.7, where we analyze the case with
limited heterogeneity.

In §3.1 we present the revenue-maximizing menu that is optimal for the firm to offer,
when there are two customer classes. We discuss how this menu changes as the valuation
and delay sensitivities of the customer classes change. In addition, we provide the worst
case analysis for the firm’s revenue when it offers a single service grade in the presence
of two customer classes. As the number of classes grow beyond two, characterizing the
revenue-maximizing menu becomes cumbersome, and hence in §3.2, we analyze the WCRR
when the firm faces more than two customer classes. We show that, the worst case
is realized as the consecutive customer classes become infinitely more delay sensitive
and have infinitely more valuation. Finally, in §3.3 we formalize the idea of limited
heterogeneity, which refers to the valuations and delay sensitivities of the customer classes

being bounded, and present the worst case analysis for this case.
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1.5. Analysis: Two Customer Classes (N = 2)

In this section we present the revenue-maximizing menu for the firm in the presence of
two customer classes, i.e. N = 2. In the subsequent section, we use this menu to analyze
(1.3), when the firm offers a single service grade, i.e. K = 1. Afeche (2013) and Maglaras
et al. (2013) provides the optimal price/lead-time menu for two customer classes for a
capacity constrained firm. As a result, some of our results in §3.1.1 would overlap with

theirs.

1.5.1. Properties of Optimal Menu

Consider two customer classes with valuations and delay sensitivities (v, k1) and (vq, hs)
respectively. The optimal menu could offer either one or two service grades catering to the
two customer classes. We solve for the optimal price-delay menu, {(pg,di) | 1 < k < 2},
and derive conditions in terms of the customer primitives, under which it is optimal to offer
this menu. Solution to the following optimization problem yields the revenue-maximizing

menu when there are two customer classes:

max — Aip1 + Aapo

p1,d1,p2,d2
s.t. U1 —P1— h1d1 Z 0, (IR,l)
Vg — P2 — h2d2 Z 0, (IR2>
(1.4)
v —p1 — hidy > 01 — pa — hids, (IC1)
Vg — pa — hady > vo — p1 — hady, (IC2)

plzoy pQZoa dlZOa dQZO
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Participation constraints (IR1) and (IR2) ensure that the customer classes get non-
negative utility from joining service. Incentive compatibility constraints (IC1) and (1C2)
ensure that the two classes join their respective service grades. The following lemma
presents the solution to problem (1.4), and hence completely characterizes the revenue-

maximizing menu in terms of the customer primitives:

hy A2
Lemma 2. If (— > 1+ ) then it is optimal to offer the following menu:

ha A1
i) If <% < %) then optimal number of service grades, K* = 2, and p1 = vy, di = 0,
1 2
P2 = Vg — hs A ,dy = R . Optimal revenue for the firm is \jvy + o[ v —
hl — hg hl - hf2

V1 — Uy
h :
2<h1—h2)>

ii) If (— > h—2) then K* = 1, and p1 = v1, di = 0. Optimal revenue for the firm is

/\1’01.

[f(—<1+)\

3 ) then it is optimal to offer the following menu:
1

i) If (— <1+ i
()\1 +)\2)U2.

) then K* =1, and p1 = vo, di = 0. Optimal revenue for the firm is
1

zz)[f< >1+i

)\11}1.

) then K* =1, and p; = vy, di = 0. Optimal revenue for the firm is
1

We note that, for the revenue-maximizing menu to provide delay differentiated service
grades, it is necessary that the higher valuation customers also have higher delay sensi-
tivity, i.e. if v; > v; then h; > h;. Moreover, for delay differentiation to be optimal, it

is necessary that delay sensitivity per unit valuation for class 1 be greater than that of



34

class 2, i.e. % > Z—j This ensures that the firm can offer a delay differentiated service

V1 —V2

o ) , otherwise, if

grade to customer class 2 with a non-negative price, ps = vy — hg(
% < Z—; then offering a single grade becomes optimal (This is same as the price condi-
tion in Proposition 4 and §6.3 of Afeche (2013) for the case with ample capacity). We
observe that there is a positive delay in the second service grade, i.e. ds > 0, when delay
differentiation is optimal. This is known as strategic delay in the literature. Strategic
delay ensures incentive compatibility of the mechanism, i.e. the higher valuation class 1
joins the service with higher price p; and lower delay d;, as compared to, the “degraded”
service grade 2, with price po < p; and delay dy > d;. Furthermore, we note that the
condition (Z—; > 1+ i—f) in Lemma 2, which is necessary for delay-differentiation to be

optimal, can also be obtained by applying Proposition 1. This is same as the segment-size

condition in §6.3 of Afeche (2013).

1.5.2. Worst Case Analysis

Now that we have characterized the properties of the optimal menu, we use it to solve
(1.3), and study the worst case revenue loss associated with offering a simplified menu.
The worst case scenario would be realized when it is optimal for the firm to offer two
service grades and the firm offers a single service grade. To see this, we note that if it
were optimal to offer a single service grade, then the firm would be acting optimally by
offering a single service grade, and hence this couldn’t be the worst case. Thus, we are

interested in the following optimization problem, which solves for the WCRR:

1
i s

RY= inf {25,
v>0,h>0 | 75
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The service grade offered by the firm would induce one of two possible customer seg-

mentations. Either both customer classes would be pooled into the same service grade

or only the higher valuation customer class 1 would join service. Given the customer

primitives, this leads to two possible revenue-maximizing service grades that the firm

could offer; either (p; = vy,d; = 0) or (pa = vg,dy = 0). Thus, the firm’s revenue is
1

5 = max{ vy, (A1 + A2)ve}. Applying Lemma 2, we note that the optimal menu consists

of the following two service grades,

V1 — U2 V1 — U2
(Pl V1, 01 O) an (pz (%) z(hl_h2)7 2 hl—hg)

Thus, the WCRR can be written as,

15 ry= o fomele ot el
v>0,>0 | A\jv; + Ao (Uz - h2(21—222))
(16) S.t. V1 > V2,
hy (%1
1. ho " vy
( 7) hQ V2

Constraint (1.6) reflects our convention of indexing customer classes by decreasing order
of their valuations. Constraint (1.7) is the price condition which ensures that price p; and

delay dy are positive. The following lemma presents the solution to problem (1.5).

Lemma 3. The WCRR for a firm offering a single service grade, i.e. K = 1, when
there are two customer classes, i.e. N = 2, and the arrival rates \y and Ay are fized, is

given by,
2N 420
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The worst case is realized as the ratio of consecutive delay sensitivities grow without

h1

. — 00. Moreover, under the optimal solution to (1.5), the valuations

bound, i.e.

i.e. both service grades (v1,0) and (v2,0) would yield the

are such that & = 2Autde
vy A1

V1 —v2
h1—ha

same revenue. In the expression for price, po = vy — hg( ), we can interpret the

term ho (%) as the cost of offering delay-differentiation, as it represents the delay cost
associated with offering differentiated service grades. Since, Z—; — 00, the offered delay
dy = % approaches zero, and thus the cost of offering delay differentiation goes to
zero as well. This implies that the two customer classes become progressively “easier”

to differentiate, and hence the firm becomes progressively worse off by offering a single

service grade. Thus, under the worst case valuations and delay sensitivities, the firm can

A1+Ao

355 fraction of the optimal revenue by offering a single service grade.

guarantee

1.6. Analysis: Multiple Customer Classes (N > 2)

Characterizing the revenue-maximizing menu, as we have done in §1.5.1, becomes
cumbersome when there are more than two customer classes. Hence, in this section,
we present the worst case analysis for the firm’s revenue when there are more than two
customer classes, i.e. N > 2, and when the firm offers fewer than N service grades. To
this end, we are interested in characterizing the WCRR, RX, as defined in (1.3). The
theorem below summarizes the result of our worst case analysis and characterizes the

WCRR.

Theorem 1. (WORST CASE REVENUE RATIO) The WCRR for a firm, offering a

K

menu of K service grades when there are N customer classes, is such that, % < RK < N
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In the remainder of this section, we set up optimization problem (1.3) and highlight
certain characteristics of the optimal solution. This will help develop intuition and will
lead into the subsequent sections. we begin with our analysis of (1.3) for K’ = 1, i.e. when
the firm offers a single service grade. we obtain an exact expression for R}. However,
deriving an exact expression for RY when K > 1, is cumbersome. Therefore, we use the
structure of the optimal solution for K = 1 and derive an upper bound to (1.3) when
K > 1, i.e. when the firm offers multiple service grades.

Single Service Grade (K = 1). When there are N customer classes and the
firm offers a single service grade, i.e. K = 1, there are N possible revenue-maximizing
service grades that the firm could offer. The service grade denoted by (px = vy, dx = 0)
would result in customer classes 1,2, ...,k being pooled into one service grade and the
remaining classes not joining service, for all £ = 1,2,..., N. The optimal menu would
offer N incentive compatible service grades targeting each of the N customer classes.
Applying Lemma 1, we know that the worst case optimal menu belongs to set M. Hence,
we can apply Proposition 1 to characterize the prices and delays offered by the optimal

menu. Thus, the optimal menu would offer N service grades {(pg, dx)|1 < k < K}, where

p1 =1, d; =0, and p;, = vk—hk(z:j:Z’Z) and dj, = H forall k =2,3,...,N. Thus,

the WCRR is given by,

PO g R
A>00>0h>0 | N\joy + >3y Ak (Uk - hk(;’ijizlz))

e O g alk=12.  N-1.
P Vk+1

(1.8)

S.t. v > Vg,
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The worst case is realized as the ratio of the consecutive delay sensitivities grow without

hi
hit1

bound, i.e. — oo, forall k=1,2,...,N — 1. As a result, any two customer classes

could be differentiated by offering infinitesimally small delay. This allows for maximum

Vk—1—Vk

possible delay-differentiation as the delay cost, hk(hk—l_hk

), goes to zero. Thus, we can

rewrite (1.8) as follows:

maxlSkSN{kak} }
>t A

S.t. v > Ugaq, forall k=1,2,... N — 1.

R, = inf
N As00>0

(1.9)

We solve problem (1.9) exactly, and Theorem 1 establishes this result. Under the optimal
solution to (1.9), the valuations are such that they satisfy MU = Xkﬂvkﬂ for all £ =
1,2,..., N—1. Using this relationship between the worst case valuations and arrival rates,
we can reformulate (1.9) as an optimization problem over arrival rates only. In particular,
by dividing both the numerator and the denominator in (1.9) by A\yv, we get,

m= s |

:1X_k

(1.10) N
where \, = Z/\Z- forall k=1,2,..., N.
i=1
Equivalently, we could also express (1.9) as an optimization problem over valuations only.
Thus, minimizing the revenue ratio over valuations is equivalent to minimizing the revenue

ratio over arrival rates. Optimal solution to problem (1.9) is achieved as the ratio of the

consecutive valuations grow without bound, i.e. % — 00. This implies that % — 00,
k

k+1

. . A . .
which can be shown to be equivalent to N 00 Hence, the worst case is realized as



39

the valuations for consecutive customer classes get infinitely higher and the arrival rates
get infinitely smaller in such a way that A\zvj, remains constant for all k =1,2,..., N.
Multiple Service Grades (K > 1). Now, if the firm offers a menu with more than
one service grade, i.e. K > 1, deriving an exact expression for RY would be cumbersome.
Lemma 1 characterizes the worst case optimal menu for K = 1. However, characterizing
the worst case optimal menu and the expression for the revenue associated with this
menu, would not be as straight forward for K > 1, as compared to K = 1. Deriving
an upper bound for R, would be sufficient for us to generate insights and analyze the
WCRR. Since, we are not interested in characterizing the optimal menu for K > 1, we
argue that, in (1.3) if we use revenue expressions 7% and 7% that correspond to feasible
menus then it would result in an upper bound to RYX. To see this, we note that, the
correct revenue expressions in (1.3), would result in the least value of the revenue ratio,
resulting in the WCRR. Any other feasible revenue expression in (1.3), can only result
in a higher value of the revenue ratio, since (1.3) is a minimization problem. Hence,
this would result in an upper bound. Thus, we assume that both the optimal menu and
the K-service grade revenue-maximizing menu offered by the firm belong to set M of
o-inducing menus. The K-service grade revenue-maximizing menu, {(pg, dx)|1 < k < K}
which is given by Proposition 1, is such that p; = v;,dy =0, and p;, = v;, — h;, (M)

hij_y —hyy,
and d = % for all k£ € {1,2,...,K}. From Definition 1 we know that customer
i1~ ik
classes i1 + 1,91 + 2,..., 19 would join service grade (pg,dy) for all k = 1,2,... K.
Thus, choosing the K service grades is equivalent to choosing the indices i, %9, ..., ik, as

per Definition 1. Moreover, the optimal menu would offer N incentive compatible service

grades targeting each of the N customer classes. Thus, the worst case analysis formulation
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for this problem is given by,

(1.11)

K .
Ry = inf
A>0,v>0,h>0

{ maX{il,iQ,m,iK}{Xilvil + 25:2 (X% - Xikfl) (/Uik - hik (W))} }

tp—1" Vi
Ao+ Yy e (o — hk(H))

P U k=12, N 1.

s.t. Vi > Vkt1, h_ U
k+1 k+1

Again, since we are deriving an upper bound, we can simply use the solution for problem

(1.9), which would be a feasible solution for (1.11). In particular, we let

s , —— — 00 and —— — oo such that \;v; = k and i/ Vi 0
Ai Vit i+1 hifhita
where k is some constant. Using the conditions h}zl — oo and M—i — 0 in (1.11) we

get,

A>0,0>0

_ K~ _
max{ihiz,m,ik}{)‘hvh + Zsz()\ik - /\ik—1)vik}}

—K
(1.12) Re = inf
N St Ak

Additionally, condition % — 00 along with condition \;v; = & imply

K K
(1.13) Ry = inf MAX iy i MDD et AUt | 08Ky nii Dk B 5
N As00>0 chvzl AUk ij:l K N

Theorem 1 implies that the WCRR converges to zero as the number of customer classes
K+1
grows without bound. Note that we have, % =1+ % which implies that in the worst
N

case scenario, marginal benefit of offering an additional service grade is the highest going
from K = 1to K = 2 and diminishes as the number of offered service grades, K, increases.

Also, we note that the rate of convergence of R to zero is %, which implies that the

firm loses a lot of revenue fairly quickly as the number of customer classes increase. This
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happens since the worst case scenario for the firm is realized as the consecutive customer
classes become infinitely more impatient with infinitely higher valuation, which minimizes
the value of offering a simplified menu. Thus, the firm faces customer classes that are
extremely heterogeneous in terms of their valuations, delay sensitivities and arrival rates.

Although customer classes could potentially differ from each other a lot in terms of
their valuations, delay sensitivities and arrival rates, in practice, we expect that cus-
tomer classes have limited heterogeneity. As a result, a natural question arises as to how
the WCRR, would get affected if the valuations, delay sensitivities and the arrival rates
are bounded. We consider this question in the subsequent sections and investigate the
value of offering simplified menus with a limited number of service grades, under limited

heterogeneity.

1.7. Worst Case Analysis Under Limited Heterogeneity: Delay Sensitivity

So far we have established that, the worst case scenario is realized when the firm
faces customer classes that are infinitely more delay sensitive having infinitely higher
valuations relative to one another. As a result, offering a simplified menu becomes less
valuable with increasing number of customer classes and Theorem 1 in fact establishes
that RE converges zero as the number of customer classes grows without bound. Although
customer classes could potentially differ from each other a lot in terms of their valuations,
delay sensitivities and arrival rates, in practice, we expect that customer classes have
limited heterogeneity. In this section, we focus on the worst case analysis when the
arrival rates and the delay sensitivities for the customer classes are bounded (and hence

the term limited heterogeneity, which we formalize in subsequent sections). First, in
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§1.7.1 we analyze the effect of having bounded arrival rates, on the WCRR. We show that
although the WCRR converges to zero, having bounded arrival rates slows down its rate
of convergence. Following this, in §1.7.2 we present the worst case analysis for the firm’s
revenue when it offers a single service grade, i.e. K = 1, under limited heterogeneity in
delay sensitivities and arrival rates. In particular, we assume that the ratio of the delay
sensitivities of any two customer classes is bounded and arrival rates for the customer
classes are fixed. Using the results in this section, we analyze the WCRR under bounded
valuations and delay sensitivities in §1.8. In §1.7.2 and §1.8 we focus our worst case
analysis on the single service grade case, i.e. K = 1. The reason for this, as stated earlier,

is that it is complicated to characterize the structure of the worst case optimal menu for

K >1 (see Remark 1).

1.7.1. Bounded Arrival Rates

In this section, we analyze the effect of having bounded arrival rates on RE. In particular,

we use m > 0 to denote a lower bound on ’A\—’;, ie. m < :\\—’1“ forall kK =1,2,...,N. We
use M < oo to denote an upper bound on %7 ie. i—’; < M forall k =1,2,...,N. If

the arrival rates are bounded then the exact analysis of (1.9), the WCRR for K =1, is
possible. We evaluate R, by solving problem in (1.10) under the assumption of bounded

arrival rates. Thus, we have,

1
Ry = inf {N—)\}
(1.14) W20 Lk 5y

s.t. mS%SMforallkzl,Q,...,N.
1



43

where )\, = Zle Ai forall k = 1,2,...,N. The objective function in (1.14) can be

rewritten as W Applying the bounds on arrival rates, i.e. m and M, we have
k=1 X/

1
(1.15) Ry =

M
1 N —
+Zk:21+(l{:—1)m

Next, for K > 1, we derive an upper bound to RX using (1.11), and using the solution to

(1.9) as a feasible solution to (1.11), similar to what we did in §1.6. In particular, we let

)

1
— o0 and v, = =—.
hit1 Ak

Replacing these values in (1.11) we get the following upper bound:

K i
max{ilﬂé ~~~~~ zK}{K - Zk’ZQ %k_kl} K

7

N ) — N
S S

Using the fact that the arrival rates are bounded, we choose the values of ;—’; in the right

hand side of the inequality such that it gives us the tightest bound. Thus we have,

K

K
(1.16) Ry < s 7
214 (k—1)m

The following proposition combines (1.15) and (1.16) to characterize the WCRR, RE,

under the assumption of bounded arrival rates.
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Proposition 2. If the arrival rates are bounded, i.e. m < g\\—f < M for all k =

1,2,..., N where m >0 and M < oo, the WCRR s such that,

m/M
log(N) + v

K

<RK< _
= N 7 log(N) +n

where v < yv < v+ %, limy o0 Y8 — v and v is the Euler-Mascheroni constant.

We note that the WCRR still converges to zero as the number of customer classes

grows without bound. However, Proposition 2 says that if the arrival rates are bounded

1

then the rate of convergence of R} to zero slows down such that Ry o iy

as

compared to Ry o< 1 when arrival rates are unbounded.

1.7.2. Bounded Delay Sensitivity and Fixed Arrival Rates

In the last section, we have observed that the worst case is realized as the ratio of consec-
utive delay sensitivities grows without bound. In this section, we perform the worst case
analysis for the firm’s revenue when it offers a single service grade under the assumption
that the ratio of delay sensitivities of any two customer classes is bounded. In particular,
since the consecutive classes become progressively more delay sensitive, we assume that
% < Ay, for some A;, > 1, where hy > hy > --- > hy. Furthermore, we assume that
the arrival rates for all the customer classes are bounded and fixed. In particular, a fixed
sequence {11, denotes the arrival rates for N customer classes, where m < f\—’f < M for
all k =1,2,..., N for some constant m > 0 and M < oco. We maintain this assumption

throughout the rest of this section unless otherwise specified. Thus, we are interested in
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solving the following optimization problem:

Ry = inf {7
NAZh _u>10r,1h>0 TN

(1.17)

h
s.t. —ISAh, hi > hy > -+ > hy.
hn

Lemma 1 establishes that the worst case optimal menu, WCOM, belongs to set M of
menus which induces customer segmentation 0. WCOM, under unlimited heterogeneity
offers full differentiation, i.e., all customer classes join service, and each service grade serves
a single customer class. However, in the case with limited heterogeneity, this need not
necessarily hold. To see this, we note that in order to provide a menu which differentiates

1

all N customer classes, the necessary condition :—N >

> >
g

, as given by Proposition 1(i)
needs to hold. Therefore, if the value of A, is such that A, < XX—T, then we have, }’f—]lv <
Ay < Xx—flv, which violates the condition in Proposition 1(i). This illustrates that the worst
case optimal menu might not differentiate all N customer classes. As a result, depending
on Ay, the optimal menu would result in pooling of some subset of customer classes in
one service grade while differentiating some other customer classes.

In particular, for N customer classes, if the worst case optimal menu offers L service

grades, then applying Definition 1 of customer segmentation o (i1, 4o, ...,4), we can infer
that indices iy,49,...,4; can be assigned in (]g) = ﬁ different ways. For e.g., if

N =4 and L = 3 then, depending on A}, the worst case optimal menu could result in one
of the following four customer segmentations: i) classes 1, 2 and 3 join separate service
grades and class 4 does not join service, or all four classes join service but ii) classes 1 and
2 are pooled together, iii) classes 2 and 3 are pooled together, iv) classes 3 and 4 are pooled

together into one service grade. Moreover, L could take a value in {2,3,..., N} (L has to
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be greater than 1, because the firm offers a single service grade, i.e. K = 1, and therefore
the worst case would not be realized if the optimal menu offers a single service grade, i.e.
L = 1). Thus, for N customer classes, S~_, () = 2Y — N — 1 denotes the number of
candidate customer segmentations that the worst case optimal menu could induce. We
note that, the number of such candidate customer segmentations grow exponentially with

N. However, Lemma 4 along with Definition 3 presents a characteristic of the worst case

optimal menu which reduces the number of candidate customer segmentations.

Definition 3. We define M;; as a set of menus of service grades such that M;; C My,
(here L = j — i+ 1), which results in customer segmentation o(iy,is,... i) as per
Definition 1, such that iy = 1,19 =1+ 1,...,i, =7 where, 1 <i < j < N, and N denotes

the number of customer classes.

Lemma 4. Under the optimal solution to (1.17), the optimal menu, WCOM, belongs

to set M;;.

Lemma 4 implies that the worst case is realized when the optimal menu segments all
the customer classes into three subsets. The first subset comprises higher valuation classes
1,2,...,1 that are pooled into a single service grade (classes are indexed in the decreasing
order of their valuations). The second subset consists of classes i + 1,7+ 2, ..., that are
differentiated from each other and from all the pooled classes (i.e., each of the classes in
this subset joins a service grade that is uniquely different from all other classes in terms
of the offered price and the delays). The third subset is comprised of classes j+1,..., N
that are not served (i.e., these classes do not join any of the service grades). We note that

1 could take a value of 1, in which case there would be no pooled class. Similarly j could
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take a value of N, in which case all the customer classes enter service. The number of
. Lo . o . . (N\ _ N(N-1)

ways in which ¢ and j, in Definition 3, can be assigned is (2) = ———. Thus, Lemma 4

decreases the number of candidate customer segmentations under the worst case optimal

menu from exponential to quadratic in N.

The revenue corresponding to any menu in set M,; is denoted by 7(M,;), which is

given by
- Vi 6],71 _ Y1
( J) +1 +1< 52_1 7] 5]'—1_1
where, 0; = hf':il. In order to ensure that the offered prices are positive, we need the price

condition, 0, > - for all k =4,i+1,...,7 — 1. Thus, 7 and j in addition to v and h

Vg+1

are decision variables in the optimization problem (1.17), which can be rewritten as,

(1.18) RY(AL) = min 7%

1<i<j<N

where

ij ) maxpe(1,2,.,.N} MUk
ry = inf
Vg >0,0 W(Mij)

N-1
s.t. H 5k S Ah;
(1.19)

6k217 vk>Uk+1forallk:1,2,...,N—1,

5> 2 forall k=i i+1,....5—1.
Vk+1
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In order to solve the optimization problem (1.18), first we focus on the solution of the
inner optimization problem (1.19) which is equivalent to (1.18) holding i and j fixed. The

following proposition characterizes the optimal valuations and delay sensitivities.

Proposition 3. Under the optimal solution to (1.19),

A
(i) Valuations, vy, are such that, 1 < Uk < et foralll <k <i-1, LI
_ (/S DV Uk+1
A A
ot foralli <k<j—1 andﬁz it forall j <k <N —1.
)\k Vk+1 /\k
(ii) Delay sensitivities, hy, are such that they satisfy the equation: Hi; o0 = Ay
h
where 0, = hk . Moreover, o, = 1 foralll <k <i—1andj <k < N —
k+1
1, and 6;,0i41,...,0;-1 are such that they satisfy the set of implicit equations:
0; _ Oit1 o dj1
c(ei+1)(6 = 1)  cipalcip + 1)(6i1 — 1)? i1 +1)(0j-1 — 1)
A _
where, ¢, = Y and A = Zle ;.
k41
For N = 4, by using Lemma 4, we see that there are N(]\;_l) = 6 possible customer

segmentations under the worst case optimal menu. Figure 1.1 depicts the WCRR for each
of these possible customer segmentations that could be induced by the optimal menu,
which are obtained by solving (1.17) multiple times, each time holding the customer
segmentation fixed.

The benefit of differentiating any two customer classes comes from the fact that the
higher valuation customer class can be charged a higher price as compared to the lower
valuation class. For the firm to be able to differentiate two customer classes, the ser-
vice grade joined by the lower valuation class should offer higher delay as compared to

the service grade joined by the higher valuation customer class. As these two customer
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Figure 1.1. WCRR corresponding to all possible customer segmentations

induced by the optimal menu, with number of customer classes, N = 4,

under bounded delay sensitivities, i.e. Z—i < Ay. For any given Ay, the

customer segmentation that results in the least value of the WCRR is the
customer segmentation that is induced by the optimal menu under the
solution to problem (1.17). For illustration purposes we set the arrival
rates for all classes to one, i.e., A\, =1forallk=1,2,..., N.

classes become less delay sensitive relative to one another, the offered delay that is re-
quired to differentiate these customer classes increases and vice versa. The expression
Hf{: 0 = Ay, from Proposition 3(ii) implies that, as higher number of customer classes
are differentiated, i.e., as j — i gets larger, d, gets smaller and consequently the offered
delay becomes larger. As the offered delay become larger, the price charged for the ser-
vice grade become smaller. This highlights a trade-off involved in problem (1.17) between
offering delay-differentiation to a higher number of customer classes and pooling multiple
customer classes into a single service grade. This trade-off is not relevant when delay

sensitivities are unbounded. We recall that the optimal solution to (1.8) is achieved as
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the ratio of consecutive delay sensitivities grow without bound. For bounded delay sen-
sitivities this trade-off becomes relevant, and indeed we observe this in Figure 1.1. We
note that for higher values of Aj,, the customer segmentation that results in the least
value of WCRR, is such that it differentiates a higher number of customer classes. On the
other hand, if A, is lower, customer segmentations that pool multiple customer classes
together, result in lower values of the WCRR.

Now, we consider the objective function in the optimization problem (1.19), which is

given by,

(1.20) maXge(1,2,..,N} pyRin

_ 51 v 5],717'”]'—1 .
. ] ) Vit . o Y
AiVi + Aip1Vig1 5—1 + + )‘JUJ 611

The valuations under the optimal solution to (1.19), as given in Proposition 3(4), imply
that the maximum value in the numerator of the objective function in (1.20) is achieved
for indices 1 < k < j—1. By choosing k£ = i and dividing both numerator and denominator

by A\v;, we can rewrite (1.20) as,

1
i1 k141 L - yv_k '
Defining ¢, := /\iil and applying Proposition 3(i) we get, 'U:il = X;—:l =1+ i for all
k=14,14+1,...,5—1. By expressing v:il in terms of ¢, and rearranging the terms we can

rewrite (1.20), which is given by,

; 1 1 )
1 i1 -
+Zk:z(1—|—ck Ck(Ck—i-l)((sk—l))
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Thus, using the results from Proposition 3, we have expressed the objective function in ’r%,

as given in (1.19), in terms of just &y as opposed to vy and hy. Since, we consider arrival

rates { Az}, as fixed, ¢ defined as ¢, := Affr - are constants in the optimization problem

(1.18). Solving (1.18) for any finite N is analytically intractable, hence, we consider

optimization problem (1.18) as the number of customer classes, N, grows without bound.

Thus, we are interested in solving the following optimization problem:

1
1 . ..
R (Ay) = min %}Cf { R - }
1 + Zk’:i

L+ cler +1)(0 — 1)

(1.21)
j—1 1
st [[or <An 0 >14 —forallk=ii+1,...,j-1L
k=i Ch

We note that the constraint 6, > 1 + i forall k = 4,2+ 1,...,7 — 1 is the price con-
dition. Reformulation (1.21) in terms of ¢; will be particularly useful going forward in
the next section when we consider bounded valuations. The following Theorem provides

the solution to (1.21) and thus, characterizes the WCRR and the asymptotically optimal

menu.

Theorem 2. (i) For any given A, > 1, such that :—le < Aj, where hy > hy >
- > hy, and for any given bounded sequence of arrival rates, the worst case
revenue ratio (WCRR) for a firm offering a single service grade, K = 1, as the

number customer classes grows without bound, i.e. N — 00, is given by,

1

RL(A))= ————
o (An) 1+}llog(Ah)

(ii) RN(Ay) is bounded from below by R (An) for all finite N.
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(11i) The worst case optimal menu, WCOM, offers infinitely many differentiated ser-
vice grades, i.e. (j* —1i*) — oo. For the special case where all the arrival

rates are equal, i.e. if \y = 1 for all k = 1,2,...,00, the optimal indices

*

©* and j* satisfy i* = J , and the worst case delay sensitivity ratios are

5

2
oy —l—k+1fo7"allz <k<j

As the number of customer classes increase, by offering a simplified menu, the firm
can only get worse off in terms off its revenue loss, i.e. the WCRR can only (weakly)
decrease. Hence for any given Ay, the firm’s WCRR under the asymptotically optimal
menu, R (Ap), provides a lower bound to Ry (Ay) (see Figure 1.2).

Optimization problem (1.21) assumes that there is a fixed sequence, { g}, of arrival

rates which implies that ¢, = /\:i - are constants in (1.21). Moreover, since we have

assumed that the arrival rates are bounded, i.e. m < f\—’l“ < M, this implies that %k <

- R;(Ah): Revenue under the aymptotically optimal menu

T T T T T T
- HL(Ah) : Revenue under the asymptotically optimal menul|

e
©

7R:0 (.\h): Worst case revenue ratio for N=10

—R}(A,) : Worst case revenue ratio for N = 3
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Ah:Bound on delay sensitivity ratio Ah:Bcund on delay sensitivity ratio
(a) Number of classes, N = 3 (b) Number of classes, N = 10

Figure 1.2. Gap between the WCRR for finite number of customer classes,
N, and the asymptotically optimal menu under equal arrival rates. The
dotted lines represent the worst case revenue ratios corresponding to all
candidate customer segmentations induced by the optimal menu. We do not
enumerate the dotted lines as the number of dotted lines increase quadrat-
ically with V.
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e < Mk: for all k =1,2,...,00. To see this, we recall that ¢ is defined as ¢, = /\’k\il =

mk<2n 1A /A1 Mk

. Thus, using the bounds on the arrival rates, we have T S m

Hence, 77k < ¢ < %k: for all kK = 1,2,...,00. However, it is important to note that
R! (Ay), as given by Theorem 2, does not depend either on m or on M. Thus, the bounds
on the arrival rates do not affect the WCRR. Furthermore, we also note that the arrival
rates, A\, do not appear in the expression for R. (Ay,) for any k = 1,2,...,00. This

observation leads to the following Corollary.

Corollary 1. For any given bounded sequence of arrival rates {\;}3>,, the optimal
solution to problem (1.21) does not depend on Ay, and hence it does not depend on cx, for

any k € {1,2,...,00}.

Proposition 3(7) links the arrival rates and the valuations in the worst case analysis

such that v:ﬁ = X%—:l for : < k < j — 1, where X%—Zl is expressed in terms of ¢, as
X;;rl = (1 + i) Using these two relations we arrive at the following equality,

v = 1
(1.22) i _k:H<1+_).

Ui s Ukl i Ck

The optimal solution to (1.21) is achieved as both decision variables i and j grow without

bound such that H{C;i ( 1+ é) approaches /Ay, (see proof of Theorem 2). For the special

case of equal arrival rates, i.e. if Ay =1 forall £k =1,2,...,00, we get ¢, = /\:il = k,
which implies that [[}_} (1+ ) | Bl — 1. This establishes the optimal values

-k

and j* satisfy g— = Ay, as presented in Theorem 2(¢ii). (For a quick check, we

note from Proposition 3(ii) that, H 5k = h—’ = Ay,. Moreover, from Proposition 1 we

= % since classes i and j are differentiated. Combining these we have,

have >

:*'5

<.
>l
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A, = > % = +/Ay.) In general, under the optimal solution to (1.21), the specific

>
<

relationship between ¢* and j* would depend on {c;}32,, and thus it would depend on
the sequence of arrival rates, {\;}32;.

Now, Corollary 1 implies that if we relax the assumption of fixed arrival rates and
make ¢ a decision variable in (1.21), for all £ = ¢,i + 1,...,5 — 1, we would get the

following equivalent formulation:

o 1
min inf
1<i<j op,cr { 1 _'_ Z']]C;i ( 1 . ]_ ) }
(123) 1+ Ck Ck(Ck + 1)<5k — 1)
j—1
1 o .
s.t HékgAh, op >14+—, ¢ >0forallk=d,94+1,...,5 —1.
k=i Ck

We note that in problem (1.23), we can rename the decision variables ¢; and & as cx_;11

and dx_;+1 respectively, for all k = 4,2+ 1,...,5 — 1, without altering the optimization
problem. Thus, we rename decision variables {¢;, ¢;41,...,¢j—1} to {c1,¢2,...,¢j—;}. Sim-
ilarly, we rename decision variables {0;,d;+1,...,0;-1} to {d1,02,...,0,-;}. In addition,

we have established in Theorem 2(éi7) that the the WCOM offers infinitely many differ-
entiated service grades, i.e. (j* —i*) — co. Hence, we can rewrite (1.23) as follows:
inf

1
5k,ck{1+2201< 1 1 )}

T+ clep +1)(6 — 1)

(1.24)

~ 1
s.t HékgAh, op >14+—, cp >0forall k=1,2,...,00.
k=1 Ck

As already mentioned, the optimal value in problem (1.21) is achieved as [, (1+3)

Ck

approaches v/Ay. Since formulation (1.24) is equivalent to (1.21), it implies that the
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optimal value of (1.24) is achieved as [[,-, (1 + i) approaches /A;,. Equivalently,
++ approaches / Ay, as established by the equality in (1.22). Finally, this leads us to
investigate the effect of having bounded valuations on the WCRR, which is what we

consider in the next section.

1.8. Worst Case Analysis Under Limited Heterogeneity: Delay Sensitivity

and Valuation

In this section, we analyze the effect of bounded valuations and bounded delay sen-
sitivities on the WCRR when the firm offers a single service grade, i.e. K = 1. First,
in §1.8.1 we provide the asymptotic lower bound to the WCRR as the number of cus-
tomer classes, N, grows without bound. Following this, in §1.8.2, we numerically compute
the WCRR for finitely many customer classes and compute the gap with respect to the

asymptotic lower bound.

1.8.1. Asymptotic Lower Bound

We are interested in solving problem (1.24) with the added constraint ;"> < A, such that
v > Upyq for all k =1,2,..., 00, where A, > 1 represents the bound on the valuations.
As previously mentioned, the constraint -~ < A, is equivalent to I, (1 + é) < A,

as established by the equality in (1.22). Thus, we are interested in solving the following
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problem:
1 - 1
R (Ap,A,) = inf
Ok sCk 14 ZOO < 1 _ 1 >
k=1 1 —|— C. Ck(Ck + 1)(5.14: — 1)
S.t. H(Sk < Ah,
(1.25) Pl
e 1
el <.
Ck
k=1
1
op >14+ —, ¢, >0 forall k=1,2,..., cc.
Ck
We note that since ¢ is a decision variable in (1.25) for all £k = 1,2,...,00, we are es-

sentially optimizing over arrival rates. Thus, for solving (1.25) we do not impose the
assumption of bounded arrival rates, that we maintained in section §1.7.2. The Theo-
rem below provides the solution to optimization problem (1.25), which is the asymptotic
lower bound for the WCRR when the firm provides a single service grade under limited

heterogeneity in valuations and delay sensitivities.

Theorem 3. (AsyMPTOTIC LOWER BOUND) For any given A, > 1 and A, > 1
suchthat% < Ay and;’—;V < A,, where hy > hy > --- > hy and v1 > vy > --- > vy, and
the number of customer classes N — oo, the WCRR for a firm offering a single service

grade, 1.e., K =1 1s:

1
A, < VAR,
1+ log(&,) log ) '
log(Ah) Av

Rio(Ahv AU) -
1

— T A, > VA
\ 1 + Z_l IOg(Ah>
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Figure 1.3. The asymptotic lower bound for WCRR, R._(Aj, A,), as a func-
tion of the delay sensitivity bound, Ay, and the valuation bound, A,. The
curve A, = v/A}, separates the two regions with different functional forms.
The color scale represents the value of R (Ap, A,).

Theorem 3 present the asymptotic lower bound to the WCRR for a firm offering a sin-
gle service grade under the assumption of limited heterogeneity. We note that R!_(A,, A,)
is bounded from below away from zero. This suggests that offering a single service grade,
as opposed to a menu of multiple service grades, can be valuable and the firm would be
guaranteed a fraction of the optimal revenue. We study the dependence of A, and Ay
on R (An,A,) in the numerical study (see §1.8.2) and show that R (A, A,) changes
very slowly. For any given A, such that A, < \/A;, we see that RL (A, A,) — m
as A, — oo which is the WCRR under bounded valuations and unbounded delay sen-
sitivities. Similarly, for any given Ay, by letting A, — oo, we can recover the result in

Theorem 2(i), the WCRR under bounded delay sensitivities.
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Another interesting observation from Theorem 3 and Figure 1.3 is that for any A, >
VA, changes in A, have no effect on the WCRR. This happens as a result of the price
condition. For the firm to be able to differentiate customer classes by providing service
grades k£ and k£ + 1 with non-negative prices, it is necessary that U:ﬁ < %_’“H This is the

reason, why the bound on valuations, A,, does not affect our worst case analysis when

A, > VA

Remark 1. (OFFERING MULTIPLE SERVICE GRADES) In this paper, our goal has
been to analyze the worst case revenue loss by a firm offering a simplified menu of service
grades. This analysis relies on the structure of the worst case optimal menu when the firm
offers a single service grade, i.e. K = 1. We have established this structure in Lemmas 1
and 4. However, trying to establish the structure for the worst case optimal menu when
the firm offers multiple service grades, i.e. K > 1, becomes complicated. We can use the

result in Theorem 3 to establish a lower bound to RE (A, A,). In particular, we have
Rio(Aha Av) < Rg{o(Afw Av)

A firm offering a menu with more than one service grade can always choose to offer a
single service grade, if it were optimal to do so. Hence, by having the option of offering
more than one service grade, the firm cannot be worse-off in terms of maximizing its

revenue. Therefore RE (Ay, A,) can only (weakly) increase as K increases.
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1.8.2. Computational Results

For any finite N, as A, and A, grow without bound, Ry (A, A,) approaches Ry = %,
as established in Theorem 1. Consequently, R (A, A,) should approach zero as A, and
A, grow without bound. In this section, we numerically compute R (Ap, A,), for a set of
values of Ay, A, and N, and illustrate the convergence of Ry (A, A,) to its asymptotic
lower bound R! (Aj,A,), as presented in Theorem 3. In particular we compute the

following gap,
Ry(An, Ay) — RL (AR, A,).

From Theorem 3, we note that R (A, A,) does not change for A, > /A,. With this
in mind, we pick the values of A, such that it is comparable to v/A;,. From Table 1.8.1

we observe that, for a given value of N, the gap between RN\ (Ap, A,) and R (An, A,)

An | Ay || Rs(An, A)(%) | R5(An, A)(%) | Rig(An, D) (%) | Ri(An, Av) (%)
5 2 71.97 7177 7172 71.70
5 3 71.58 71.38 71.33 71.31
10 | 2 67.86 67.49 67.39 67.36
10 | 4 64.09 63.63 63.50 63.47
20 | 3 60.00 59.23 59.02 58.97
20 | 5 58.28 57.46 57.23 57.18
60 | 5 52.55 51.10 50.69 50.59
60 | 8 51.48 49.95 49.52 49.42
100 | 12 49.04 47.16 46.62 46.48
200 | 15 46.30 43.89 43.19 43.02
500 | 25 43.44 40.32 39.39 39.16

Table 1.1. Gap between the WCRR for finite number of customer classes
under limited heterogeneity, R (A, A,) for N = 3,5 & 10, and the as-
ymptotic lower bound, R. (Az, A,).
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increases as A, and A, increase. However, this gap is fairly small as compared to %,
and grows fairly slowly with A, and A,. Moreover, for given values of A, and A,, the
gap closes significantly faster as the number of customer classes, N, increase. Thus, the
value of N need not be too large for the gap between Ry (Ay, A,) and RL (Ap, A,) to be

significantly small even for fairly large values of A, and A,.

1.9. Conclusion

We consider a revenue-maximizing firm which caters to price and time-sensitive cus-
tomers by offering a menu of service grades. In order to limit the complexity of the offered
menu, in practice, firms offer a menu with fewer service grades than the number of cus-
tomer classes. Motivated by this, we quantify the firm’s worst case revenue loss, incurred
by offering a simplified menu of service grades as compared to the revenue-maximizing
optimal menu. We characterize this gap in revenue by evaluating the minimum value of
the ratio of the firm’s revenue under a simplified menu and the revenue under the optimal
menu, the WCRR. We show that the WCRR converges to zero as the number of customer
classes grow without bound which indicates significant loss of revenue by the firm. More-
over, this worst case is realized when there is unlimited heterogeneity among the customer
classes. In particular, consecutive customer classes are infinitely more delay sensitive with
infinitely higher valuation for service, which minimizes the value of offering a simplified
menu. Thus, as the number of customer classes grow without bound, any menu offering
a finite number of service grades would be insufficient in capturing any given fraction of

the optimal revenue.
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Although customer classes could potentially differ from each other a lot in terms of
their valuations, delay sensitivities and arrival rates, in practice, we expect that customer
classes have limited heterogeneity. Hence, we analyze the WCRR under limited hetero-
geneity. In the unlimited heterogeneity setting, the worst case optimal menu results in a
customer segmentation such that all customer classes are differentiated from each other.
In contrast, in the limited heterogeneity setting the customer segmentation that is in-
duced by the worst case optimal menu depends on the limited heterogeneity bounds on
the delay sensitivity and valuation. The number of such candidate customer segmenta-
tions grows exponentially with the number of customer classes. This poses a challenge in
analyzing the limited heterogeneity setting. We overcome this challenge by characterizing
the worst case optimal menu and showing that it induces a customer segmentation which
pools a subset of customer classes with higher valuations, while differentiating a subset of
customers classes with lower valuations. This characterization of the worst case optimal
menu allows us to reduce the growth of the number of candidate customer segmentations
from exponential to quadratic in the number of customer classes. We show that, under
limited heterogeneity, even if the number of customer classes grow without bound, the
WCRR for the firm has a lower bound that is strictly greater than zero. This suggests
that offering simplified menus could be valuable, and in doing so, the firm could recover a
significant portion of the optimal revenue. Using Taylor series arguments, we provide an
asymptotic lower bound to the WCRR as the number of customer classes grow without
bound. The asymptotic lower bound is fairly robust to changes in the bounds on valu-

ations and delay sensitivities. Characterization of the firm’s worst case revenue loss in
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terms of a measure of heterogeneity can be used to guide decision making when offering

a simplified menu of service grades.
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CHAPTER 2

The Queue Behind the Curtain: Information Disclosure in
Omnichannel Services (Joint work with Achal Bassamboo and

Martin Lariviere)

2.1. Introduction

How do you order a coffee? For many tech-savvy customers, the answer is to pull
out their phone and use an app. Quick service restaurants (QSRs) such as Starbucks,
Dunkin’ and Chipotle have developed innovative online technology that allows customers
to order whenever and from wherever they want. Online channels offer a convenient
and streamlined ordering experience that aims to reduce the time customers wait in the
store by letting them order before they arrive. By maintaining two channels, firms create a
choice for tech-savvy customers. They may use the online channel to order before reaching
the store or they may use the conventional offline channel and order after traveling to the
physical store. With increased smartphone penetration, increasing number of customers
are shifting from offline to online. In the third fiscal quarter of 2019, Chipotle’s digital
sales rose 88%, which constitutes about 18% of the total sales for the chain, with some
stores pushing 30% (see Kelso, 2019).

Due to the novelty of these omnichannel systems, there are many open questions
about their design and their implications for firms and the customers. For example, how

do customers decide whether to order online or offline? Customers, as utility maximizers,
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are presumably strategic in their channel choice. They are time-sensitive and prefer to
minimize their time at the store. While delay sensitivity is an important factor, in the
context of QSRs, there is another significant consideration that goes into customers’ choice
of channel: quality. Imagine a customer ordering a latte via the Starbucks app. Assuming
she prefers a hot drink, she would not want her latte prepared long before she arrives to
pick it up. Similarly, a Chipotle customer would prefer not to have a cold burrito. These
examples highlight the fact that customers, while being time-sensitive, are also sensitive
to potential degradation in product quality. This results in a trade-off when deciding
whether or not to order using the mobile app; less time spent waiting may result in a
degraded product. We explore this trade-off in our paper.

Another open issue relates to the design of omnichannel systems: Whether to disclose
congestion information to online customers? Some firms (e.g., Starbucks) provide app
users with information such as expected wait-time, which signals the current state of the
system. If queue information is provided through the app, tech-savvy customers have the
possibility to sample the queue before arriving at the physical store. They could either
order online immediately or they could wait until they arrive at the store and then order
if they see a favorable evolution of the queue. Customers’ choice of channel depends on
their knowledge of the level of congestion in the system. System congestion, in turn,
depends on the cumulative behavior resulting from individual customer decisions. In the
absence of such real-time information, self-interested customers’ decision is based on their
rational expectations about the steady state behavior of the system. Thus, for an accurate
evaluation of the performance of these omnichannel systems, it is essential to address the

issue of information disclosure.
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In this paper we address these questions regarding the design of omnichannel services.

Specifically, we study the following:

(1) How does customer ordering strategy change as the service system moves from a
single channel to an omnichannel system?

(2) Should service providers disclose current congestion levels (e.g. the queue length)
to customers before they decide whether to place an online order?

(3) Are firm’s better-off, in terms of revenue, by running multiple channels?

(4) Is an online option better for customers, in terms of increasing consumer surplus?

We consider two types of customers, app users and the non-app users. App users are
tech-savvy customers who could either order remotely (online) or walk into the physical
store to order (offline). In contrast, non-app users never use the online option; they visit
the store and decide whether or not to enter the queue. The non-app user group could be
comprised of, but not limited to, customers who are not tech-savvy or customers who do
not frequent the store often enough to have the mobile app installed on their phones. If
online ordering option is not offered, then app users, like non-app users, choose the offline
option.

We adopt a game-theoretic discrete-time queueing framework to model the strategic
behavior of customers in omnichannel systems, both with and without information disclo-
sure to online customers. A single virtual queue holds orders from both customer types.
All the orders (from app users and non-app users) are fulfilled in a first-come-first-served
manner. Additionally, consistent with the literature (see Baron et al., 2019), we assume

that the entire order queue is visible to all store customers (both app users, when they



66

arrive at the store, and non-app users). This assumption is motivated by firms, like Mc-
Donald’s, using digital boards to display the number of orders in the system that are
pending and being currently worked on.

For non-app users, we assume that they arrive to the market by physically appearing
at the store. In contrast an app user arrives to the market when she is physically away
from the store, but she will reach the store in the following time period. This customer
faces a choice. She could place an order online; in which case her order may be prepared
in parallel with her travels. Alternatively, she could wait until she reaches the store then
decide whether to order or not to order. Each class of customer has a type-dependent
wait-sensitivity. Additionally, app users are also quality sensitive. App users must then
balance waiting and quality costs. If the firm discloses queue information, we find that
the app users follow a queue-length dependent dual-threshold policy where they alternate
between walking in (to avoid the quality penalty), ordering online (to shorten their wait),
and walking in (to avoid a really long wait and potentially balking) as the queue grows.
In the absence of online queue length information, app users’ ordering decision is based
on their steady-state expectation of the system. In this case, there are three possible
customer behavior under equilibrium: all app users either order online, choose the offline
option or potentially randomize between these two actions.

We find that the relative wait-sensitivities of app users and non-app users play a
significant role in determining which channel arrangement delivers highest overall system
throughput. Non-app users get crowded out by app users in omnichannel systems. If
non-app users are relatively more wait-sensitive, so many of them may balk that the

overall throughput in an omnichannel system is less than the throughput of a single
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channel system. On the other hand, if app users are more wait-sensitive, then omnichannel
systems outperform the single channel system. Moreover, disclosing queue information in
an omnichannel system results in higher throughput only if app users are either highly
quality sensitive or highly wait-sensitive, or if the system is heavily congested. Offering
more visibility to app users lures them to place order in unfavorable states of the queue,
in which they otherwise would not have joined the system if information were withheld.
Thus, from the firm’s perspective, we find that no channel arrangement dominates the
other two in terms of throughput.

From the perspective of customers, we find that non-app users are consistently better-
off in a single channel system; when online ordering is not offered, non-app users do not
get crowded out and hence their consumer surplus is higher. Interestingly, we find that
the app users might not necessarily benefit from an online ordering option, specifically if
congestion information is withheld. This result illustrates the trade-off between visibility
of system congestion, which is offered by the single channel, and the benefit of ordering
ahead in the omnichannel system. We show that this trade-off is resolved and consumer
surplus for omnichannel system increases if the firm discloses queue information to app
users. We find that, depending on the relative proportion of non-app users and app users
in the system, either single channel or omnichannel system could deliver higher overall
combined consumer surplus. It is certainly possible that both segments are worse-off when
online ordering is offered.

The key take-away from our paper is that the non-app users are worse-off when online
ordering option is offered. Thus, the overall performance of an omnichannel system, both

in terms of firm’s revenue and the quality of service experienced by customers, highly
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depends on the customer primitives and the relative proportion of non-app users and app

users in the system.

2.1.1. Related Literature

Our paper contributes to the literature on the role of information in queues and the rapidly
evolving literature on omnichannel services. The seminal paper by Naor (1969) studies
the throughput and social welfare implications of self-interested customer behavior in an
observable queue. The importance of what information is available to customers in queu-
ing systems was highlighted by Edelson and Hilderbrand (1975), who studied the classic
problem of Naor (1969) in an unobservable queue. Observable and unobservable systems
are compared in terms of social welfare in Hassin (1986), and in terms of throughput in
Chen and Frank (2004). There has been extensive work on this topic, and we refer to
Hassin and Haviv (2003) and Hassin (2016) for a comprehensive review. In more recent
work, Hassin and Roet-Green (2017) and Hu et al. (2018) explore information hetero-
geneity and find that providing queue-length information to a fraction of customers but
not all may improve system performance. Wang et al. (2019) studies an M/M/1 priority
queue with balking under observable/unobservable settings.

The effects of different levels of delay information, with different degrees of precision,
on the overall system was examined in Guo and Zipkin (2007). Veeraraghavan and Debo
(2009) explores how the queue-length information could be used by customers to infer
service quality. Using a cheap talk model, Allon et al. (2011) examines how providing
nonverifiable delay information can improve firm’s profits and customer utility. Hassin

and Roet-Green (2018) considers a setting where customers must travel to the queue to
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get served. They study the effect of providing queue information to customers before they
decide whether to balk or travel to the store. Our paper connects to this literature by
studying the implications of firm’s information disclosure policy where orders could be
processed in parallel while customer travels to the queue. We refer to Ibrahim (2018) for
a comprehensive review on sharing delay information in service systems.

A growing literature on omnichannel retail examines impact of different omnichannel
strategies and fulfilment methods, both analytically and empirically (e.g., Gao and Su,
2017a; Gallino and Moreno, 2014; Nageswaran et al., 2020). The focus of the work
in omnichannel retail is on considerations such as inventory and product management,
which are different from the considerations that are crucial in the context of omnichannel
services, such as throughput and consumer surplus. The common thread in omnichannel
management is exploring the effects of committing inventory or capacity to customers
before they arrive at the retail outlet. Similar issues arise in the context of restaurant
reservations (Cil and Lariviere, 2013), medical appointment scheduling (Ahmadi-Javid
et al., 2017), and delivery in food services (Feldman et al., 2019; Chen et al., 2019). Our
paper contributes to the growing but scant literature in omnichannel services.

Gao and Su (2017b) and Kang et al. (2020) adopt a two-stage tandem-queue (stage 1
is cashier queue and stage 2 is food preparation queue) to model omnichannel system. The
online customers, in their model, bypass the first stage queue by self-ordering, whereas
the walk-in customers go through both stages to get served. Gao and Su (2017b) consid-
ers the capacity planning problem for firms adopting self-ordering technology. Contrary

to popular belief that self-ordering technology would replace human workers, they find
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that it is sometimes optimal for firms to increase workforce level. Kang et al. (2020) fo-
cuses on exploring the importance of prioritization design choices on omnichannel systems
in terms of the throughput and social welfare. They show that implementing a wrong
prioritization policy can have detrimental effects on the throughput of an omnichannel
system with impatient customers. These two papers differ from the rest of the literature
on omnichannel services, including our paper, in that their primary focus is on tactical
queue management.

Baron et al. (2019) explores customer channel choices in omnichannel systems. In their
model, all customers make a one-shot decision of whether to order online or to walk-in.
Customers who choose to order online, do not possess any information about the state of
the queue whereas customers who walk-in can observe the number of orders from both
channels. They find that, when online ordering option is available, individual customer
utility and social welfare could be reduced because of intra-channel interference by online
orders on the walk-in channel.

Roet-Green and Yuan (2019) analyzes a partially observable omnichannel system
where online customers are invisible, and the store customers are visible; all customers
have the same information structure. They show that a two-channel (partially observ-
able) system is more profitable for the firm if customers are not deterred from joining, by
the presence of an invisible queue. However, if the customers are indeed deterred from
joining, it could make a two-channel (partially observable) system more socially desirable
compared to a single channel (fully observable) system. They also consider the case where

service of the visible class is prioritized.
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Liu and Yang (2020) explores the effect of providing queue information to remote
customers, on the firm’s throughput. They compare two models: order-ahead (in which
all customers who wants to place an order must do so using the online channel before they
travel to the store for pick-up), and order-onsite (in which customers can only order in
the physical store). They consider various information provision policies and shows that
under full information provision, their order-ahead model achieves higher throughput than
order onsite model. However, if information is not provided to remote customers, then
their order-onsite model could yield a higher throughput.

Our paper best relates to Baron et al. (2019), Liu and Yang (2020) and Roet-Green
and Yuan (2019). A primary focus of our paper is to characterize customer channel choice
behavior and study how it is affected by queue information disclosure when customers
travel to the store. To the best of our knowledge, Baron et al. (2019) is the only other
paper that considers the customer channel choice problem in the existing literature on
omnichannel services. Our work is differentiated in that the offline ordering option in
our model is available to app users as well; app users could either order online or defer
making an ordering decision until they arrive at the store and observe the queue. We
capture the temporal evolution of the queue as app users travel to the store and study
how it factors in their channel choice strategy. Moreover, we model quality sensitivity,
and consider two customer types with potentially different impatience levels. In terms of
the information structure, our paper relates to Liu and Yang (2020) in that the visibility
for app-users depends on the firm’s information disclosure policy. On the other hand,
non-app users, observe orders from both channels (similar to Baron et al., 2019). With

information disclosure, analyzing the evolution of the queue while the app user travels,
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is intractable under a continuous-time model. A novel feature that separates our paper
from the existing literature on omnichannel services is that we adopt a discrete-time
queuing model to tackle this intractability. Our results compliment Liu and Yang (2020),
Roet-Green and Yuan (2019), and Baron et al. (2019) by showing that, depending on
the relative impatience of app users and non-app users, both of our omnichannel models
(with and without information) could deliver a lower throughput than a single channel
system. Our contribution in terms of the core message is that the non-app users are
disadvantaged by the online orders and their welfare, relative to the app users, needs to
be seriously considered for a proper evaluation of the overall performance of omnichannel

systems.

2.2. Model

In this section, we describe our model. We first describe customer types, their asso-
ciated costs and other parameters of the service system. Following this, we will present
the information structure in the model and define a sequence of events. We also examine

the expected utility of app users.

2.2.1. Customers, Costs and the Service System

We model strategic interaction of customers in omnichannel service systems, which pro-
vide customers the option of ordering online (for e.g. using mobile apps), in addition to
the conventional offline option of ordering in the physical store. We consider two types
of customers: i) app users who are tech-savvy and may choose between either the online

or the offline ordering options, and ii) non-app users who never use the online option. All
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customers are utility maximizers, and have the same valuation, v > 0 for the service. We
further assume that all customers (regardless of their channel choice) pay the same price
for service.

We say that an app user arrives at the market when service requirement arises and
she is located away from the physical store. An app user arriving at the market may
choose to order online, in which case the order is immediately placed in the queue. She
then travels to the physical store to pick it up, with the possibility that her order might
be ready by the time she reaches the store. Customers prefer to have their product as
soon as they are prepared, and in this sense they are quality sensitive (i.e. no one wants
a lukewarm latte). If an app user’s order gets prepared before she reaches the store, she
incurs a fixed cost, ¢, > 0, for degraded product quality. This results in her utility being,
v — ¢4. Since non-app users always walk-in, they never incur any quality cost.

Alternatively, an app user may choose to not order online, travel to the store and
then decide whether or not to order after observing the queue. In this case, there is a
possibility that the system might be congested, which would result in her waiting in the
store before she could place her order. Both sets of customers are sensitive to the amount
of time they spend waiting in the store. The wait sensitivities for app users and non-app
users are denoted by c,r > 0 and ¢,y > 0 respectively (T denotes tech-savvy and N
denotes non-tech-savvy). Thus, if an app user or a non-app user has to wait in the store
for the completion of k£ orders, including her own, then her resultant utility would be
v —EW(k) - cpor or v — EW (k) - c,n respectively, where EW (k) denotes the expected
number of time periods until she’s served. We assume that there is no cost associated

with a customer traveling to the physical store (see §2.6 for a discussion). As a results,
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app users who choose the offline option always travel to the store and see the queue before
they decide whether to seek service or to balk.

We use a single discrete-time queue (see Remark 2) that serves customers in a first-
come-first-served (FCFS) manner. At each time period ¢, S; denotes the number of service
slots that are generated, where S; is an independent and identically distributed random
variable with mean p. Every customer who joins the queue needs one service slot. We
are agnostic about the number of servers generating these slots, which is independent of
the mix of customers in the queue and is statistically identical each period. If the number
of orders in the system is smaller than the number of generated service slots, the excess
service slots get wasted. Thus, the number of orders getting processed in period ¢, would
be the minimum of the number of service slots generated and the number of orders in
the system, and in this sense,  denotes the service capacity of the system. At any point
in time, length of the queue denotes the total number of orders in the system that are
waiting to be processed. If S; is a Geometric random variable with expected value p, then
EW (k) = E (see Appendix B.1), where EW (k) is defined in the preceding paragraph. In
general EW (k) is increasing in k and decreasing in p. In the rest of the paper, we are
going to approximate EW (k) by ﬁ even for general distributions of S;, which yields good

structural insights.

2.2.2. Information Structures and Sequence of Events

We make a simplifying assumption that the entire order-queue (which includes both offline
and online orders) is visible to all customers who walk-in to the store (see Baron et al.,

2019). For the app users who arrive at the market, we consider the two following settings:
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e Model with Information. The firm provides real-time queue-length informa-
tion (consistent with the literature, see Ibrahim, 2018) through the app. Thus,
the app users know the state of the system before they decide whether to order
online or to defer the ordering decision and re-sample the queue upon arrival at
the store.

e Model without Information. The firm does not provide any information
about the system, and thus the app users make decisions based on their steady-
state beliefs about the system’s state. They decide whether to order early but

blindly, or choose the offline option to sample the queue.

Without loss of generality, we assume that at every time period exactly one app user
arrives at the market. We denote the arrival rate of app users by Ar, and thus we have
A7 = 1. Furthermore, it takes exactly one time period for an app user to travel from the
market to the store (see Remark 2). At each time period ¢, a sequence of four events (see

Figure 2.1) take place in the following order:

(1) Event 1: Arrival of Non-App Users. At the beginning of time period ¢, non-app
users arrive at the physical store. The number of non-app users who arrive at
the store is denoted by A;, which is an independent and identically distributed
random variable with mean A y. We specify the probabilities of arrivals as P(A; =
k) = ax. The length of the queue in period t before the arrival of the non-app
users is denoted by x(t). Since customers are wait-sensitive, not everyone who
arrives at the store, joins the queue upon observing xy(t). The effective number

of non-app users who join the system in period ¢ is denoted by n;. We assume
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that the outside option for a customer who balks, is zero. We denote the updated

queue length after the arrival of non-app users by z(t) = xo(t) + ny.

(2) Ewvent 2: Arrival of App User at the Store. Next, the app user who arrived at the

Queue
Length :

market in time period ¢ — 1, arrives at the physical store (it takes one time period
after arrival at the market to arrive at the store), for either of the following two
purposes:

e To pick up her order, if she ordered online in period t — 1: If her order was

prepared in period t — 1, she incurs a quality cost and leaves the system
immediately without incurring any waiting cost. Otherwise, she does not
incur any quality cost, but does incur a cost of waiting in the store, for her
order to get processed. Since orders are processed in an FCFS manner, she
has to wait until all the orders placed before hers, as well as her own, gets
processed. Position of her order in the queue, when she arrives at the store,
is xo(t). Thus, she has to wait for the completion of xy(t) orders before
she leaves. We note that, the joining of non-app users in period ¢, does not
affect the position of her order, and hence, does not affect her waiting cost.
We denote the queue length after this event by z5(¢). Since, the app user

already placed her order in period ¢t — 1, this event has no bearing on the

Event 1 ‘ Event 2 ‘ Event 3 ‘ Event 4

xo(t)

App User from Period New App User at
t — 1 Arrives at the Period t Arrives at
Store the Market

Non-App Users Period t

- Services Occur
Arrive

x1(8) x2(t) x3(t)

Figure 2.1. Sequence of Events in Time Period ¢
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evolution of the state of the system in period ¢, and hence, the queue length
remains unchanged after this event, i.e. xo(t) = z1(t).
e To decide whether to place an order, if she did not order online in period
t—1: She observes the current queue length x;(¢), and decides whether or not
to order. After this event, the queue length is updated to z5(t) = z1(t) + 1,
if the app user joins, otherwise the queue length remains unchanged, i.e.,
xo(t) = x1(t). Balking yields an utility of zero.
FEvent 3: Arrival of App User at the Market. The next event in time period ¢
is the arrival of a new app user at the market. For the model with information,
the current state of the queue, z5(t), is revealed to this app user. She takes this
information into account to decide whether to order online immediately, or to
defer her decision of whether to order or balk, until she arrives at the store in
period t + 1 (for brevity, we will henceforth refer to this action as choosing the
offline option). For the model without information, the app user’s decision is
based on her rational belief over the steady state queue length, z5(t). The queue
length following this event is updated as x3(t) = z5(t) + 1 if the app user orders
online, otherwise, it remains unchanged, i.e., z3(t) = z2(t).
Fvent j: Services. Finally, service slots are generated at the end of time period
t. The probability of the number of service slots generated is denoted by P(S; =
k) = sr. The queue length following this event is identical to the queue length
at the start of time period ¢ + 1, and is given by zo(t + 1) = (x3(t) — S¢)*, where

2™ denotes max(0, z).
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2.2.3. Customer Utility of App Users

In the model with information, upon arrival at the market, an app user can see the state of
the queue, x(t), before deciding whether or not to order online. If she observes z5(t) = L

and orders online, her expected utility is given by,

(2.1) Up(L) = v = Eg,[1(S; > L+ 1)] - ¢g —Eg,[(L+1— 5] - 2L
Expected :;uality cost ~ ~ -

Expected waiting cost

where 1(-) denotes the indicator function. She incurs a quality cost if the number of
service slots, S;, generated in period ¢, is greater than or equal to the number of orders
(queue length) currently in the system, in addition to her own order. Otherwise, she
incurs waiting cost if there are leftover orders to be processed in period ¢t + 1. The term
(L+1—S5;)* is equivalent to xo(t + 1) which is the queue length at the beginning of time
period t + 1. xo(t + 1) also denotes the position of her order in the queue, in the event
that her order is not processed before her arrival.

Upon observing z5(t) = L, her expected utility of choosing the offline option is,

N

(22) US(L) - ]EShAtJrl [maX(O, US(L>>]7
where
(2.3) U,(L) = v — ((L — 8 + nega (L) + 1) : %T

represents the utility associated with the action of going to the store and placing an order.

We note that in (2.2), the first argument within the max function is zero. This accounts
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for the fact that, an app user who does not order online in period ¢, can potentially
balk at the store, upon observing the queue length z;(t + 1) in period ¢ + 1. The term
(L — Sp)" 4+ ngya(L) in (2.3) is equivalent to xq1(t + 1). Moreover, nyy1(L) denotes the
dependence of the number of arrival of non-app users in period ¢ + 1, on L, the observed
queue length by an app user arriving at the market in period ¢.

If queue information is unavailable to app users, then their utilities of ordering online,

and choosing the offline option are given by,

(2.4)
Eo,(Us(w2)) = Y Pz =L)-Up(L)  and By, (Us(z2)) = > P(xa = L) - Uy(L)

respectively. We note that these expected utilities depend on the steady state distribution

of the queue. In order to denote the steady state, we suppress the time argument in xo(t).

Remark 2. An app user arriving at the market is uncertain of when her order will be
ready if she orders early but is also uncertain of how long the line will be if she chooses to
visit the store. Probabilistically describing how the system will evolve is much simpler in
a discrete-time model than in a continuous-time model. We use a discrete-time model in
order to maintain tractability while capturing important features of the setting. Addition-
ally, this provides a fair amount of flexibility in the way we model services and arrivals.
Moreover, in regards to our assumption, that it takes one time period for an app user to
travel from the market to the store, the queue can still change significantly, and is driven
by both the services and the arrival of non-app users. Although this happens in a way that

18 fundamentally limited, it maintains tractability.
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2.3. Customer Strategy

In this section, we characterize the ordering strategies for non-app users and app users
under general arrival and service processes for the models with and without information.

For the proofs of Theorem and Proposition in this section, we refer to Appendix B.4.

2.3.1. Store Customers

We refer to the non-app users and the app users who choose the offline option as store
customers. Upon observing the queue, store customers decide whether to join the queue
or balk. We note that app users who choose to order online, arrive at the store only for
pick-up and do not make any join/balk decision. Using an approach akin to Naor (1969),
it is straightforward to show that store customers join only if the observed queue length
is below a threshold, and they balk otherwise.

Non-app users, upon observing queue length xy(t), join only if their expected utility
is non-negative. We assume that arriving non-app users are randomly ordered and make

joining decision sequentially. Let n; denote the number of non-app users who join the

queue in period ¢. Then we have v — Wcu} ~ > 0, which implies
+
(25 < (|25 ] = o)
CwN

where | z| denotes the greatest integer less than or equal to z. Thus, non-app users join
only if the observed queue length, xo(t), is strictly less than the threshold L—”%J, and

balk otherwise. Hence, the effective number of non-app users joining the queue in period

t, is given by n, = min(Ay, (| £ | — zo(t))™).

CwN
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An app user who chooses the offline option arrives at the store and observes queue

length x(¢). Similar to non-app users, this app user joins the queue only if her expected

:rl(t)+1

utility is non-negative, i.e. v — i CuT 2 0. This implies that the app user joins only if
v +

(2.6) 7(t) < Q—”J - 1) ,
CwT

and balks, otherwise.
We denote the store threshold for the app users and non-app users by 7, = \_%J and
Tn = Lﬁj respectively. To avoid trivialities, we generally assume that 7, > 1 and 7,, > 1,

such that store customers are willing to join, upon observing an empty queue. Both 7,

and 7, are similar to Naor’s threshold for observable queues (see Naor, 1969).

2.3.2. Online Customers: Model with Information

If queue information is available, an app user arriving at the market in period t faces no
uncertainty regarding the ordering decision of any app user who arrived before period t.
The state of the queue, xo(t), which is observable to the new app user, captures all the
past app user decisions. Thus, this app user follows a dominant strategy in which she
orders online if U,(L) > Us(L), and chooses the offline option, if U,(L) < U(L). Before

characterizing app users’ channel choice strategy, we make the following assumption.

Assumption 2. We assume that P(S; = L) > 0 and the function D(L) given by,

(Esonalmen (@] =25 = g(D)) = (s, ai a2 = 1] 25 = g(L 1))
D(L) = PS5 =1 ,

is decreasing for all non-negative integer L, where g(L) = Us(L) — ]ESt,At+1(Us(L))'
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Now, we characterize the channel choice strategy for app users in the proposition

below.

Proposition 4. (CHANNEL CHOICE STRATEGY)

(i) If CZT —cq > 0, then there exists a threshold 7, > 0 such that an app user
arriving at the market orders online if 0 < xz5(t) < 7,, and chooses the offline
option, otherwise.

(ii) If L — cq < 0 and Assumption 2 holds, then
(a) If U,(L) > Us(L) for some non-negative integer L, there ezist two thresholds

7 > 0 and 7, > 0, such that, the app user orders online if T, < xo(t) < 7y,
and chooses the offline option, otherwise.
(b) If U,(L) < Us(L) for all L > 0, the app user always chooses the offline

option.

If quality sensitivity is sufficiently low, then upon arriving at the market and observing
a long line, an app user chooses the offline option. Intuitively, a long line promises a long
wait in the store and an app user delays ordering to see if there is a favorable evolution
of the queue, in which case the app user orders at the store, and otherwise balks. On the
other hand, if quality sensitivity is relatively high compared to the waiting cost, then if
she observes a short queue, there’s a high likelihood that her order would be prepared
prior to her arrival at the store. Thus, exploiting the opportunity to sample the queue
twice, app users follow a dual-threshold policy where they alternate between walking in
(to avoid the quality penalty), ordering online (to shorten their wait), and walking in (to

avoid a very long wait) as the queue grows. If the quality sensitivity is extremely high
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compared to the wait sensitivity, for e.g., if ¢,,7 = 0 and ¢, > 0, then the online channel

is not viable, i.e. U,(L) < Uys(L) for all L > 0, and app users always choose the offline

option.

2.3.3. Online Customers: Model without Information

In the absence of queue information, app users’ channel choice strategy depends on their

rational belief over the steady state queue length, x5. The steady state, in turn, depends

on the strategy followed by the app users. Thus, an equilibrium emerges, as presented in

Theorem 4. Since app users are homogeneous, we have a symmetric equilibrium strategy,

0, which represents the probability than an app user orders online. The expected utilities

of ordering online and choosing the offline option are given by,

(2.7) U,(0) = E,, (Uy(x2)) and U,(0) = Ey, (Uy(x2))

respectively, where U,(z9) and Us(x2) are given by (2.1) and (2.2).

Theorem 4. (EXISTENCE OF EQUILIBRIUM) A symmetric Nash equilibrium, 6, for

app users arriwving at the market in an omnichannel system without information, exists

and is given as follows:

(i) If Uy(1) > U,(1) then 6 = 1.

(ii) If U,(0) < U4(0) then § = 0.

<U
(iii) If Uy(1) < U,(1) and U,(0) > Uy(0) then there exists a 0* €

(
U,(0°) = U,(0*) and 6 = 6*.

[0,1] such that
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In Theorem 4(iii), although we do not prove uniqueness, through all the computational
examples we have studied, we never encounter multiple equilibria.

Quality sensitivity is a key driver in determining when app users switch from ordering
online to choosing the offline option. We recall from (2.1), that U,(L) is monotonically
decreasing in ¢,. Consequently, it is straightforward to show that, if all app users order
online, i.e. § = 1, for a given set of parameters with some quality sensitivity ¢,, then
the same equilibrium 6 = 1 continues to hold for all ¢, < ¢;. Conversely, if all app users
choose the offline option, i.e. # = 0, for a set of parameters with some quality sensitivity

Cq, all app users continue to choose the offline option, i.e. 8 = 0, for all ¢, > ¢,.

2.4. Analytical Study

In this section, we analytically characterize the average throughput and the average
consumer surplus for single channel and omnichannel systems. To maintain tractability
we consider systems with the following assumptions:

e The number of arrivals of non-app users is such that P(4, = 0) = 3 and P(A4, =

1) =

1
5

e The number of service slots generated is such that P(S; = 1) = 5 and P(S; =

N[ —=

2) = 1.

o Wait-sensitivity of non-app users is such that % < sl < %, which implies that
non-app users join the system only if the queue is empty, i.e. 7, = 1. We consider
the following two scenarios for the wait-sensitivity of app users:

(1) The wait-sensitivity of app users is comparable to the non-app users, i.e.,

we assume that % < &b < % This implies that the app users at the store
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join only if the queue is empty, i.e. 7, = 1. Alluding to the app users’ wait-
sensitivity, throughout the rest of this section we will refer to this setting as
the Impatient scenario.

(2) App users are less wait-sensitive than the non-app users, i.e., we assume that
% < k< %. This implies that the store threshold for app users is 74, = 2.
Since, in this setting, the app users are more patient, throughout the rest of

this section we will refer to this as the Patient scenario.

We note that, these assumptions result in a smaller state space, which allows us to char-
acterize the steady state of the queue. This also allows us to explicitly solve for the online
ordering thresholds 7, and 7, without imposing Assumption 2. The qualitative aspects
of the results presented in this section extend to systems with more general arrival and
service processes for a wide range of parameters and customer primitives, which will be
illustrated in §2.5. For the details on the steady state calculations we refer to Appendix

B.2. For the proofs of results in this section we refer to Appendix B.5.

2.4.1. Customer Strategy and Throughput

In this section, we present and compare the customer strategy and the average throughput

for both scenarios, Impatient and Patient. First, we focus on customer strategy.

Proposition 5. The probability, 0, that an app user arriving at the market orders

online, in the omnichannel (without information) system for the Impatient scenario, is
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Figure 2.2a illustrates the ordering strategy, 6, for app users in the Impatient scenario
as a function of their quality sensitivity. From Proposition 5 we note that, when quality
sensitivity is dominated by wait sensitivity, most app users order online. By ordering on-
line, app users reduce the likelihood of having to wait in the store for their order. Keeping
all else fixed, with increasing quality sensitivity, app users become more likely to not order
online and instead choose the offline option to avoid potential quality degradation of the
product. Now, in an omnichannel system with queue information, app users’ strategy

would depend on the queue length they observe. From Table 2.1 we note that, as the

1.4 1.4
- *Single channel -
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=1 ) 0<0<1 6=0 ) ) ) ) Omnichannel without information
0.75 0.8 0.85 0.9 0.95 1 1.05 11 0.5 0.75 1 1.25 1.5 1.75 2 2.25 25
Quality Sensitivity (cq) Quality Sensitivity (cq)
(a) Average Throughput for Impa- (b) Average Throughput for Patient Scenario

tient Scenario

Figure 2.2. Comparision of combined (app users and non-app users) aver-
age per period throughput for the Impatient and Patient Scenarios, corre-
sponding to single channel, omnichannel (with information) and omnichan-
nel (without information) systems. The graph also illustrates the app users’
ordering strategy, €, for the omnichannel (without information) system.
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Table 2.1. Ordering strategy for app users arriving at the market, for the
omnichannel (with information) setting in the Impatient scenario, as a func-
tion of the queue length, xo(t).
ratio of quality sensitivity to wait sensitivity increases, all app users eventually choose the
offline option. This is similar to the case without information. Thus, both omnichannel

systems behave as a single channel system as quality sensitivity increases.

We, next, contrast this with app users’ strategy for the Patient scenario.

Proposition 6. The probability, 0, that an app user arriving at the market orders

online, in the omnichannel (without information) system for the Patient scenario, is given

by
( 7
1 if 0 < 4 < -,
CuwT 6
0 — 6cwr — 3¢ T Cq <9
3cq — Cur 6 cur
: Cq
0 if 2 < — < oo.
\ CyT

Similar to the Impatient scenario, in the Patient scenario, the probability that an app
user orders online, 6, decreases with increasing quality sensitivity of app users. Thus, for a
high enough ratio of quality sensitivity to wait sensitivity, all app users choose the offline
option. However, in this regard, the ordering strategy for app users in the omnichannel

(with information) setting for the Patient scenario (see Table 2.2) is different from the
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Impatient scenario. No matter how high the ratio of quality sensitivity to wait sensitivity
is, app users always order online if they observe a queue length of 2, upon arriving at the
market. The app user’s order would not get processed in the current time period since
only a maximum of 2 orders can be processed per period in this system. Thus, no quality
cost is incurred in this case. This illustrates how various aspects of the arrival and service
processes, and the evolution of the queue when the app users travel from the market to
the store, factor in app users’ ordering decision.

Furthermore, from Proposition 6 and Table 2.2, we observe that, keeping quality
sensitivity fixed, app users are more likely to order online as they become more wait-
sensitive. By ordering online, app users reduce the likelihood of having to wait in the store
for their order. Note that the ratio of valuation over wait sensitivities are constrained
in the Patient and Impatient scenarios. Under a more general setting in §2.5, we will
illustrate that, as the wait sensitivity for app users increases keeping all else fixed, all app
users arriving at the market eventually choose the offline option. Intuitively, for moderate
wait sensitivities, app users prefer ordering in advance to lower the likelihood of waiting

in the store. Highly wait-sensitive app users, on the other hand, prefers delaying making

Ordering strategy when
& C 4 4 c
0<—L <1 1< -2 <~ B B
$2<t> CuwT T CuT 3 37 cur >
0 Online Offline Offline
1 Online Online Offline
2 Online Online Online

Table 2.2. Ordering strategy for app users arriving at the market, for the
omnichannel (with information) setting in the Patient scenario, as a func-
tion of the queue length, xo(t).
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an ordering decision until reaching the store for a potentially favorable evolution of the
queue. Thus, the ordering strategy for app users, 6, is not necessarily monotone in app

users’ wait sensitivity.

Next, we discuss the comparison of average throughput.

Proposition 7. The combined average per period throughput for the Impatient sce-

nario, corresponding to single and omnichannel systems are given as follows:

(1) Omnichannel without information:

(

4 c 1 3 w
— 0 < 1 < — - —
3 O ST T o
3v — 2¢,, 1 3
\ONT _ v — 2CuT TR vo_ G - v)
3¢y — 2¢yr 6 4 cur CwT  CuT
1 if < S oo
\ CyT CyT
(2) Omnichannel with information:
(4 11
c v
S0 oo —
3 f CwT 3 2 CuT
/\OI—<§ Z'fl—l-l v ch < U’
5 3 2 CuwT CwT CwT
\ CuT CyT

(3) Single channel:
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See Figure 2.2a for illustration of Proposition 7. First, note that the average through-
put for omnichannel system with information is a step-function where each jump corre-
sponds to a change in the online ordering thresholds, 7; and 7,. In contrast, the average
throughput for omnichannel system without information changes smoothly with 6.

Figure 2.2a illustrates that, in the Impatient scenario, the omnichannel systems result
in higher average throughput compared to single channel. The online ordering option
draws in the demand early, which results in higher app user throughput. Non-app users,
on the other hand, get crowded out by the presence of the online channel. In the Impatient
scenario, going from single channel to omnichannel, increase in app user throughput
outweighs the reduction in non-app user throughput which results in increased overall
throughput.

Without information disclosure, channel choice made by app users arriving at the
market is based on their rational beliefs about the steady state of the system. If quality
sensitivity is low, then most app users would prefer ordering in advance. By disclosing
queue information, these customers would be deterred from ordering online in those unfa-
vorable states where queue length is too short (see Table 2.1). A shorter queue promises
a quicker service completion and hence a higher likelihood of incurring a quality penalty.
This lowers the average throughput for the omnichannel system with information. On the
other hand, if quality sensitivity is high, most app users would choose the offline option
in the absence of information. Disclosing queue information to these customers, in this
case, would lure them into placing online orders in favorable states of the system. This

increases the average throughput for the omnichannel system with information. Thus,
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neither of the two omnichannel systems delivers the highest average throughput across all

parameter regimes.

Now, we compare these results with the average throughput for the Patient scenario.

Proposition 8. The combined average per period throughput for the Patient scenario

corresponding to single and omnichannel systems are given as follows:

(1) Omnichannel without information:

/
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(2) Omnichannel with information:

§
if 0 < — < 1,

QO v~

X! ifl1< 4 <

| Ot

] o
<=
[GVRITEN
VA
A
3

(3) Single channel:

Surprisingly, Figure 2.2b illustrates that, the single channel system outperforms the

omnichannel systems in terms of average throughput in the Patient scenario. Note that
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the non-app users are more wait-sensitive compared to the app users. As a result, in the
omnichannel systems, enough non-app users get crowded out by the app users that the
overall throughput drops in comparison to the single channel setting.

Furthermore, we observe from Figure 2.2b that the average throughput for omnichan-
nel (without information) setting drops when app users follow a mixed equilibrium strat-
egy, i.e. they randomize between the online and the offline ordering options. When app
users either order online, i.e. = 1, or choose the offline option, i.e. # = 0, their arrival
process is deterministic since we have assumed that only one app user arrives every time
period. In contrast, when app users follow a randomized strategy, i.e. 0 < 6 < 1, their
arrival process becomes stochastic. Due to increase in variability in the arrival process,
the variability in queue length increases as well. Due to this, the queue observed by the
non-app users becomes stochastically larger when 0 < 6 < 1. This, in turn, results in
more non-app users to balk in the omnichannel setting compared to the single channel
setting.

Similarly, for the omnichannel (with information) setting, the average throughput
drops in comparison to single channel. This happens when the ordering strategy for app
users (see Table 2.2), is such that, depending on the observed queue length, app users go
back and forth between the online and choosing the offline options. Thus, omnichannel
systems might not necessarily outperform a single channel system in terms of delivering
the highest average throughput. In §2.5, we show that these results hold under a more

general system with a wide range of system parameters and customer primitives.
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Figure 2.3. Comparison of average per period consumer surplus in the Im-
patient scenario for single channel, omnichannel (with information) and
omnichannel (without information) systems. For illlustrative purposes, val-
uation, app user wait sensitivity and non-app user wait sensitivity are fixed
atv=1, c,r =1and ¢,y = 1.

2.4.2. Consumer Surplus

In this section, we present the analytical results on consumer surplus. We focus on the
Impatient scenario. In characterizing the average per period consumer surplus, we only
consider app users and non-app users who get served (outside option associated with

balking has zero utility). For ease of exposition, we use Figure 2.3 to illustrate these
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results and we refer to Lemmas 17, 19 & 21 in Appendix B.5 for the exact analytical
expressions.

Moving from a single channel to omnichannel systems, the presence of app users in
the system diminishes the consumer surplus for non-app users. From Figure 2.3 (a) and
2.3 (b) we observe that, for low to moderate quality sensitivities, app users benefit from
ordering online in the omnichannel systems. In doing so, the non-app users get crowded
out. In §2.5 we will illustrate that non-app users’ consumer surplus is consistently higher
in the single channel setting, for a wide range of parameters. We will also show that, in
contrast with the non-app users, the app users might not always prefer an omnichannel
system.

We observe from Figure 2.3 (a) that the app users benefit from queue information
disclosure. However, the effect of queue information disclosure on the overall system
depends on the combined effect on both customer types (see Figure 2.3 (c)).

In the Patient scenario, patient app users crowd out less patient non-app users. The
omnichannel systems serve more app users, and deliver higher combined consumer surplus
compared to single channel (see Lemmas 11, 13 & 15). However, using the Impatient
scenario, we show that, when evaluating the consumer surplus for app users and non-app
users combined, there is no channel arrangement that necessarily works best (see Figure
2.3 (¢)). Depending on the system parameters and customer primitives, either single
channel system or omnichannel systems could deliver higher combined consumer surplus

than the other.
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2.5. Computational Study

In this section we computationally analyze single channel and omnichannel systems
with more general arrival and service processes. In particular, we assume that the number
of non-app users who arrive at the store each period, and the number of service slots
generated in each period follow independent Poisson distributions. Throughout the rest
of this section we keep valuation, v = 50, and mean service rate, u = 2, fixed. We
illustrate that the qualitative features of the constrained system studied in §2.4 extend
to setting with a wide range of parameters of models including customer primitives, and
provide additional insights. We provide the details on the computational techniques to

calculate steady state in Appendix B.2.

2.5.1. Customer Strategy and Throughput

In Section 2.4.1 we observed that keeping all other parameters fixed, with increasing

quality sensitivity, app users in omnichannel (with information) system become more
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Figure 2.4. Plot (a) & (b) illustrate the non-monotonicity of average
throughput and the online ordering strategy respectively, for app users in an
omnichannel system without information. For illustration, the parameters
are set to ¢, = 26, ¢,y =1 and Ay = 0.3.
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likely to choose the offline option (see Propositions 5 and 6). However, with increasing
wait sensitivity, change in the app users’ ordering strategy, 6, is not as straightforward.
For a lower wait sensitivity, compared to quality sensitivity, app users are more likely to
not order online to avoid incurring the quality penalty. Keeping all other parameters fixed,
with increasing wait sensitivity, the possibility of waiting in store for order completion
plays a more dominant role in app users’ ordering decision. Thus, increasingly more app
users order online (see Figure 2.5a) to avoid incurring waiting cost. However, if app users
are highly wait-sensitive then they might not join a congested system. As a result, app
users delay making an ordering decision until reaching the store and checking out how
the queue has evolved. Thus, the fraction of app users ordering online eventually starts
to decrease (see Figure 2.6a) with increasing wait-sensitivity. This leads to the following

observation regarding the ordering strategy for app users in an omnichannel system.

Observation 1. Ordering strategy, 6, and hence, the average throughput for app users
in an omnichannel system without information is non-monotone in app users’ wait sen-

sitivity.

We compare this observation with the linearly decreasing demand function that is
assumed in Gao and Su (2017b). As illustrated in Figure 2.4, we show that the average
throughput (hence the demand), that emerges out of the equilibrium customer behavior,
might increase as app users become more wait-sensitive, and exhibits a non-linear form.

For comparison of the average throughput between a single channel and the omnichan-

nel systems, we consider two different scenarios. In Figure 2.5, the non-app users are more
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Figure 2.5. In these plots, non-app users are more wait-sensitive compared
to app users, i.e. ¢,r < ¢,n. Plot (a) shows the ordering strategy, 6, for
app users as a function of ¢,. Plots (b), (¢) and (d) compare the combined
(app users and non-app users) average per period throughput across single
channel and omnichannel systems by varying c,, ¢, and Ay respectively.
The base value of the parameters are set to ¢, = 20, c,r = 12, ¢,y = 30

and Ay = 0.9.

wait-sensitive compared to the app users, whereas in Figure 2.6, the app users are more

wait-sensitive compared to the non-app users. We observe the following:

Observation 2. (i) If non-app users are more wait-sensitive compared to app users,
then single channel system may deliver higher average throughput compared to the om-

nichannel systems.
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Figure 2.6. In these plots, app users are more wait-sensitive compared to
non-app users, i.e. ¢,r > ¢,n. Plot (a) shows the ordering strategy, 6, for
app users as a function of ¢,. Plots (b), (¢) and (d) compare the combined
(app users and non-app users) average per period throughput across single
channel and omnichannel systems by varying c,, ¢, and Ay respectively.
The base value of the parameters are set to ¢, = 20, c,r = 54, cyn = 30

and Ay = 0.9.

(i) If app users are more wait-sensitive compared to non-app users, then omnichannel

systems deliver higher average throughput compared to the single channel system.

We consistently observe that as we move from single channel to omnichannel systems,
non-app users are crowded out by the app users. If non-app users are relatively more

wait-sensitive, we find that enough non-app users may balk in an omnichannel system
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that the overall throughput falls in comparison to a single channel system. This result
is illustrated in Figure 2.5 for a range of app users’ wait sensitivity, quality sensitivity
and different levels of congestion in the system (we recall that, in our model, we assume
only one app user arrives at the market each time period, and as a result, we alter the
level of congestion in the system by altering the arrival rate for non-app users only).
On the other hand, if app users are relatively more wait-sensitive, then offering online
ordering option increases system throughput, as illustrated in Figure 2.6. We note that
Observation 2(i) depends on the capacity of the system relative to the wait-sensitivity of
app users. When there is ample capacity, having non-app users crowded out negatively
affects throughput. For low capacity, the system utilization could become high enough to
outweigh the effect of the loss in non-app user throughput. Thus, for low enough system
capacity, the server remains busy mostly with online orders from app users. Indeed, the
thresholds 7, and 75 could be such that neither non-app users nor app users join the queue
in store. However, app users might still order online resulting in a positive throughput
for omnichannel system, as compared to zero throughput for single channel. We refer to
Appendix B.3 for details.

Exploring the effects of disclosing queue information on the average throughput in

omnichannel systems, as illustrated in Figure 2.6, leads us to the following observation:

Observation 3. (i) Which omnichannel information setup delivers the highest com-
bined average throughput depends on the parameters of the system.
(i1) Disclosing queue length information in an omnichannel system increases the combined
average throughput if app users are either highly wait sensitive or highly quality sensitive

or the system is highly congested.
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In the absence of queue information, based on the rational belief about the steady state
of the queue, app users who are highly wait-sensitive or highly quality-sensitive are de-
terred from ordering online. Disclosing queue information lures them into ordering online
in favorable states of the queue, thereby increasing system throughput. This observation
is echoed in our analytical characterization of the average throughput in Proposition 7,
as illustrated in Figure 2.2a. This result also resonates with a similar message by Chen
and Frank (2004) and Hassin and Roet-Green (2018). However, we extend their result
from single channel to omnichannel setting with multiple customer types.

Thus, from the firm’s perspective, there is no silver bullet. No channel arrangement

delivers the highest throughput (and thus revenue) in all parameter regimes.

2.5.2. Consumer Surplus

In this section, we compare the average consumer surplus for app users and non-app
users across single channel and omnichannel systems, as summarized in the following

observation:

Observation 4. (i) Single channel system delivers the highest average consumer sur-
plus for non-app users.
(ii) Average consumer surplus for app users in a single channel system may be higher com-
pared to an omnichannel system without information for moderate to high wait sensitivity

for app users.

The presence of app users in omnichannel systems negatively impacts non-app users,
and hence, single channel system dominates the omnichannel systems in terms of the

average consumer surplus for non-app users. We observe this in Figure 2.7a.
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Figure 2.7. The above plots compare the average consumer surplus for non-
app users and app users, across single channel, omnichannel (with infor-
mation) and omnichannel (without information). The base values of the
parameters in this figure are set to ¢, = 20, c,r = 25, cpynv = 30 and
Any =0.9.

Surprisingly, we find that the app users, on the other hand, might not necessarily
benefit from an ommnichannel system, as illustrated in 2.7b. In the absence of queue
information, app users arriving at the market makes ordering decisions based on their
rational beliefs about the steady-state queue. If app users are moderately to highly wait-
sensitive, ordering online can result in loss of consumer surplus since app users might
join the system in unfavorable states with long queue. In contrast, app users walking
in to a single channel system could balk when the queue is unfavorably long. In this
sense, single channel systems offers visibility of congestion. This results in a trade-off
between visibility in a single channel system and the advantage of ordering early in an
omnichannel system without information (Baron et al., 2019 considers a similar trade-off).
As a result, higher app user wait-sensitivity could lower the average consumer surplus for
omnichannel system (without information) in comparison to single channel. Disclosing

queue length information would resolve this trade-off, and result in an increase in the
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average consumer surplus for app users. We illustrate this result in Figure 2.7b where we
note that, for example when ¢, = 55, consumer surplus is higher in the single channel
system compared to an omnichannel setting without information.

The main takeaway from this section is summarized in the following observation:

Observation 5. Neither single channel systems nor omnichannel systems dominate
one another in terms of the combined (non-app users and app users) average consumer

surplus.

In Figure 2.8b, the arrival rate for non-app users is half that of the app users’ arrival
rate. In this case, we observe that the single channel is dominated by the omnichannel
systems in terms of consumer surplus. In contrast, as illustrated in Figure 2.8a, single

channel delivers highest consumer surplus when the proportion of non-app users in the

Single Channel Omnichannel (with  Omnichannel (without Single Channel Omnichannel (with  Omnichannel (without
Information) Information) Information) Information)
B Non-App User M App User B Non-App User M App User
(a) ANZQ,ATZI (b) AN=0.5,AT:1

Figure 2.8. Combined (non-app users and app users) average consumer sur-
plus across single channel, omnichannel (with information) and omnichan-
nel(without information). In plot (a), Ay > Ar, and in plot (b) Ay < Ar,
where Ay and Ap are arrival rates for non-app users and app users re-
spectively. For illustration purposes, the parameters are set to ¢,y = 20,
cyr = 22 and ¢, = 10.
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system is higher. Hence, we need to consider the relative proportion of app users and
non-app users in the system, when comparing the consumer surplus for both customer
types combined. Indeed, it is possible that both customer segments are worse-off when

online ordering is offered.

2.6. Conclusion

Omnichannel services are increasingly commonplace; most quick-service restaurants
have integrated the physical with the digital spaces. While these novel systems aim
to reduce customer wait by drawing in demand through the online ordering option, not
much is known about their design implications on throughput of the system and consumer
surplus generated. In particular, the effect of queue information disclosure on the system
is not well understood. We adopt a discrete-time queuing model to compare single channel
and omnichannel systems (with and without information provision), in terms of customer
strategy, throughput, and consumer surplus. Additionally, we consider a richer customer
utility model by incorporating customers’ sensitivity to product quality.

We find that, the interplay between quality sensitivity and wait sensitivity results
in a dual-threshold policy for app users’ channel choice. In terms of delivering highest
throughput, either single channel or omnichannel systems could dominate depending on
the relative wait-sensitivities of app users and non-app users. Moreover, in an omnichannel
system, the firm could use information disclosure as an operational lever to increase
throughput when app users are either highly quality sensitive or highly wait-sensitive,
or if the system has high congestion. Thus, we find that from the firm’s perspective

there is no silver bullet; no channel arrangement delivers the highest throughput for all



104

system parameters. From the customers’ perspective, we once again find that neither the
omnichannel nor the single channel system dominates the other in terms of the average
consumer surplus for both type of customers combined. The overall consumer surplus
depends on the relative proportion of app users and non-app users in the system. Indeed,
it is possible that both segments are worse-off when online ordering is offered.

A common thread in our findings is that the impact of developing an online channel
depends on the reaction of non-app users. Almost by definition, offering online ordering
option disadvantages these consumers. While app users have the choice of when to order,
non-app users are constrained to walking into the store where they may find themselves
crowded out by app users. Thus, forecasting the overall performance of omnichannel
systems requires a careful calibration of customer primitives and consideration of the
relative proportion of non-app users in the system, in comparison to app users.

Our results hinge on the behavior of the non-app users even though several of our
assumptions actually favor these customers. For example, we have used the simple first-
in, first-out queue to model the service system. In reality customers may face a tandem
queue, first queuing to place their order and then having their orders queued for processing.
Mobile orders would be placed directly in the processing queue. A customer at the store
deciding whether to enter the order queue would have to consider both all the work in
front of her as well as mobile orders that might arrive to the processing queue before she
gets to place her order. It is worth noting that moving to a tandem arrangement would
only amplify our key result that omnichannel systems adversely impact those using the
conventional channel and that the loss of these customers may outweigh gains from online

sales.
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A related argument could be made about relaxing our assumption that there is no
cost to visiting the store (Baron et al., 2019 and Roet-Green and Yuan, 2019 make similar
assumptions) in person. Because of this assumption app users in our model do not balk
until they have traveled to the physical store and observed the queue. That is, they have
a choice of when to order. That still holds if there is non-zero traveling cost. However, it
could complicate the app users’ ordering strategy, for example, app users could potentially
randomize between ordering online, choosing the offline option, and balking (before going
to the store). In this sense, a zero travel cost allows parsimony without a significant loss of
insight on app user behavior. Moreover, a non-zero traveling cost for all customers would
adversely affect non-app users. They would now have to evaluate whether the expected
net benefit of going to the store outweighs the cost to get there. A channel structure
that increases the number of app users in the system could then result in fewer non-
app users visiting the store. In our current model, the number of app users visiting the
store is independent of the channel structure; alternative structures just result in different
numbers of non-app users joining the queue. Positive travel costs could exacerbate this
by having fewer non-app users actually enter the store.

In our paper, we consider two type-dependent wait sensitivities. Future research could
explore the effect of incorporating a higher degree of heterogeneity within each customer
type. With respect to information disclosure, consistent with the literature, we focus
on queue length information. One could extend the analysis to explore the effect of
disclosing other type of congestion information, for e.g. expected wait times, to the app
users. Finally, using our model to explore the effect of service prioritization in the presence

of quality sensitive customers could be a worthwhile direction for future research.
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CHAPTER 3

To App or Not to App: Omnichannel Competition Among
Retail Services (Joint work with Achal Bassamboo and Martin

Lariviere)

3.1. Introduction

Large firms in the quick-service industry have taken the lead in developing their own
digital ordering app. Major players such as Starbucks and Dunkin’ have been among the
early adopters of this technology. But even to this day, other players in the industry are
investing resources to develop digital infrastructure in order to offer digital apps to their
customers. While having the app-ordering option is appealing to customers, who seem
to value the convenience of ordering and payment it provides, still not all players in the
industry offer an app. It is not clear whether it is the fixed cost of developing the digital
infrastructure that is deterring these firms from offering apps, or is there something more?
We examine whether offering apps to customers necessarily always leads to higher revenue
for firms in a competitive market even if we ignore the upfront cost of implementing an
app.

In a mature competitive market, through repeated interactions customers develop
loyalty towards particular firms (see Klein, 2018). Firm loyalty could arise from a variety
of factors such as: customers’ affinity towards specific product attributes, convenience

arising from location of a store or due to any number reasons pertaining to customer
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idiosyncrasies. For example, while customer A might prefer Starbucks over a locally owned
independent coffee shop (say, Chicago-based Backlot Coffee), because the Starbucks store
is on the way of her daily commute, customer B might prefer Backlot Coffee because she
likes a particular blend of coffee that is available only at Backlot. In this setting, each
customer when they are in the market for coffee, prefers being served by their preferred
store over the other. However, since most customers are delay-sensitive, they might be
willing to receive service from their second-choice if their first-choice is highly congested.
In this sense, the firms serve a segmented market where each customer in the market has
a preference to be served by a particular firm and visit the other alternative if the waits
at the preferred firm is too long.

In a segmented and competitive market, the level of congestion could depend on
whether or not firms offer apps, since availability of apps affects customers’ ordering
strategy. In particular, there are two aspects of app-ordering that might affect congestion:
advanced-ordering effect and information disclosure. Advanced-ordering effect simply
refers to customers’ ability to order whenever and from wherever they want. Information
disclosure refers to the practice of communicating congestion information to customers via
the app. This assumption is motivated by firms such as Starbucks which offer estimated
waiting time to customers via the app before they decide whether or not to order. While
Backlot stores are often located near Starbucks outlets, Backlot Coffee does not offer app
even though Starbucks does. Now, consider a loyal Starbucks customer opening the app
on her phone and realizing long waiting-time. Should this customer still place an order for
her favorite coffee with Starbucks, possibly ending up waiting a long time before getting

her coffee? Or should she consider walking-in to her second choice, i.e. Backlot Coffee, on
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the off-chance that it is less congested compared to Starbucks? This trade-off is central
to the analysis in our work.

We present a game-theoretic framework to analyze and compare the revenue for two
retail firms when they compete with each other on whether to offer a digital ordering
app or not (even if we ignore the upfront cost of implementing an app). In this work we
address the following research question: Does offering a digital ordering app always leads

to an increase in firms’ revenue in a competitive setting?

3.2. Literature Review

There is an extensive literature on markets where servers compete over delay-sensitive
customers by posting prices. Most of these papers use a two-stage game wherein the first
stage servers announce prices, following which customers in the second stage select servers
accordingly (see Hassin and Haviv, 2003). Our work differs from this literature in that
we consider a market where the firms are price-takers. Instead of price competition, we
consider a competitive setting where we examine to what extent firms’ revenue changes
upon offering digital ordering apps, which provide congestion information and advanced
ordering options.

Our work is also related to the literature on competition in availability. Dana Jr and
Petruzzi (2001), considers a setting where customers incur a cost in case of a stock-out,
which affects firm’s inventory decisions. Lippman and McCardle (1997), and Mahajan and
Van Ryzin (2001) consider similar markets where customers exogenously decide which firm
to visit first but they may switch among competitors if the first firm stocks-out. In our

work we consider a mature market so that customers have a preference of being served by
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a particular firm. However, a congested system might drive customers to the competitor.
Moreover, our paper considers firm’s capacity as exogenously given and focuses on whether
or not to offer digital apps, which affect customer ordering decision through availablity of
congestion information.

There is body of research in revenue management that considers competitive settings
in airline industry, focusing on implications of competitive allocation on seat inventory
control (see Netessine and Shumsky, 2005). In these settings, the allocation of seat in-
ventory among fare classes by one airline affects the quantity of customer demand and
optimal seat allocation of the other airline. In Netessine and Shumsky (2005), the decision
is to allocate fixed capacity among two customer classes. In contrast, in our work instead
of explicit allocation rules, the availibility of apps determine the extent to which capacity
gets allocated among app-users and walk-in customers.

Finally, our work is closely related to the work on restaurant reservation by Alexandrov
and Lariviere (2012). They address the question of whether or not restaurants should
offer reservations. They extend their analysis to a competitive environment. The focus
in their work is on reservations’ ability to influence customer behavior and thus increase
sales. Similar to our work, Alexandrov and Lariviere (2012) considers market uncertainty
with two demand states. In our work, a high demand realization might affect customers’
willingness to walk-in to the firm due to anticipated congestion. This can be counteracted
by offering apps where customers could order in advance. However, in a competitive
setting it is not clear whether offering an app necessarily leads to higher revenue for a

firm.
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3.3. Model

In this section we present a game-theoretic model for analyzing competition among
firms for offering digital apps to customers.

Market. The market is comprised of two revenue-maximizing firms indexed by i =
1,2. We denote the competitor to firm ¢ by :~. The capacity of firm ¢ to serve customers is
denoted by p; > 0 where 7 = 1,2. Every customer in the market has an a priori preference
to be served by one of the two firms. If a customer is served by her most preferred firm,
her valuation for service is denoted by v > 0. On the other hand, if she is served by
her second-choice, then her valuation for service is denoted by v, where 0 < v < v. In
this sense, the market is segmented into loyal and non-loyal customers. The size of the
customer segment comprised of customers loyal to firm 7 is denoted by A; where i = 1, 2.
All customers in a given segment are homogeneous. The realization of the market sizes
is random, i.e. A; is a random variable which takes values H; and L; with probability p;
and 1 — p; respectively, where 0 < L; < H;. We assume that the realizations for A; and
A, are independent of each other. The parameters p;, L; and H; are common knowledge
to all the customers and the two firms in the market. Finally, all customers in the market
are delay-sensitive. We model customers’ waiting cost such that customers loyal (or non-
loyal) to firm i seek service with firm i as long as their position in line (if they were to
seek service), among all the customers seeking service, is not greater than a threshold,
7; (or 7;). In particular, let X; denote the line position of a customer if she were to join

the queue for firm i. We model waiting cost ¢;(X;) (or ¢;(X;)) for a customer loyal (or
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non-loyal) to firm ¢ as follows:

Ci(Xi) = ) éz(Xz) = .

We assume that 7; < 7; for © = 1,2. We can think of 7; and 7; to be implicitly linked
to either the capacity of the firm or customers’ valuation for service; a customer might
be willing to join a longer line if the firm has larger capacity, or customers have a higher
valuation for service. An exact relationship of 7; or 7; with capacity or valuation is a
modeling choice. In our model we do not explicitly assume any such relationship (except
in §3.4 Figure 3.2). Furthermore, we focus our analysis on the case where the thresholds

satisfy the following condition:

(3.1) Li+1<7<H,

for i = 1,2. Condition (3.1) captures the setting where a high demand realization corre-

sponds to a congested system, such that not all loyal customers choose to join service. On

the other hand, a low demand realization corresponds to a lightly loaded system. Before

the game begins, each of the two firms decides whether or not to offer an app. This

decision is common knowledge to all the customers and both firms in the market.
Game. Now, we describe the game. We propose a two-period game.

PERIOD 1. First, the market sizes, A; and As, are realized but not necessarily observed.

Depending on whether or not firm ¢ offers app, there are two scenarios:



(i)

(i)
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App. If firm ¢ offers an app, all customers loyal to firm ¢ open the app. These
customers simultaneously decide whether or not to order through the app. We
can think about the app-ordering process as follows. First, these customers are
uniformly randomly ordered. Then, depending upon the threshold 7; and the
demand A;, customers up to 7; order through the app. Along with condition
(3.1), this implies that for a low demand realization of A; = L;, all L; loyal
customers seek service with firm ¢ through the app. However, for a high demand
realization of A; = H;, only 7; out of H; loyal customers join the queue for service
through the app. Each of the remaining H; — 7; customers randomly decide
between firm i~ and balking at the start of Period 2. We model this decision by
each customer independently flipping a Bernoulli coin with probability 6;, where
0; represents the probability that the customer walks-in to firm i~ in Period 2.
Probability that the customer balks at the outset is 1 —6;. Henceforth, we use the
notation B(n,p) to denote a Binomial random variable with n trials and success
probability p. The total number of customers who walk-in to firm ¢~ in Period 2
is distributed according to a Binomial random variable, B(n, p) where n = H; —;
and p = 6;.

By opening the app, all customers loyal to firm ¢ gain perfect knowledge of
the realization of A;. However, this knowledge does not resolve their uncertainty
regarding the realization of the market size A;—, the customer segment loyal to
competitor firm i~.

No App. If firm ¢ does not offer app, customers loyal to firm ¢ remain uncertain

about the realizations of both customer segment sizes A; and A;-. In the absence
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of an app, customers loyal to firm ¢ cannot order in Period 1. They are faced
with two decisions: (i) first they randomly decide whether to balk in Period 1
and not patronize either of the two firms in Period 2, or (ii) to not balk in Period
1 and subsequently randomly decide which one of the two firms to visit in Period
2. We use «; to denote the probability with which each of the A; customers does
not balk in Period 1. We further use 6; to denote the probability with which each
of the customers, who does not balk, visits the competitor firm i~ in Period 2.
Thus, for each customer there are three possible random outcomes: (i) balk in
Period 1 with probabilily 1 — «;, (ii) do not balk in Period 1 and visit firm i~
in Period 2 with probability «;0;, and (iii) do not balk in Period 1 and visit firm
i in Period 2 with probability a;(1 — 6;). We will henceforth use the notation
O(A;, 1 — ;) to denote the random number of customers out of A; customers
who balk in Period 1, we will use O(A;, @;0;) to denote the random number of
customers who do not balk in Period 1 and visit firm ¢~ in Period 2, and finally
we will use O(A;, a;(1 — 6;)) to denote the random number of customers who
do not balk in Period 1 and visit firm 7 in Period 2, where the random vector
(O(A;, 1 — ), O(Ay, i0;), O(Ay, (1 — 6;))) follows a Multinomial distribution

with A; trials and the vector of success probabilities (1 — «;, a;0;, a; (1 — 6;)).

PERIOD 2. Depending upon whether or not each of the two firms offer apps, some fraction
of customers in Period 1 visit the two firms in Period 2 according to their decisions in
Period 1, as described above. As a result, first, the markets in Period 2 are realized for
each of the two firms. Each of these markets are potentially comprised of loyal as well

as non-loyal customers corresponding to that firm. Subsequently, all customers in each
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of the Period 2 markets, simultaneously decide whether to seek service or to balk. All
services take place at the end of Period 2. For any given firm 4, if there are customers who
joined the queue in Period 1, they are served before the service for Period 2 customers
takes place.

Before we present customer utilities, let us describe the general problem of customers
joining service in Period 2. We will use the notation in this description to represent the
customer utilities, and use the solution for this problem to solve the two-period game.

DESCRIPTION OF PERIOD 2 ORDERING PROBLEM. For a given firm i, let M, and
M, denote the number of loyal and non-loyal customers, respectively, who visit firm 7 in
Period 2 (walk-in customers). Also, let ¢; denote the initial number of customers who
joined the queue at firm ¢ in Period 1. All customers in the Period 2 market are ordered
uniformly randomly before they decide whether to join firm ¢ or balk. Given any ordering,
all non-loyal customers seek service up to a threshold 7;. Similarly, all loyal customers
seek service up to threshold 7;. All remaining customers balk. Given thresholds 7; and 7;
and the realized markets, the probability that a customer loyal to firm ¢ joins service in

Period 2 with firm ¢, is denoted by,
(3.2) 77T (q;, My, M;).

Similarly, the probability that a customer not loyal to firm ¢ joins it’s queue in Period 2

is denoted by,

(3.3) 77T (g, M, M).
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For brevity of notation, we will henceforth use m; interchangeably with (3.2), and 7;
interchangeably with (3.3).

Let us consider an example for the ordering process with firm 7 in Period 2. Let M; = 4,
]\}[i =3,¢ =1,7, =3 and 1; = 6. Thus, there are four loyal and three non-loyal customers
in the Period 2 market for firm ¢, and there is one customer who joined service with firm
17 in Period 1. Let ninslinslslsly denote a possible ordering for the Period 2 customers,
where [, and ny, are the k™ loyal and k" non-loyal customers respectively. Since we assume
that Period 1 customers get served before Period 2 customers, the effective positions of
customers nq, ny and [ are 2, 3 and 4 respectively. These customers join service. Customer
ng balks since her position is 5 and 7; = 3. Now, since ng balks, effective positions for [,
I3 and l4 become 5, 6 and 7. Since, 7; = 6, customers [y and [3 join service, but customer
{4 balk.

Customer Utility. As already mentioned, customers’ valuation for being served by
their most-preferred firm and second-preferred firm are v > 0 and © > 0 respectively. In
addition, here we introduce cost D > 0 that the customers incur when they visit a firm
in Period 2 but do not seek service due to congestion. This represents the hassle cost of
being turned away. All customers who balk in Period 1 get zero utility.

First, let us focus on utilities in Period 2 for customers who visit either of the two
firms in Period 2. As per our description of Period 2 above, these customers are first
uniformly randomly ordered, and then they either join service or balk depending on their

position in the ordering. Thus, the utility of a loyal firm ¢ customer who ends up in the
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market for firm ¢ in Period 2 is given by,
(3.4) wi(qi, M, Mz) =m-v+(1-m)-(=D).

where, as per (3.2), m; represents the probability that in Period 2 a loyal firm ¢ customer
joins service with firm ¢. Similarly, the utility of a customer who is not loyal to firm ¢ and

ends up in the market for firm ¢ in Period 2 is given by,
(3.5) i(qi, My, M) = 72, - 0+ (1 — ;) - (= D).

We note that (3.4) and (3.5) depend on the realizations of ¢;, M; and M; through m; and
7;. Now, depending on whether or not each of the two firms offer an app, there are four
scenarios which is denoted by (y;, y;-) where y;, y;- € {A,NA} are the decisions of firm i
and firm i~ respectively (A stands for app and N A stands for no app). For a customer in
Period 1 who is loyal to firm ¢, we present the expected utility associated with all possible
actions in each of the four scenarios:

SCENARIO (A,A): As already mentioned, if A; = L;, all of these L; loyal customers
join firm ¢ through the app in Period 1. If A; = H;, there are B(H; — 7;,0;) loyal
customers who visit firm ¢~ in Period 2, where B(n, p) denotes a Binomial random variable
with n trials and success probability p. From (3.5), utility associated with this action is
G- (q;— , M-, M=), where M;- = 0, M;- = B(H; —7;,60;), and ¢;- = L;- if A;- = L~ and

qi- = ;- if A;- = H;—. Thus, the expected utility is given by,

(3.6) EB,AZ,, [t (min(7;-, Ai-), 0, B(H; — 75, 6;))].
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SCENARIO (A,NA): Similar to Scenario (A,A), if A; = L;, all L; loyal customers join
firm 4 through the app in Period 1. If A; = H;, then B(H; — 7;,6;) loyal firm i customers
visit firm ¢~ in Period 2, and the remaining customers balk. Since, firm ¢~ does not offer
an app in this scenario, M;- = O(A;-, ;- (1 — 6;-)) customers loyal to firm i~ visit firm
1~ in Period 2. The expected utility associated with the action of a firm ¢ loyal customer

visiting firm ¢~ in Period 2 is given by,
(37) EB,O,Ar [ﬁ,zf (0, O(Aif, Q- (1 — 01'7)), B([’IZ — Ty, 01))]

SCENARIO (NA,A): In this scenario, since firm i does not offer app, customers loyal
to firm 4 choose to visit either firm ¢ or firm ¢~ in Period 2. We present the expected
utilities associated with these two actions. Using (3.4), the expected utility for a loyal

firm ¢ customer visiting firm ¢ in Period 2 is given by,

(3.8) Ep o, [u; (0, O(As, i (1 — 6;)), B(max(0, Aj- — 74-),6;-))].

Using (3.5), the expected utility for a loyal firm i customer visiting firm i~ is given by,
(3.9) Eo A, [~ (min(7-, A=), 0, O(Ag, ai6;))].

SCENARIO (NA,NA): In this scenario neither firm offers an app. The expected utility
of a customer loyal to firm ¢ associated with the action of visiting firm ¢ in Period 2 is

given by,

(3.10) Eoa;a,_ [ui(0,O(As, i (1 = 0;)), O(Ai—, - 0;-))].
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Finally, the expected utility of a customer loyal to firm ¢ associated with the action of

visiting competitor firm ¢~ is given by,
(311) ]EO,AZ.’/\Z__ ['LAI/Z— (0, O(AZ— , OG- (1 — Gi—)), O(AZ, 04161))]

In each of the four scenarios described above, customers in Period 1 choose actions that
maximize their expected utility in Period 2 given by expressions (3.6), (3.7), (3.8), (3.9),
(3.10) and (3.11). In all of the four Scenarios, we denote the optimal customer decisions
by aj,a;_, 07 and 0.

Throughput. Next, we present the expressions for throughput for firm 7 in all the
four scenarios.

SCENARIO (A,A): In this scenario, since firm i offers an app, ¢; = min(7;, A;) cus-
tomers join using the app in Period 1. In Period 2, there are M; = 0 customers from firm
i and M; = B(max(0,A; —7;-),6;-) customers from firm i~, where B(n, p) denotes a Bi-

nomial random variable with n trials and success probability p. Thus, firm ¢’s throughput

is given by,
(3.12) Epaa, [a + 7i(q, 0, M;) - M),

SCENARIO (A,NA): Firm ¢’s throughput in this scenario is given by,
(3.13) Eoaa, [ + 7i(4: 0, M;) - M.

where ¢; = min(7;, A;), M; = 0 and M; = O(Ni-, a;-0;-).
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SCENARIO (NA,A): In this scenario, since firm ¢ does not offer an app, no customers
join firm 4 in Period 1. Thus, ¢; = 0. In Period 2, there are M; = O(A;, a;(1 — 6;))
customers from firm i and M; = B(max(0, A;- —7;-),;-) customers from firm i~. Hence,

the throughput for firm ¢ is given by,
(314) EB,OAi,Ar [71'1'(0, Mi, MZ) . Mz + ﬁ',(o, MZ', Mz) . Mz]

SCENARIO(NA ,NA): Finally, the throughput for firm ¢ in this scenario where none

of the two firms offer an app, is given by,
(315) EO,Ai,Ai— [7'('1'(0, Mi7 MJ . MZ + 7?['1(0, Mi, Mz) . Mz]

where M; = O(A;, (1 — 6;)) and M, = O(As-, ai-0;-).
In the following section, we numerically compute the optimal customer decisions,
aj, o, 07 and 07, for specific scenarios and parameter values. We then use it to numer-

ically compute the throughput under the scenarios considered, in order to evaluate the

firm’s optimal decision.

3.4. Numerical Results, Discussion and Future Work

In this section, we examine under what parameter regime offering an app increases
throughput for a firm when its competitor offers an app. We consider throughput as
a proxy for the firm’s revenue. We compare the throughput for firm 2 under Scenarios
(A A) and (NA,A) where firm 1 always offers an app. In particular, for simplification of
our analysis, we examine these two scenarios by setting the value of the parameter D = 0,

which is the hassle cost of visiting the store in Period 2 but not being served. Thus, no
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Figure 3.1. Value of the difference in throughput for Firm 2 between the two
Scenarios (A,A) and (A,NA). Positive values in the color scale correspond to
higher throughput when Firm 2 offers an app, i.e. Scenario (A,A). Negative
values correspond to higher throughput when Firm 2 does not offer an app,
i.e. Scenario (A,NA). Parameter values: v = 1, o = 0.9, ;3 = 75 = 5,
7A'1:7A'2:4,L1:L2:1,H1:H2:10andD:0.

customer in Period 1 balks at the outset, and always optimally decides to visit one of
the two firms in Period 2. This implies o = 1 and 67 = 1, when firm 1 always offers an
app in Scenarios (A,A) and (NA,A). We numerically compute 65 using expressions (3.8)
and (3.9), and use it to compute firm 2’s throughput using expressions (3.12) and (3.14)
under optimal customer decisions. Figure 3.1 and Figure 3.2 specify the values of the
parameters of the model that we solve for, and illustrate our findings.

In Figure 3.1, we look at the difference in firm 2’s throughput between Scenario (A,A)
and Scenario (NA,A), where firm 1 always offers an app. The X-axis and the Y-axis
represent the probabilities, p; and ps, with which firm 1 and firm 2 respectively have

a high demand realization. The region in Figure 3.1 with positive values according to



121

the color-scale correspond to parameters values (pi, pe) where offering an app leads to
higher throughput for firm 2. We keep all other parameters same for both firms. We
observe that, when it is better for firm 2 to offer an app, the probability of high demand
realization is relatively lower for firm 1 compared to firm 2 when all other parameters
of the model are same for both firms. In the absence of an app, firm 2 customers do
not observe the realized demand for firm 2 in Period 1. As a result, in expectation firm
2 customers are more likely to visit firm 1 in Period 2 because they anticipate a higher
likelihood of being served. Offering an app puts firm 2 customers at an advantage; they
get to see the demand realization in Period 1 and order in advance. Thus, by offering an
app, firm 2 keeps loyal customers from defecting. In this case, firm 2’s decision to offer
an app is driven by retaining its loyal customers, given that there are not enough firm
1 customers who would potentially visit firm 2 in Period 2 due to a low probability of a
high market realization for firm 1.

However, when the probability of high demand realization for firm 1 is relatively high
compared to firm 2, offering an app might hurt firm 2. When an app is available, some of
the firm 2 customers order in advance through the app in Period 1. This could prevent
potential firm 1 customers from seeking service at firm 2 in Period 2. This is true especially
since firm 1 loyalists have a lower joining threshold, 75, compared to the threshold, 75, for
loyal firm 2 customers. As a result, firm 1 customers are deterred from visiting firm 2 in
Period 2. This results in lower throughput for firm 2 since there are relatively more firm
1 customers in the market in expectation compared to firm 2 customers. When an app is

not offered by firm 2, all Period 2 customers in the market simultaneously make joining
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Figure 3.2. Value of the difference in throughput for Firm 2 between the two
Scenarios (A,A) and (A,NA). Positive values in the color scale correspond to
higher throughput when Firm 2 offers an app, i.e. Scenario (A,A). Negative
values correspond to higher throughput when Firm 2 does not offer an app,
i.e. Scenario (A,NA). Parameter values: v = 1, v = 0.9, p; = ps = 0.3,
Ly =Ly=1, H = Hy, =10, D = 0. We assume that 7, = L(%)le and

2= (57

decisions, which increases the likelihood of firm 1 customers joining service with firm 2.
Thus, not offering app in this case results in higher throughput for firm 2.

Again, in Figure 3.2 we look at the difference in firm 2’s throughput between Scenario
(A,A) and Scenario (NA,A), where firm 1 always offers an app. In this case, the X-axis
and the Y-axis represent the joining thresholds for loyal customers of firm 1 and firm 2
respectively. We assume that the threshold for non-loyal customers, 7;, weakly increases
with 7;. We can implicitly link the change in 7; with a change in firm ¢’s capacity. Thus,
a higher value of 7; corresponds to a firm with larger capacity. All other parameters are

fixed at the same values for both firms. An insight similar to Figure 3.1 is generated
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from Figure 3.2. We observe that, for a fixed value of 7, it is better for firm 2 to offer
an app beyond a certain value of 7. As we increase 7, keeping 7 fixed, 7| increases as
well. Consequently in the event of a low demand realization for firm 1, the likelihood
that a loyal customer from firm 2 visiting firm 1 in Period 2 is served increases as well.
Additionally, in the event of high market realization for firm 1, an increase in 71 results
in lesser number of firm 1 customers visiting firm 2 in Period 2. Thus, offering an app
allows firm 2 to retain its loyal customers and thus resulting in a higher throughput.

To summarize our work, we consider competing service providers, with the goal of
examining whether offering an app always leads to an increase in the firm’s revenue when
the competitor firm offers an app. Availability of an ordering app affects customers’
choice of firm i) by offering customers visibility to the level of system congestion, and ii)
by offering customers the option to order in advance before arriving at the store. If an app
is not available, customers make decisions a priori without any available information about
the congestion. In this case, customers first decide whether or not to patronize either of
the two firms, and if they do, they additionally decide whether to visit the preferred
firm or the competitor firm. As a result, a firm could potentially lose its loyal customers
to its competitor. Informing customers about congestion in the system via an app may
alleviate this problem. On the other hand, if an app is available, the advanced-ordering
effect may result in a higher congestion in the system, which may deter the competitor’s
customers from joining the system. Thus, taking into consideration the relative sizes of
their customer bases, and the joining thresholds for the two customer segments, offering
an app might or might not be in the firm’s best interest, even if we ignore the upfront

cost of implementing an app. Firms’ app-offering strategy would depend, among other
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factors, on the extent to which they are trying to retain their loyal customers, and the
extent to which they are competing for their competitor’s customers.

In our future work, using the framework described in this chapter, we would like to
solve a simultaneous-move game where both firms decide whether or not to offer an app.
We will analyze the equilibrium outcome of that game under various parameter regime.
Our findings from the example in this section establish that the scenario where both firms
offer an app might not necessarily be an equilibrium outcome of the game, and a firm’s
best response might be to not offer an app given the competitor’s decision to offer an app.
We would like to investigate whether or not there always exists an unique equilibrium.
Additionally, it would be interesting to find out whether or not both firms deciding to

not offer an app could possibly be an equilibrium outcome of the game.
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APPENDIX A

Proofs of Technical Results in Chapter 1

A.1l. Proofs of Theorems

Proof of Theorem 1

First we solve problem (1.8) and characterize RY. Applying Lemma 5 we have, A\jv; =

AUy = -+-- = Ayvn. Thus, we can write A\yvy as A\pvr = Ap_1Uk_1 — A\p_1VUk, wWhich can
) )

be further written as (A; + Ao + -+ + Xp—1)(Vper — k) = 2% (v — vp) = Mgl —

Vg—1
v;’—:) Using this we can express the WCRR as Ry = infy~g.50 {/\lvﬁhj;f‘“HNvN} =
infy~0.>0 {/\wﬁ/\m(l_UQ))‘f.l.Jw\m(l_ —~ )}, which is equivalent to,
vy VYN _1
f 1 1
MY N—2_wm_.. — o (N
V1 V2 UN-1

Thus, under the optimal solution to (1.8), the valuations are such that U:j—l — oo for
all k =1,2,..., N — 1. We also note that, the revenue for service grade k in the worst
case optimal menu, A\ (vk — hy (H)), under the optimal solution becomes A\,vi. This
implies that as #jl — o0 and % — 00, we have %‘Zﬁ —0forallk=1,2,..., N —1.

Now, if the firm offers K > 1 service grades, the WCRR cannot be lower than it would

be for K = 1 since the firm can always offer one service grade if it were optimal to do

so. Therefore, % = RL, < RE. Moreover, using the upper bound Elj\i, as established in

(1.13), we have R§ < T{ﬁ = & Thus, we have & < RE < £, -
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Proof of Theorem 2

The solution to problem (1.21) can be found equivalently by solving the following problem:

A 1 1
12172133' lgf{ kz (ck(ck + 1)((5k — 1) B 1 + Ck) }

)

j—1
1

st[[or <Ap 0 >1+—forallk=ii+1,...j—1L
k=i Ch

For fixed ¢ and j, this is a convex constrained optimization problem over .. The La-
1

ce(er +1)(0 — 1) 14

We do not include the price condition in the Lagrangian since it is a strict inequality. We

grangian is given by, £(0g, ) = Zi: ( + plog 5k) — ulog Ay.

ensure that the optimal solution satisfies price condition. Using the first order optimality

N 1 H
KKT dit t, Vs, L = — 5
( ) conditions, we get, Vs, crcr +1)(0p — 1)2 + 5

= 0, which is equivalent to

L _ K
(Al) Ck(Ck + 1)(5k — 1)2 N 5k

Equation (A.1) is quadratic in J;. Solve for d;, and ensuring that the price condition

holds, i.e. 5k>1+cikforallk:z',i—i—l,...,j—l,Weget,

20+ (A + depp+1)7 23+ 1
2¢i(cp + 1)

(A.2) 3

1 1 1 1
(A.3) (14 =+ ) + .
(1+ )/t e Aciu 2ck(cr + 1)p

The price condition implies that 0, > 1 for all k = 4,7+ 1,...,j — 1. Thus, from equation
(A.1) we note that the Lagrange multiplier, y, is a strictly positive constant. This implies

that the constraint, Hi: 0r < Ay, is binding at optimality. Hence, the optimal values of
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0 are such that

7—1
(A.4) [10r =2
k=i

Since {\}72; is a fixed sequence, {c;}52; is also fixed and is exogenously given in problem

(1.21). Furthermore, our assumption of bounded arrival rates implies that {cx}32, is a

~ k
. . . . _ A /A
diverging sequence. To see this, we note that ¢, is defined as ¢, = /\:i - = Z;\’;il //\/1 L.

Assumption of bounded arrival rates implies that for some m > 0 and M < oo, m <
:\\—’; < M for all k = 1,2,...,00. Thus, using the bounds on the arrival rates, we have
ik < % < %k Hence, §7k < ¢ < %k‘ for all k =1,2,...,00. Before we show
that the optimal solution to (1.21) is realized as i — 0o, we continue with this assumption
for now and solve the optimization problem. Since we have shown that {c;}32, is a
diverging sequence, this implies that ¢, -+ ocoasi — oo forall k=14,2+1,...,5—1. The
right hand side in equation (A.1) is positive and finite, which further implies that o, — 1
forall k =4,i+1,...,j — 1. Consequently, from equation (A.4) this further implies that
(j —i) = o0, i.e. the left hand side is an infinite product. Since there are infinitely many
customer classes, it makes sense that the worst case scenario is realized as (j — i) — oo,
i.e. infinitely many customer classes join service. Now, using (A.3) we can write dy as,
(A.5) 5k:1+ek:1+;+0<i>,
(ck + 1)/t c
where (’)(é) represents the higher order terms. As ¢, — o0, ignoring (’)(é), we get,

1

(4.6) [T

(Ck—i—l
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We can take logarithmic transform on both sides of the equations (A.4) to obtain

Zlog (6) = log(Ap)

. Using the Taylor’s approximation log(1 + €;) = € on log(dy), using (A.5) we get,

Jj—1 1

L m = log(Ap).

(A.7) Zlog (1+e) =

M1

Now, using (A.6) we can rewrite the objective function as

j—1 j—1
1 Vi 1
(A.8) Z( _ ):Z<__ >
— Ck—l-l 5k—1) 1+ ¢ P Ck 1+c¢
Since ¢, — oo for all k =4,i4+1,...,7 — 1, we note that i;} chk = fﬁ: ck(lii) =
Ck
Sij
S Cl Denoting S7_1 1+Ck 2> = i as S;; and using (A.7) we have /i = log(ih)'
Thus, we can rewrite (A.8) as
J—1 2
1 S2
(A9) i -,
i Ck 1+c¢ 10g(Ah)
Now, we have already shown that 7;k < ¢, < %k for all kK = 1,2,...,00. This implies
msy <y o =5;< M5~ L Thus, Sj; is a diverging series. The value of S

that minimizes (A.9) is S;; = 3 log(A). Thus /i = 5. The relationship between optimal

values of the indices ¢* and j* is determined by the fact S;; = £ log(Ay). Plugging S; in

; 1
(A.9), we have S <1 iy £> = ;log(Ay). Thus R (Ay) in (1.21) is given as,
Cr Ck

R! (A) = ———————. Now for the specific case of equal arrival rates, i.e., \; = 1 for
all E =1,2,...,00, we have S;j» = f::;l % Using logarithmic approximation for the
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harmonic series, we get,

-k

. » J
Sy = 07 + 7+ 57) = (gl + 7 + ) = log (L) + (e = ).

where e;+ — 0 and e;+ — 0 as ¢ — oo and j* — oo respectively, and 7 is the

-k

J

Euler-Mascheroni constant. Thus Sj<;« = log (—) We also note from (A.7) that,
Z*

1 -
Sieje = /Ilog(Ap) = 5 log(Ay). Equating the two expressions for S;«;« we have log(‘Z—*) =

-k

J
VAL

k such that i* < k < j* — 1. Finally applying lemma 7, we show that indeed * — oo

. In addition, using (A.5), we have &} = 1 + 2= for all

1log(Ay,) which implies i* = 2

under the optimal solution to problem (1.21). Consequently (j* — i*) — oco. This also
proves that Ry (Ay) — RL(Ay) > 0 for any finite N, and Ry (Ay) — R (Ap) as N — oc.

Proof of Theorem 3

The solution to problem (1.25) can be found by equivalently solving the following problem:

o0

1 1
Al inf _
( O) 51:,1% e <Ck(Ck + 1)(51: — 1) 1+ Ck:>
(A.11) st [0k < A

k=1
(A.12) (1+-) <

k=1 Ck

1
(A.13) o, >14+—,¢>0forall k=1,2,..., 0.
Ck
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We begin by writing the Lagrangian for this problem without constraints (A.13) since
these are strict inequalitites. We will verify that (A.13) satisfies under the optimal solu-

1 1
tion. Thus, we have, £ = > = ( —
Zk_l Ck(Ck + 1)(5k — 1) 1+c
1

—)) — pplog(Ap) — pylog(A,). Taking the first order optimality (KKT) conditions, we
Ck,

have Vs, £ = 0 and V., £ = 0, which imply

+ pinlog(dx) + puy log (1 +

5k C 1+ 2Ck

A.14 = d p, = _
( ) K Ck<Ck —+ 1)(5k — 1)2’ and ¢ 1+c Ck(l -+ ck)(ék — 1)

respectively. Solving the above set of equations, (A.14), with constraints (A.13), i.e. for

(5k>1+iandck>0,weget,

_ 2cpn + (4uncs + 4ppey, + 1)1/2 +2c3up + 1

)
k 2,uhck(ck + 1)

 Opp — o + (OFp2 — 26,02 + 46y, 4 p2)? + 2
2(0k + o — Oppiy — 1) :

Ck

From (A.14), we note that pj, > 0 since the RHS is always positive. However, u, > 0, i.e.,
it can be either zero or strictly positive. Applying Lemma 6, the optimal value of (A.10)
is achieved as ¢y — oo for all k =1,2,...,00. Using (A.14), this implies that, under the
optimal solution, 6 — 1 for all £ = 1,2,..., 00 since Lagrange multiplier u, is a finite

positive quantity. Thus, ignoring higher order terms, we get

1
A.15 0, =1+
and
1 1
(A.16) I+ — =14 =(1— py)(op — 1).
Cp 2
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Combining (A.15) and (A.16), and the fact that ¢, — oo for all k, we get the following

relation between the Lagrange multipliers w; and p,:

(A.17) i = 1_2“”.
N 1

ol — 1)
Using the above relation and the fact that ¢, — oo for all k, we can rewrite the objective

We can rearrange the expression for d; in (A.15) to obtain

n (A.10) as follows:

(A.18) Zl<ckck+11)(5k—1) 1+ck> Z< 101@)’

k=1

We note that >/, ﬁ => ﬁ => i as ¢ — oo for all k. Thus, defining

S = 3l Tior = Yone o We can express (A.18) as

(A.19) S(Vun —1).

Since pp, > 0, equation (A.11) binds at optimality. Replacing the value of 0 in (A.11)

using (A.15) we get, Y o log(1 + = log(Ap). Since, ¢, — oo, we can use the

(1+Ck)\ﬁ)

Taylor’s approximation of log(1 + m) = +C to obtain the following expression:
= 1

A.20 =S = /uplog(Ay).

( ) Z 1+ o pn log(Ap)

b
Il

1
If 1, > 0, then equation (A.12) binds at optimality and hence using (A.12) and (A.16)
we get, > poq log(1+ 3(1 — 1,)(0x — 1)) = log(A,). Since 0y — 1, we can use the Taylor’s

approximation of log(1 + 5(1 — 1,)(0x — 1)) = (1 — 11,)(0x — 1) and obtain the following
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expression: » o~ (0 — 1) = mi’f—(/i”). We can use (A.15) in this equation to obtain:

(A.21) 3 L g 2los(B) o

(A

Combining (A.20) and (A.21) we get, log(Ap) = Qlff—uv”). From this equation, we also note

that g, > 0 is equivalent to 2og(Bo) 1 op A, < /A Combining this with (A.17), we

log(Ap)
get,
log(A
giA% >0 (A, < VA,
h
(A22) Vi =
1
5 My = 0 (Av = Ah)

Consequently, combining (A.22) with (A.20) we get,

log(A,) A, < VA,
S f—

%log(Ah) Av 2 vV Ah'

Finally, replacing S using the above expression in (A.19), the optimal solution to (1.25)

is given by,
(

1 —
log(Av> Ah Av < Ah’

1+ log

RL(ApA,) =4 108(An) A,
1

_ A, > VA
|1+ Llog(Ay) "
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A.2. Proofs of Propositions

Proof of Proposition 1

A menu in set M induces some customer segmentation o. This implies that customer
class i1 joins service grade (py_1,dk_1) for k > 1. Incentive compatibility ensures that
customer class i;_; should have non-positive utility by joining service grade k, which

implies,

(A.23) Vi, — Pk — hi,_ di <0.

Using Definition 2, since the menu belongs to set M, we have, v;, , —pr—1 —h;,_,dr—1 = 0.
Subtracting this equation from (A.23), we have (px—1—pk)+hi,_, (dg—1—di) < 0. Since we
index service grades in decreasing order of their prices, pr_1 > px, which implies dy > dy_1.
Again, since the menu belongs to set M, from Definition 2 we have, v;, — px — h;, di, = 0.

Subtracting this equation from (A.23), we have (v;,_, — v, ) + (hi, — hi_,)dr < 0. Since

> h;,. This is intuitive, otherwise delay differentiation

vi,_, > v;,, this implies h;,

wouldn’t have been possible. Using equation v;, — py — h;, d = 0 we can replace d in

(A.23) to obtain v;,_, — hi’“‘lvik —l—pk(h;ffl — 1) <0. As h

B > h;,, the second term in
k

Tk—1
this inequality is positive, and we note that a revenue-maximizing menu would increase

pi until the inequality binds. Therefore, the service grade (py, dy) is characterized by the

following two equations:

(A.24) Vi, — Pk — hi,_ di, = 0 and v;, — pr — h;, d, = 0.
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Solving these two equations we get pp = v;, — h;, (%) and dp = (H)
Now, for k = 1, all the customer classes 1,2, ...,4; join service grade (p;,d;). Also, from
Definition 2 we have v;, —p; — h;;d; = 0. As a result, we can conclude that the price p; is
maximized if the delay d; = 0 (with Assumption 1), i.e., p; = v;,. This proves the second
part of the Proposition.

We will prove the first part of the Proposition by induction. First, let’s suppose k = 1.
We know that classes 1,2, ..., 4 join grade (p;,d;) = (v;,,0) and classes i1+1,i1+2, ..., is
join grade (p2,ds). Let’s consider an alternative menu which offers service grade (p =
vi,,d = 0) instead of grades (pi,di) and (ps,ds) leaving all other service grades in the
menu unchanged. This alternative menu results in a new customer segmentation where
customer classes 1,2,...,iy to join (p, OZ), and the choice of service grade for the other
classes do not change. Since the revenue-maximizing menu offers differentiated service

grades (p1,d;) and (pg,ds), offering (p,d) instead would lead to a lower revenue. This

implies, \i,p < A\i,p1 + (Mi, — Ai, )p2 which is equivalent to

(A.25) Nip (B = p2) < Aiy (p1 — o)

where \; = Zin:l Am- Using equations (A.24) corresponding to k = 1 and k = 2, we can
derive the following relation between p; and py: p; = ps + hy, (dy — dy). Using Definition
2, service grade (p, CZ) is chosen such that v;, —p — hiQd = 0. Additionally, from (A.24) we

have v;, — ps — h;,ds = 0. Combining these two equations, we get p = pa + hy,(dy — d).

Combined with d; = 0 and d = 0 we have the following two relations: p; —ps = h;,d2 and

>I

2

p — pa = hi,ds. Replacing these expressions in (A.25) we get,

>

h:
hiy
19 i1
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Now, let’s suppose k£ > 1. We consider service grades (pg,dx) and (pxy1,dg+1) on the

revenue-maximizing menu. Similar to the argument for £ = 1, let’s consider an alternative

A,

menu which offers service grade (p, d) instead of grades (py, dx) and (pgy1, dx+1) leaving all

other grades in the menu unchanged such that customer classes 71+ 1,751 +2, ..., k1

A,

join (p,d) and the choice of service grade for the other classes do not change. Service

A

b,
grade (p, d) is chosen in such a way that it satisfies incentive compatibility constraints and
results in the highest possible revenue corresponding to the new customer segmentation
induced by the alternative menu. Thus, ensuring appropriate incentive compatibility and

individual rationality constraints hold, service grade (p, d) is chosen such that it is related

to the service grades (py, di) and (pgy1,drs1) in the original menu, through the following

equations:
(A.26) Pr =D+ hiy_, (d — dy),
(A.27) P = Pr1 + hiy (diy1 — d).

Moreover, service grades (pg,dr) and (pgi1, diy1) are related through the following equa-

tion which is derived using the equations (A.24) for indices k and k + 1:

(A.28) Dk = Prt1 + hiy (A1 — di).

Subtracting (A.26) from (A.28), we get p—prs1 = hi, (dy1 —di) —hi,_, (d—dy,). Replacing

dr11 in this equation using (A.27) we get the following expression:

ik—1

—h
j_dk 1_&

hik+1

A hz
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Since the revenue-maximizing menu offers delay differentiated grades (py, dy) and

(Prs1, dipyr), offering (p,d) instead would lead to a lower revenue. This implies, (A;, —

Xik,l)]?k + (Xik“ — X)) Pk > (s — Xik,l)ﬁ. In this inequality, we can replace pj, using

(A'26) to get (X'Lk - Xikq)(ﬁ—{' h‘ik—l (d_ dk)) + ()‘ik+1 - )\ik )pk+l > (Aik+l - Xika)ﬁ' We use

(A.29) to replace (d — dy,) in this inequality to obtain

oY By A D — Dk h; 3 3 3 Y .
(i = Aiy) (P + iy <#> (1 - h—k)> + iy = Ai)rer > (N — i) )b

iy~ Mg lg+1

Dividing both sides by (A, — i, _,) and rearranging the inequality we can cancel p — pj

. . hq i Nip g =Ny, . . .
from both sides to obtain, [ —2=2— |1 — hh—‘“ > [ =L —* ) which is equivalent to
"k+1 Aiy = Aig_y

hig =hij,_y
h; Nipsr — Ai hi
(A.30) (1) > (fe) (1- )
hik+1 >‘2k - )‘ikﬂ hik—l

By induction argument, first we assume that the result holds for £ — 1, i.e.

hkikl -
ik Now, combining this with inequality (A.30) we get,

ig—1

—b > kL which shows
3

hig 1 i,

that the result holds for k. This concludes the induction proof. Finally, for any two

. . . hi hi. hi 1 hi, 1
. . _J — J J R

service grades (p;,d;) and (p,dy) in the menu, we can write e = e
>\1j+1 iij+2 o 7Xik _ z’k n
Aij o Aigt1 Aij—1 Aij
Proof of Proposition 2
F 1.15) and (1.16 h ! = R, < RE < K Th

rom (1.15) and (1.16) we have & 7 = Ry < Ry < ¥ 7 The

42— TT-Dm 43 k=2 5 Ge—Dm

arrival rates are such that 0 < m < f\—’l“ < M < oo forall k=1,2,...,N. This implies
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0<m<1< M <oo. Usingmand M, we can come up with the following lower bound:

1 1 1

> =
N M =M N M MNN 1T
1+ Zk:2 1+(k—1)m m T Zkzz m+(k—1)m m Zk:l k

Similarly, using m and M, we can come up with the following upper bound:

K - K 1
N M — N M - N
L+ e e LT Xk T te D ket

x|

We can use the logarithmic approximation for the harmonic series to write Zk:l%

log(N) + vy where v < v < v+ 3,limy 00 yv — 7 and v is the Euler-Mascheroni

constant. This proves the result. [

Proof of Proposition 3

Optimization problem (1.19) can be rewritten as,

inf =z
v >0,0k,2
kak:
s.t. z > 5 o 5 o forall k=1,2,... N,
By P o T Ty
)\i'Ui + )\i+1'Uz'+1 (&—_I) + -+ )\jvj ((5]1—_1)

N-—1
log(A) > > log(6),
k=1

op > 1, vp > vy forallk=1,2,..., N —1,

Sp > — forallk=d,i4+1,...,j—1.
Vk+1

We note that constraints 6, > 1 would not be binding for all £ where 7 < k < j — 1.

Hence considering all the weak inequalities, the Lagrangian for this problem can be written
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as,
alxlvl + QQXQUQ + -+ O(NXN’UN
Nivi + A %~ o (B2 3
Vi T Ait1Vit1 51 T A 51— 1

ke{z‘,z‘ﬂ ..... j—1}

L=z1—-o—a— - —an)+

where g, fr and p are the Lagrange multipliers. Taking the first order KK'T conditions,

we get,
(A.31) V.L=1—a;—as—-—ay=0

which implies that not all ay, are zero. Now, for all £ such that 1 <k <i—1 and j+1 <

A
k < N, we have, V,, L = o Ak 5 7— = 0,
- - TS
)\ivi + )\i+1vi+1 5—_I> + -+ )\jvj ((5]1——1)
which implies that a, =0 forall 1 <k <i—1 and j+1 < k < N. Moreover, for all

1 <k<j, V, L =0 implies

- A
(A.32) ap, = Eg_vk where
(A33) A= alxlvl + CYQXQUQ + -+ OJNXNUN and
kY o ’U:)-:—l 5j_1 B U]?;l
(A.34) B = \vi + Ai1vina ﬁ + - Ay ﬁ .

By dual feasibility conditions, o, > 0 for all £ =1,2,..., N. Furthermore, B is the same
as m(M;;) which is the revenue under the optimal menu. Revenue 7(M,;) is comprised

of the prices of service grades ¢,7 4+ 1,...,7, which are determined by v;, vi41,...,v;.
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Perturbing any of these valuations would affect the prices of the service grades and hence
change the revenue m(M,;). Hence, g—i = %f\:ij) # 0 for all £ where ¢ < k < j.
Combining this with the fact that not all oy are zero (from (A.31)) we have A # 0 in
(A.33). This implies o, > 0 in (A.32). Thus, we have oy, = 0 for all k where 1 <
Ek<i—1 and 7+1 < k< Nand a >0 forall + < k < j. By complementary

slackness condition, all constraints corresponding to positive Lagrange multipliers, i.e.

ai > 0, would be strictly binding at optimality which implies that \v; = XZ‘_HUZ’_H =

e — vaj. Hence we have U:L = X;—“ for all k£ where i < k < j — 1. Moreover, using
aj+as+---+ay =1 from (A.31), and the fact that N, = X-Hviﬂ =...= vaj, we have
from (A.33), v, = X—i for all k =4,i4+1,...,5. Constraints corresponding to a; = 0 are
slack (or weakly binding). Hence we have, 1 < v:ﬁ < X;—: for all &k where 1 <k <:¢—1
andvﬁz%—f forall j < k< N — 1.

Finally, taking derivatives of the Lagrangian with respect to 0 yields

A — A
k+1('Uk;+1 Uk) +ﬁ @SkS]_lv

Vs L = 0n—12 B2 4,
g—ﬁk 1<k<i—1and j<k<N-1
k

where A and B are defined in (A.33) and (A.34). For the case i < k < j — 1, using

L A here ¢ b
—= W = .
Ck(Ck + 1)<5k — 1)2 B2 F )‘k+1

u > 0. Hence, by complementary slackness condition, the constraint H]k\:ll o < Ay

v = %, Vs, L = 0 implies p = This implies

would be binding at optimality which implies Hiv:—; 0r = Ayp. For the case where 1 <

k<i—1and j<k<N -1, Vs L =0 implies 3, = 5ﬁ This implies 8, > 0 since
k

i > 0. Again, by complementary slackness, the constraints 6 > 1 will be binding at

optimality, i.e. 0 = 1 forall 1 <k <i—1 and j < k < N — 1. Combining all of
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. S Y
these we have, [[2_} 6 = Aj, and : = i+l B
T L " cilci+1)(0 — 1) cipalcipn + 1) (0441 — 1)?
5j71

cj—1(cjm1 +1)(0;-1 — 1)%

A.3. Proofs of Lemmas and Corollary

Proof of Lemma 1

The WCRR for a firm offering K = 1 service grade, when there are N customer classes,

is given by,

1

_ s
Ry = inf N2
v>0,h>0 | Tx

Let’s suppose, that the worst case optimal menu, WCOM, offers L service grades. Since
mxn denotes the revenue corresponding to a revenue-maximizing menu, for each service
grade [ in the menu, there is at least one customer class among all the customer classes
who join service grade | whose utility is zero. Let us denote this customer class as
(vi,, hiy), where | = 1,2,..., L. This implies, w; : v;; — p — h;d; = 0. Thus, we can
characterize the worst case optimal menu by calculating prices and delays, (p;,d;), by
solving the equations v; = 0, for { = 1,2,... L. As a result, 7} would be a function of
only (vy,, hy) for 1 =1,2,... L. On the other hand, 7% = max{\v;, Agva, ..., ANvN], is
a non-decreasing function of vy, vs, ..., vn, where A\, = Zle Ai. Now, let us consider a
customer class k with (v, hy), which is different from (v;,, h;,), that joins service grade .
We argue that, under the solution of (1.3), customer class k also has a utility zero, i.e.,
v, — pr — hed; = 0. To see this, we note that if this wasn’t true then the value of v, could
be reduced by an infinitesimally small amount to reduce WCRR since we have established

that vy doesn’t appear in the denominator, 7, and the numerator, 7}, decreases as vy
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decreases. Therefore, the worst case analysis ensures that the utility for each customer
class is zero under the worst case optimal menu. Therefore, without loss of generality, we
refer to class i; as the customer class joining service grade [, with zero utility and having
the least valuation among all the customer classes joining service grade .

Let us consider service grades [ and [ — 1. Customer classes ¢; and 7;_; would satisfy

the following incentive-compatibility constraints:

ICY vy —pr—hiy_di < vy —pr1 — hyy_ dia,
IC2 : v, — pro1 — hydi—1 < v, — pr — hyd,

These two ICs combined give us the following inequalities:

(A.35) hi(di — div) < pioy —pi < hiy_ (di — di1)

Since service grades are indexed in decreasing order of their prices, we have p;_; > p; for

all 1 =2,3,..., L. Then, equation (A.35) implies d; > d;_; and h;, < h;,_,. We also know

that, v;,_, —pi—1 — hs,_,di—1 =0, and v;, — p; — h;,d; = 0. Combining these equations with

the IC2, we get the following:

(A.36) Vi, —Pie1— hy_ di—1 =0,

(A37> Vi — Pi—1 — hildlfl < 0.

Subtracting (A.36) from (A.37), we get,

(A38> Vi, — Vi, < (h” — hilfl)dlfl-
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We have already established that h;, < h which, combined with (A.38) implies v;,_, >

i1
v;,. This implies, 4y < ¢ for all [ = 2,3,..., L, since customer classes are indexed in
decreasing order of their valuations. Up to this point we have established the following:
(i) pr > pa > -+ > pr, (i) dy < dy < -+ < dp, (iii) vy, > v, > -+ > v;, and (iv)
hi, > hi, > --- > h;,. What remains to be shown is that, any customer class whose
valuation lies between v;,_, and v;,, joins service grade {. To this end, let us consider a
customer class (v, h), such that v;,_, > v > v;,. By definition, class i;_; is the class with
least valuation to join service grade [ — 1. This implies, no customer class with a lower
valuation than v;_, joins any service service grade & where & <[ — 1. Thus, in order to
show that, the class with valuation v joins grade [ we need to show that it does not join
any grade k > [. We will prove this by contradiction. Let’s suppose, service grade (py, dy,)
is such that £ > [, i.e., pr < p; and d > d;. Let us assume that the class with valuation
v joins grade (pg,dx). Since we have established that all customer classes, irrespective of

which service grades they join, have zero consumer surplus under the worst case optimal

menu, we have,

(A39> UV — Pk — hdk = 0.

Moreover, incentive compatibility would require this class to incur negative utility from

joining service grade [. This implies,

(A40) v —Pr— hd; < 0.
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Also, we use the fact that, customer class i; joins service grade [, which implies,

(A41) Uiy, — D1 — hildl = 0.

We can rewrite (A.41) as, v;, — p, — hy,d; — pi + pr — hi,di + h;,di, = 0. Rearranging the

terms, we get,

Te;,ml Te;,mQ

First, subtracting (A.41) from (A.40), we get, (v — v;,) + di(h;, — h) < 0. Since, v > v;,

this implies

(A.43) hi, < h.

Secondly, subtracting (A.39) from (A.40), we get,

(A.44) Pk — P+ h(dy — di) <0.

Since, dy, > d; and h;, < h from (A.43), replacing h by h;, in (A.44) we get,

(A.45) Px — P+ hil (dk — dl) < 0.

The left hand side of (A.45) is the same as Term?2 in (A.42). This implies that Term?! in
(A.42) is positive, i.e., (v;, — pr — h;,di;) > 0, which is a contradiction because it violates
incentive compatibility by allowing a positive utility for customer class 7; by joining service

grade k. Hence, any customer class with valuation v such that v;,_, > v > v, joins service
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grade [. We have, thus, shown that the worst case menu induces customer segmentation

o as per Definition 1 and therefore it belongs to set M of menus as per Definition 2. W

Proof of Lemma 2

In the presence of N = 2 customer classes, a revenue-maximizing firm could offer a menu
which would result in either: i) both customer classes joining the same service grade, or,
ii) two customer classes joining separate service grades, or, iii) only the higher customer
class joining service and the lower customer class not joining service. In the first case, we
say that the customer classes are pooled in the same service grade and in the second case
we say that the customer classes are differentiated into separate service grades. For given
valuations, delay sensitivities and the arrival rates, either of these possibilities could be
realized under the optimal (revenue maximizing) menu. Without loss of generality, we
refer to the higher valuation customer class as class 1 and the lower valuation class as
class 2.

First, lets assume that a pooling menu is optimal. So, the firm offers a single ser-
vice grade, (p,d), which is accepted by both customer classes, and the resulting revenue
(A1 4+ A2)p is maximized. The individual rationality constraints corresponding to the two
customer classes, i.e. v1 —p—hid > 0 and vy —p — hod > 0 need to hold. By Assumption
1, the firm could offer a service grade with d = 0, which allows for maximum possible
price, p. Since by our convention, v; > vy, this implies p = vy is the maximum possible
price that allows both customer classes to join service. So the pooling service grade is

(p = v9,d = 0) and the associated maximum revenue is (A + Ag)vs.
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Next, let’s assume that a differentiating menu is optimal. This implies, that the firm
offers two service grades and charges price p; for the higher valuation customer class 1
and charges a price ps for the lower valuation customer class 2. The following individual

rationality (IR) constraints,

(A46> IR1: V1 — P1 — hldl Z 07

(A47) IR2: Vg — P2 — hgdg Z 0,

and the two incentive compatibility (IC) constraints,

(A48) I1C1: V1 —P1 — hldl Z V1 — P2 — hldg,

(A49> IC2 Vg — P2 — hgdg Z Vo — P1 — h2d1

need to hold true. The objective function for the firm is to maximize A1p; + Aopo. We note
that, starting from any feasible value of p; and py that sastify IR and the IC constraints,
we could continue to increase both p; and py by the same amount, and thus increasing
the objective value until one of the IR binds while ensuring the ICs continue to hold. Say;,
(A.47) binds, we could next continue to increase p; until either (A.46) or (A.48) binds.
Let’s say IC1 (A.48) and IR2 (A.47) bind. We will show that this results in IR1 (A.46)

binding at optimality as well. First, IR2 binding implies,

(A50> P2 = Uy — hgdg.
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Next, IC1 binding implies,

(A51) P1 = P2 + hl(dQ — dl)

Now IC2 (A.49) combined with (A.50) implies, 0 > vy — p; — haod;. First, substituting
po from (A.50) in (A.51) and then using it to replace p; in (A.49), and using (A.50) to

substitute py in (A.49), we get, vy — (vo — hody + hi(dy — dy)) — hady < 0, which implies

(A.52) (h1 — h2)(d1 — dg) < 0.

Finally, from IR1 (A.46) we have, v; — p; — hyd; > 0. Substituting p; and p, using (A.50)

and (A.51) in IR1, we get, v; — (vg — hads + hi(dy — dy)) — hyd; > 0 which implies,

NSy
2.

(A.53) .

Substituting p; and py using (A.50) and (A.51) in the objective function (A1p; + Asp2),

we get,
(A54> ()\1]91 -+ )\ng) = Ug()\l -+ )\2) — )\1h1d1 + dg()\lhl — )\th — )\1]12).

We note that the optimal revenue depends on the expression (Ajhy — Aghy — Ajhg) in
(A.54). If \yhy — Aghg — A1he > 0, which implies, Z—; > 14+ f\—f, then maximum revenue for

the differentiated menu corresponds to d; = 0 and maximum feasible value of d, which

is dy = 32=32 from (A.53) which implies that IR1 binds. Also (A.52) holds which implies

U1 — U2

hi — ho

= vy, the optimal revenue for this case is

that these values of d; and dy are consistent with IC2. Since py = vy — ho and

U1 — V2

p1:p2+h1(d2—d1)202—(h2—h1)h n
1 — ho




152

given by, A\jv1 + As (’Ug — hgﬁ). Hence the differentiating service grades are given by,

vohy —vihy v — U2>

(p1,dy) = (v1,0) and (po,ds) : ( T —

Thus a necessary condition for optimality of a differentiated menu is, Z—; > 1+ i—f More-
over, price p, needs to be non-negative, which implies, Z—; > Z—; Otherwise, K* =1, i.e. it
is optimal to just offer service grade 1. If, on the other hand, Z—; <1+ i—f, from (A.54) we
note that the optimal revenue would be v9(A;+\y) which would correspond to d; = dy = 0
and p; = ps = vy, which is the optimal revenue for the pooling menu. Finally, the pooling
menu would generate higher revenue compared to offering a single service grade catering

to customer class 1 and ignoring class 2, if the valuations and arrival rates are such that

Ao < ()\1 + )\2)7)2. [ |

Proof of Lemma 3

We are interested in solving problem (1.5), which is equivalent to problem (1.8) with
N = 2, under fixed arrival rates. Using Lemma 5, we know that the optimal solution to
(1.8) is such that Ayv; = Ayvy, and Z—; — 00. Thus, the optimal solution to problem (1.5)

is such that

1 )\11}1 . >\1U1 . )\1 + )\2
27 o+ Auy Av1 + % A1+ 20
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Proof of Lemma 4

Let us assume that the WCOM, with N customer classes when the firm offers a single
service grade, is such that customer classes ¢ and 7 4+ 1 are pooled into one service grade,
and additionally customer class 7 — 1 is differentiated, i.e., class ¢ — 1 joins a service grade
that is uniquely different and hence it is not part of the same pool, where i > 2. We
denote the price paid by customer class ¢ — 1 as p;_; and the price paid by the pooled
classes v and i+ 1 as p such that p;_1 > p > 0. We are going to prove the statement of the
lemma by contradiction. To this end, we will show that there exist incentive compatible
prices p; and py such that p;_1 > p; > p > py > 0, which differentiates customer class 7
and ¢+ 1 (i.e. customer class i and i+ 1 join different service grades where customer class
i pays p; and class @ + 1 pays py) as opposed to pooling, and results in a menu with a
higher revenue. This creates a contradiction to our assumption that the menu that pools
class ¢ and class i + 1 is the WCOM. Lemma 1 establishes that WCOM belongs to set M.
Thus, we can use Proposition 1 to express the revenue-maximizing prices in terms of the
valuations and delay sensitivities. Revenue generated from the service grade that pools

customer classes ¢ and ¢ + 1 is given by,

hi_1 Vi1 Q N
A h; - V4 6 —v
(A.55) rp = (A +Aig)p = (N + )\i+1)vi+1;§1—1+1 = (N + >\i+1)vi+15 n
hiv1 -
where § = Z:: and v = —Zz: We are interested in solving problem (1.17). Since the firm

offers a single service grade, m}; is given by 7}, = maxXie(1,2,..N} AkUk. We can reformulate
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this problem as,

inf 2
v>0,h>0

v Aov AN
s.t. z > 1*1,22 2*2 ez > NN
TN TN

y T A2 2 )

TN
N-1

Ap> [ 0k 66 =1, vk > vpga forall 1<k<N -1,
k=1

h

where 0 = ’“;1. The Lagrangian for this problem is given by,

h

OleUl + OfQXQ’UQ + -+ OKNXNUN

L=z(1—-a;—ay—-—ay)+ .
™~
N-1 N-1
+ M(H o — Ap) + Zﬂk(l — 0r),
k=1 k=1

where a4, [ and p are the Lagrangian multipliers. Taking the first order optimality

(KKT) conditions we get, V,L =1—a; —ay —--- — ay = 0, which implies that not all
% (A ) — Tk .8777\’
ay, are zero. Furthermore, V,, L = il k(;i )QN %% — () implies
N
— i o
A.56 A = NN
( ) U 71'?\[ a’Uk

We note that the expression for the optimal revenue, 73, does not involve v; and h;,

which can be seen in the expression for price p for this service grade as given by (A.55).

ony
ov;

o o . L
= 0. However, BU#N1 and a;fl are clearly non-zero since the prices in
11— k3

This implies
the optimal menu change if either v;_; or v;, is changed. Since dual feasibility condition
implies ay, > 0, from (A.56) we have a; = 0,41 > 0 and «;; > 0. By complimentary
slackness condition, the constraints corresponding to strictly positive Lagrange multipliers

would be strictly binding at optimality which implies A\j_1v;—1 = Ait1vip1. Thus, the
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optimal values of this problem (worst case valuations and delay sensitivities) are such

that,

(A.57) §= i1 dint

Vigl AN

Moreover, since «; = 0, by complementary slackness condition \;v; < maXpe(1,2,...N} N Uk,
i.e., the i* constraint is weakly binding. In order to come up with the new prices, p;
and po, for the differentiated service grades, we will ensure that the prices are incentive

compatible and the i'" constraint remains weakly binding so that 7}, does not change.

1
If we manage to show that 7} increases as a result, this will imply that the ratio :{)’
N

decreases, proving our claim.

We use Proposition 1 to express the prices p; and py in terms of the valuations and

the delay sensitivities. Price p; is given by p; = “h;;l;f’h‘llh’ and price py is given by

_ vit1hi—vihiq

P2 = hi—hier We express v; as v; = (1 + ev)viH where 0 < ¢, < €,, and €, ensures
T T

that \v; < MmaxXge(1,2,..,N} Ak Ug. Moreover, we express h; as h; = (1 + €,)h;y1 where
0 <e€, <€ and ¢, = 5 — 1 ensures that h; < h;_1. Our goal would be to show that,
leaving all other parameters unchanged, there exist feasible values of ¢, and ¢, which will
result in the prices p; and py such that (A;+Xi11)p < Aip1+Aiy1pa. The revenue generated

from differentiating customer class 7 and 7 + 1 is given by,

— )\ A —\ vihi1 — vi_1h; A Vig1hi — vihigy
T's = AiPp1 + Aig1P2 = A 3 3 T
i1~ 1y i — it
hici v hi v
hi v; hit1 Vit1
= AV + Al —

h; hit1
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which is equivalent to,

~

(1+€,)0 — (1 + €p) €o
A.58 rs = /\ivi = + )\z (5 1——).
(A.58) (o) e (12

In order to maintain incentive compatibility, the new service grade offering price p; > p
would offer a lower delay as compared to the pooling service grade with price p. Similarly,

the new service grade with price p; < p would offer higher delay. The constraint on

Vip1hi—vihit1 < Vit1hi—1—vi—1hit1
hi—hit1 hi—1—hit1

. Using the previously defined

the new price py < p implies,

) hi 2 i N
expressions v; = (14€,)vii1, by = (14€,) i, TJ: = and Zl—é = 0, we have v; 4 (1—2—2) <

viﬂgi—i’ which is equivalent to

v—1 €

~

0—1 €n
Let us denote & — % = ¢. We will choose £ — 0 such that p, — p. From (A.55) and

(A.58), we have,

rs —rp = NP1 + AigaP2 — (A + Aip1)p

(14 €,)0 — 0(1 + €p) € o —0
= A = Ait1vipr (L= — ) = (N + Aip)vin=——
?}+1< 5_(1+€h) >+ +1U+1< €h> ( + +1)U+15_
Replacing:—z =+ g:i
= it (M2 0-0  \0Z0 .\ &l
—1—€h 0—1 5—1—€h
b—1 6—1b
+f\z+1 i1 - )\i+15 - ,_AZH&)
>
- (€ + 1) — 0
= Vit1 (>\z€h x = + enAi—= _)\i+1£>
(5—1)(5—1—€h> 5—1—6h
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A~

)
= Vit+1 (Aiehgﬁ

= Aivif)

€h(>\z’5 + A1) — >\i+1(5 - 1))

(A59) = Vj+1 <§ 51— o

The denominator in (A.59) is positive since e, < &, = 0 — 1. The numerator is positive for

all €, > W = ¢,. We note that, for \; > 0, we have feasible €, such that €, > ¢, > ¢,
i i+1

which would result in ry — 7, > 0. Now, we also need to show that there exist feasible

€, such that €, > €, > ¢, which would be sufficient for r; — r, to be positive. To this

end, from our definition of & = :—h — g_%, we can write €, = (5 + gj>eh. Plugging in

_ At (6-1) : _ =1 X1 (0=1) | Aiy1(9-1) : :
€h = Nbiam for €, in e, = €~|—371 €n, we get €, > 5/\¢3+>\¢+1 + i ) This provides

us with the expression for €,. Thus, we have,

A~

Air1(0 — 1) . Ai1(0 — 1)
Aid + Nis1 A0+ Nt

(A.60) € =¢

We have stated earlier that €, ensures that \v; < maxXpe(1,2,..,N} Aevr holds true such
that 7} remains unchanged while we set v; appropriately. A sufficient condition for
Ny < maxe(1,2,. N} Mevp would be \v; < Xiﬂviﬂ since the latter implies the former.

Plugging in v; = (1 4 €,)v;41 in i < Xiﬂviﬂ implies €, < % Thus, we define,

(A.61) €, = 2

All we need to show is that €,—¢, > 0, which will imply the existence of a feasible €,. From

(A.60) and (A.61) we have the following expression: €, — ¢, = ’\gfil - f\lgf\_ﬁ —¢ ’}\Zgir(i:l).

N i i . . .
From (A.57) we have, 0 = Zfi = XZ“. Replacing this in the above expression, we can
i i—1
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rewrite it as,

~

oo A ANt ) f)‘i-i-l(é -1
! - )\z 5\1—1(/\15 + /\i-i-l) )\16 + )‘H—l
3 N Ait1 Xi(Ai+Aig1) A
o] Gl s =) B A=)
5\1‘5\1'71()\1‘5 + Xis1) Aid 4+ i1
N N 5\1 1 A
_ )\")\m)\"*l@ B Xi:) _5)\z‘+1(5 —1)
5\15\171()\1‘5 + Xis1) )\ig + A1 .
>0
We know from Proposition 1 that if classes ¢ — 1 and ¢ + 1 are differentiated then Z—; =

5> i—i holds true. This implies that the first term is strictly positive. We can choose
sufficiently small & — 0 to make the above expression for €, — ¢, strictly positive. This
suggests that we can choose prices p; and ps by choosing €, and ¢, such that €, > €, > ¢,
and €, > €, > ¢, holding all other parameters fixed, resulting in an increase in the optimal
revenue 7k which keeping 7} unchanged. This in turn results in a lower revenue ratio.
Hence, our assumption that the WCOM pools customer classes ¢ and i+1 and differentiates
class i — 1, leads to a contradiction. This implies that the customer segmentation induced
by the WCOM is such that all customer classes that join distinctly separate service grades

form a continuous block in which no two customer classes are pooled into the same service

grade. [

he s o0 and Aoy =
k+1

Lemma 5. The optimal solution to problem (1.8) is such that

Mot 1Vsr for all k=1,2,...,N — 1, where \; = Zle i
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Proof. The optimization problem under consideration is as follows:

Rl =

inf { maxlSkSN{kak} }
o U+ S (o~ he(250)

(A.62)

s.t. v > Vg4,

h
s % forallk=1,2,... N — 1.
Pis1 Uk

First, let’s assume that the worst case delay sensitivities, under the optimal solution of

(A.62), are such that % is finite for any £ = 1,2,..., N — 1. Then for any arbitrarily

hy

ey € would increase the value of the denominator of the objective function

small € > 0,

in (A.62), \jv; + Z,ivﬂ A (vk — hk(Z’;:i:Z’Z)), and thus lowers the value of the objective

function. This creates a contradiction since (A.62) is a minimization problem. Hence, the

worst case delay sensitivities are such that hgi - — 00 forall k=1,2,..., N —1. Now, we
can rewrite (A.62) as
max AU
Ry = _inf { 1§§5N{ kVe} }
A>0,0>0 > e ARk

We can reformulate the above optimization problem as

inf z
A>0,0>0

st. 2> AU  forallk=1,2,...,N,
/\1’01 + )\21}2 + -+ )\NUN

Vg > Upt1, forallk=1,2,... N —1.

The Lagrangian for the above problem is

g Agts ) o

L=z— (z— >— <z—
= Av1 4 AUy + - -+ Ayun = AU+ Agvg + - -+ Ayun
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ANUN )

— Z_
HJN< )\11)1 + )\2?)2 + -+ )\NUN

AU+ fl2 Aot + -+ UNANUN
)\1"01 + )\21)2 + -+ )\NUN

=z(l—p—p2— -+ —py) +

where i1, fto, ..., un are the Lagrange multipliers. Taking the first order optimality

(KKT) conditions, V£ = 0 implies p; + po + - -+ 4+ puy = 1, and V,, £ = 0 implies

M1X1U1 + ,u2x2112 + -+ ,UzNXNUN Ak
/\1U1+/\2U2+"'+>\NUN /\1+/\2++>\k

(A.63) He =

From the dual feasibility conditions, u > 0 for all k. From the first optimality condition,
w1+ p2 + -+ puy = 1 implies that not all pu; can be zero. Since the right hand side
of equation (A.63) is strictly positive, py is strictly positive as well, i.e., g > 0 for all
k. Using complementary slackness condition, all constraints with their corresponding

Lagrange multipliers are binding at optimality. Therefore, MUp = Agg = - -+ = Ayvy. B

Lemma 6. The optimal solution to problem (A.10) under constraints (A.11), (A.12)

and (A.13), is such that ¢, — oo for all k =1,2,... 0.

Proof. First, looking at constraint (A.12) we note that, ¢; cannot be finite for all
k=1,2,...,00. The reason for this is that the left-hand-side of inequality (A.12) is an
infinite product and the right-hand-side is a finite number A,. Thus, under the optimal
solution, ¢; can be finite for only finitely many k. Let us assume that, for any A, > 1
and A, > 1, the optimal solution to (A.10) is such that ¢ is finite for finitely many k.
To this end, we define a finite set of indices, I, such that, under the optimal solution

to (A.10), ¢ < C for all k € K, and ¢ — oo for all k£ ¢ K, for some arbitrary positive
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constant 0 < C' < oo. Using this, let’s rewrite the optimization problem as,

{6’“’01’?£GK}{ Z <Ck(ck 101 1+ ck> + F({0k; cxlk € IC})}

ke

s.t. H 5k S Ah,

kel

H(hti) <A,

kek

1
O0p > 14+ —, ¢ >0 forall ke,
Ck,

where f({dx, cx|k € K}) is given by,

1 1
ow,crlk € K}) =  inf -
T ,@Z,C <Ck<ck +10 -1 1+ Ck)

where A =

JAVS
er/c O,

Now, we can rename the decision variables in optimization problem f({0x, cx|k € K}) and
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rewrite it as,

f{ 0k, cklk € K}) = inf i (5k(~ 1 _ 1 >

G+ 1) —1) L+

Ok sCn 1
S.t. Hgk < Ah,
(A.64) k=1
o0 1 _
H <]— + ~_> S Ava
Ck
k=1

~ 1
0p >14+ —,¢ >0forall k=1,2,...,00.
Ck

Problem (A.64) is equivalent to the original optimization problem (A.10) with bounds A,
and A,. Hence, by our assumption on the optimal solution to (A.10), ¢ should be finite
for finitely many k. However, by definition of set IC, the optimal solution to problem
f({ 9k, ck|k € K}) is such that ¢y — oo for all k ¢ K. This creates a contradiction. Hence,

the optimal solution to (A.10) is such that ¢, — oo for all k =1,2,..., 0cc. [ |

Lemma 7. The optimal solution to the optimization problem (1.21) is achieved as

P — 00.

Proof. We will show that 1log(A,) — S (1+le - Ck(0k+11)(5k_1)) > 0 if 4 is finite.

Thus, we consider the following function:

[y

j_

1 1 !
Gij(0i, i1, - -, 0j-1) = 1 log(An) — (1 +a anlon+1)(0 - 1)>

2

T
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where H{C: 0 = Ay, from (A.4). Using this, we replace log(Ay) in G;; with Zi: log(dy).

Thus we have,

Ca 1 1
G0, G, log(61) -
j< + kz( Og k 1+Ck +Ck(ck+1)<5k;_1))

We denote the k" term in the above summation as

1
1 + CL + Ck(Ck + 1)(5k — 1))

G (0) = (ilog(ék) —

Taking the price condition, §; > 1+ —, into consideration the function G};(0x) has a
unique global minimum. Taking the first order stationary condition with respect to o,

the stationary point is given by the following equation:

1 1
— = =0.
45k Ck<Ck + 1)(5k — 1)2

Solving for 0 > 1 + i, we get,

24 2(E +cp+1)2

=1+
K cr(cr +1)

Replacing the value of d;, in ij(ék) with 07, we have,

L1 22+ cp+1)2 +2 1 1
G (05) = 4 log (1 o —

5 + —
C t Ck at+l 2(c+eop+1)2 +2

For any ¢ > 0, Gk (05) has a strictly positive value which strictly decreases as ¢ increases,

and asymptotically goes to zero as ¢, — oo. Thus, Gi;(67, 67y, ..., 05 4) — 0if ij(é;’;) —
0 for all & = i*,¢* + 1,...,5 — 1. Since {c}2, is a diverging sequence, it implies
Gij(0F, 07,1, -,05 1) — 0 asi* — oo. |
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Proof of Corollary 1

Theorem 2 presents the solution to problem (1.21), and the WCRR is given by, R (A;) =
1

1+ 1 log(Ay)

does not depend on A\, or ¢ for any k. [ |

. Thus, for any given sequence of arrival rates, {\;}32,, the value of R! (A})
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APPENDIX B

Technical Analysis and Proofs of Results in Chapter 2

B.1. Expected Wait for Geometric Service Slot Distribution

We use EW (k) to denote the expected number of time periods an app users or a
non-app user has to wait in store for the completion of k orders, including her own. We
will use the shorthand W}, to denote EW (k). Here, we derive the analytical expression
for W}, when S; ~ Geometric (p), where S; denotes the number of service slots generated
in period ¢. Since S; is i.i.d., W}, will satisfy the following recursive equation:

k—1
(B.1) Wi =P(Sy > k) -0+ Y P(S; =) - (1+ Wiy)
=0
The expected value of S; is u = %, where P(S; = i) = p(1 — p)*. We will prove that

Wy = f by induction. First, using (B.1), we have W; = P(S; = 0) - (1 + W), which

implies W, = i Next, by replacing W;,_; by % in (B.1) we can rewrite the RHS as,

op? k-1 k-1
(B.2) = (p + p) D (=p)=p* ) i(1-p)"
We use the following two formulae to simplify (B.2):

k—1

. 1—ok : 1—rk  frkl
B.3 v = 1 1_1 = — .
(B-3) Zr 1—r’ , o (1—-r)2 1-r

i= i=1
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Using (B.3), we can rewrite (B.2) as,

(p * fiﬁp) ' g(l —p) —p" :1 i(1—p)i!

=0 i=1

) () (o o)

(1= (1)) 7 = k(=) = (1= (1)) + k(1 =)

(B.4) __kp _k
l—p p
Thus, from (B.4), we have the RHS in (B.1), and we get W), = ﬁ [

B.2. Steady State Analysis of Markov Chain

To compute firm’s throughput and the average consumer surplus, we will construct a
Markov Chain using the events described in §2.2.2. Recall that in every time period ¢, four
events take place, Event 1 (non-app users arrive at the store), Event 2 (app users from
previous period arrives at the store), Event 3 (a new app user arrives at the market) and
Event 4 (services take place), as defined in §2.2.2. Length of the queue in period ¢ before
Event i + 1 is denoted by z;(t) where i = 0,1,2,3. Additionally, we use u;(t) to track
whether or not there is an undecided app user in period t; presence of an undecided app
user in period ¢ before Event ¢ 4 1 is denoted by u;(t) where i = 0,1,2,3. In particular,
at the beginning of time period ¢, if there is an undecided app user from previous period
t — 1 traveling to the store, we denote it by ug(t) = 1. This undecided app user decides
whether to order or not after observing the queue at the store in period ¢. Note that,
uo(t) = 0 denotes that the app user who arrived at the market in previous period ¢ — 1

ordered online, in which case, this app user travels to the store for pick-up. Next, in
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Event 1 non-app users arrive, which does not alter the status of the undecided app user.
Therefore, u;(t) = uo(t). In Event 2, the undecided app user decides whether to join or
balk after observing the queue. Hence, after Event 2, the app user’s join/balk decision is
resolved, which is denoted by uy(t) = 0 for all . Note that right after Event 2 and before
Event 3, there is never an undecided app user in the system. Finally, in Event 3, a new
app user arrives at the market in period ¢. If this new app user orders online, we denote
it by us(t) = 0. Otherwise if this app user is undecided and defers his joining decision
until he arrives at the store in the next time period, we denote it by ug(t) = 1. Thus, we
note that u;(t) can only change its value twice; us(t) = 0 by definition and wus(t) reflects
the decision made by the app user arriving at the market. We henceforth suppress the
time argument in z;(¢) and w;(t) and use z; and u; to denote steady state. Finally, we
denote the state of the system by (x;, u;), where the value of i could be chosen as 0, 1,2 or
3. Note that (z;,u;) is a Markov Chain. Due to the sequence of four events, as defined in
§2.2.2, we decompose every state transition into four intermediate transitions. We begin
by presenting the transition probability matrices associated with the state transitions.
Arrival of Non-App Users. The intermediate transition from (zg, ug) to (x1,u1) takes
place as a result of arrivals of non-app users at the store. The probability of £ arrivals
of non-app users at the store in period ¢ is denoted by P(A; = k) = a;. For brevity, we
adopt the notation » ;° a; = @;. We know from (2.5) that the non-app users follow a
threshold-based joining policy, upon arrival at the store and observing the queue length,
xo. Non-app users join only if the number of orders in the system, z, is strictly less than

Tn. The following matrix, My, holds the transition probabilities, where the row indices
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correspond to xg, the column indices correspond to x;. Matrix M, is given by,

0 1 2 Tn—1 Tn Tn+1 M

0 ay a; G -+ Qr,—1 a‘rn 0 e 0

1 0 a a -+ ap—2 arp,-1 0 -+ 0

2 0 0 a -+ ap-3 G, 0 -+ 0

Moo= ;.21 o o0 o0 --- ag a o --- 0
Tn 0 0 O 0 1 0 0

Tnt1 O 0 0 --- 0 0 1 -0

M 0O 0 0 --- 0 0 o --- 1

where M is some arbitrarily large integer. For the model with information, we set M =
max(7,, Ts, T, + 1). For the model without information we set the value of M large enough
such that the probability of the queue length being M or larger is arbitrariliy small.

We note that an intermediate transition from (z(,0) can only lead to (z,0) since
up = uy. Similarly, a transition from (zo, 1) can only lead to (z1,1). Thus, the transition
probability matrix corresponding to intermediate transitions from (zg,uo) to (x1,u) is
given by,

(xlvo) (mlvl)

(z0,0) | My 0
POZ )

(z0,1) 0 MO



169

where 0 in the matrix Py denotes a matrix containing zeros, having same dimension as
that of M.

Arrival of App User at Store. The intermediate transition from (x1,u1) to (x2,us),
takes place as a result of Event 2. As already mentioned, if u; = 0, then the app user
chose the online option and is at the store for pick-up. Thus, the queue length remains
unchanged, i.e. (z1,0) transitions to (z2,0) where xo = 1. On the other hand, if u; = 1,
then the app user chose the offline option and decides whether to order or balk in Event 2.
We have established in (2.6) that an app user at the store follows a Naor-type threshold,
Ts, to decide whether or not to join. Thus, (z1,1) transitions to state (z3,0), where the

transition matrix My, is given by,

0o 1 2 Ts Ts+1 M

0 010 - 0 O 0

1 001 0 0 0

~1 {000 -- 1 0 - 0

M, =

Ts 000 - 1 0 0
w1000 - 0 1 - 0

M 000 - 0 0 1
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The transition probability matrix corresponding to intermediate transitions from (zq,u;)
to (g, uz) is given by,
(x2,0)  (x2,1)
(z1,0) z 0
P = ,

@) | My 0O
where Z denotes the identity matrix, and 0 denotes a matrix containing zeros, both Z
and 0 having same dimension as that of M;.

Arrival of App User at the Market. The intermediate transition from (xq,us) to
(x3,u3) occurs as a result of the arrival of a new app user at the market. The strategy
adopted by this app user depends on whether or not the current queue length, x,, is
revealed to her. In Proposition 4, we have established that when queue information is
revealed, there are two thresholds, 7; and 7,, such that the app user orders online if the
queue length, x5, satisfies 7; < x5 < 7,, and chooses the offline option otherwise. Note
that depending on the system parameters, 7; could be zero. Thus, (z3,0) transitions to
(x3,0) when 7; < 29 < 7, whereas, transitions happen to (x3, 1) otherwise. Note that, we
always have us = 0, as already mentioned. Also, note that wug reflects the online/offline

decision made by the new app user arriving at the market. The probability matrix for

the intermediate transitions from (zq, us) to (z3,u3) is given by,

(%3,0)  (x3,1)

(22,0) | Mo My
PZ = s
(z2,1) 0 0
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where My, and My are given by,

0 7 T+l Tut+1l  Tyu+2 M
-1 O --- 0 0 0 0 - 0
Moy= i | i or i

no |0 0 0 1 0 0

W1 |0 - 0 0 -+ 0 0 - 0

M 0 0 0 0 0 0

0 n—1 7 Tu Tutl M

o |1 0 0 - 0 0 0

a1 | 0 1 0 0 0 0

Mg =
. O -- 0 0 --- 0 0 - 0

il lO -0 0 -~ 0 1 -~ 0
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Again, 0 in the matrix P,, denotes a matrix containing zeros, having the same dimension
as that of My, and Mas.

Now, if queue-length information is withheld from the app user who arrives at the
market, we have established in Theorem 4 that her joining strategy can be denoted by @,
which represents the probability with which she orders online. Accordingly, the matrices

M1 and My, for this case, are given by,

0 1 2 M 0 1 M-1 M
0 _0 6 0 0- 0 -1—9 0 0 0 |
1 00 6 0 1 0 1-4 0 0
Mo = , My = 0
M-1 {000 --- 4 M—1 0 o -~ 1-6 0
M | 000 - 0 Mo 0 0o .- 0 1—9_

We note that, if queue information is withheld from the app users, then there is always
a finite probability with which the queue length becomes arbitrarily large. Therefore,
the value of M, in this case, represents some arbitrarily large number which results from
truncation, in order to maintain computational tractability.

Services. Finally, the intermediate transition from (z3,us3) to (zo,ug) occurs due to
services. We denote the probability of generating k service slots by, P(S; = k) = s;.
We note that the second component of the state space, uz, remains unchanged in this
intermediate transition. Thus, (z3,0) transitions to (z¢,0), and (x3,1) transitions to

(zo,1). For brevity, we adopt the notation Y >°, s; = 5. The probability matrix for this



intermediate transition is given by,

(%0,0)
(x30) | M
Py =
(z3,1) 0

(33‘0,1)
0
M
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where 0 in the matrix P3; denotes a matrix containing zeros, having same dimension as

that of M3 where M3 is given by,

0 1
0 1 0
1 S S0

MB = 2 So S1

M | Sy Sm-1

S0

SM—2

S0

Steady State Probability. For calculating the steady state probabilities correspond-

ing to the system state (z;, u;), the transition probability matrix is given by the following

product of the matrices corresponding to the intermediate transitions,

Pi = Poniy Prnis1) Prni2) Pr(it3)

where i = 0, 1,2 or 3, and m(k) denotes the modulo operation, which in this case, equals

the remainder left when k is divided by 4. For example, if we define the system state

as (xq,us), then Py = PoPsPyP;. We denote the steady state probability vector cor-

responding to the state (x;,u;) by m;, which is given by the solution of the following
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equation,

The dimensions of 7; and P; are (1,2(M +1)) and (2(M +1),2(M +1)) respectively. The

4" component of m; represents

mi(j) =
Pla;=j—M—-1u=1) M+1<j<2M+1.
Throughput. Using the steady state probabilities 7;, we compute the throughput for
app users and non-app users. Since we have one app user arriving at the market each time

period, arrival rate for app users is given by Ar = 1. For the model with information,

throughput from online orders is given by,
No=Ap-P(n <25 < 7)

kZTl

= i: ma(k) (since ug = 0).

k=T

For the model without information, throughput from online orders is given by,

Ao = A7 - P(app user orders online)

=0.
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The throughput from offline (in-store) orders by app-users is given by,

/\s :AT]P)({O <1 < Ts}ﬂ{ul = 1})

Ts—1

=Y mk+M+1).

k=0
Thus, the overall throughput combining both online and offline orders by app users, is
given by, Ay = A\, + As.

Effective number of non-app users who join the system depends on the number of
arrivals, Ay, the length of the queue that they observe upon arrival, zy, and their joining
threshold, 7,,. The effective number of non-app users who join the system is given by,
min(Ay, (1, — x9)"), where z* denotes max(z,0). Thus, the throughput from the orders

by non-app users is given by,

Av = E, 4, min(Ay, (7, — 29) ")

TTm—1 oo
= 3 D B(A =) - (mo(k) + molk + M + 1)) - minj, (7, — £)).
k=0 j=0
Consumer Surplus. Using the steady state probabilities, we compute the average

per period consumer surplus for the app users and non-app users. For the model with

information, average consumer surplus for app users is computed as follows,

Cr = E,, max(Us(xz), U,(x2))

M-

(ma(l) + mo(l + M + 1)) - max(Us(1), U,(1))

o~
Il

0

M-

mo(l) - max(Us(1), Uy(l))  (since ug = 0),

N
Il
o
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-4Non-app user arrival rate (AN) 0.5

T T T - T T T
laApp users wait sensitivity (ch)=12 ‘ =
3 2

25
54

App users wait sensitivity (c, Non-app user arrival rate (Ay)

)

App users wait sensitivity (ch)

(a) CywN = 30, AN =0.9 (b) CwN — 20, CywT = 22

Figure B.1. Plot (a) and (b) illustrates that Assumption 2 holds. For scaling
purposes we plot log(—D(L)) on the y-axis, which is a monotone transform
of =D(L). If log(—D(L)) is increasing in L that implies D(L) is decreasing
in L. These graphs are plotted for base parameter values used in §2.5.

where U, () and U,(l) are defined in (2.1) and (2.2). For the model without information,

average consumer surplus for app users is computed as follows,
Cr = max(E,,Us(z2), E., Uy(22)).

For non-app users, we have established that, the effective number of customers joining
the system is given by n; = min(A,, (7, —x0)"). First we compute the combined consumer
surplus for all joining non-app users conditional on n;, which is given as follows,

ng

c(As, xo) = Z (U — (zo +1) - Cw—N>

i=1 H

Now, the average per period consumer surplus for non-app users is given by,

Cn = Eyy.a,¢(As, x0)

— ZZP(At =j) - (mo(k) + mo(k + M + 1)) - c(4, k).

k=0 j=0
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Now that we have presented the framework which we will use for computations in
§2.5, we illustrate in Figure B.1 that Assumption 2 holds for the base parameter values

that we consider in §2.5.

B.3. Throughput for Low System Capacity

Here, we will show that there exist a capacity, u, such that app users arriving at the
market order online after observing an empty system, even if no customer joins the queue
in store. In particular, we assume that v — C“’TT < 0. Since, in this setting, non-app
users are more wait-sensitive compared to app users, we have v — C”TN < 0 as well. Thus,
neither non-app users nor app users join in store even if the queue is empty. In addition,
we assume that app users are not quality sensitive, i.e. ¢, = 0. Now, we consider app
users’ utility for choosing the offline option upon observing an empty system. First, from
(2.3), we have,

A

0,(0) = v — ((o — 8T+ nesa(0) + 1) : %T

Since, non-app users do not join , i.e., v — C“’TN < 0, we have n;41(0) = 0. Thus, we have,

A

Us(o):v—((o—st)++1).%7T:U_%7T,

Since, we have assumed that v — =& < 0, we have U,(0) < 0, and hence U,(0) = 0 from
(2.2). Thus app users do not choose the offline option. Now, we consider the utility of

ordering online. From (2.1), we have,

Uy(0) = v —Eg, [(0+1—S,)*]- %T = v —Eg[(1 -8, %TT
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Since, Eg,[(1 — S;)*] < 1 for any non-zero service process, there exist a capacity, u, such
that Eg,[(1 — Sy)*] - =L < p < =T which results in U,(0) > 0. Thus, for low enough
capacity, even though in-store throughput could be zero, app users still might order online

resulting in positive omnichannel throughput. |

B.4. Proofs of Results in §2.3
Proof of Theorem 4

A strategy, # € [0,1], denotes the probability with which an app user arriving at the
market orders online. Before we establish the existence of a symmetric equilibrium, we
look at the best response, which is denoted by the correspondence, x(6) : [0,1] — [0, 1],

and is given by,

where U, (#) and U,(6) are given by (2.7). In order to prove the existence of a symmetric
equilibrium strategy, it is sufficient to prove the existence of a fixed point for the corre-
spondence x(0) : [0,1] — [0, 1]. An equilibrium strategy, ¢, would be such that 6 = x(6).
The set of all strategies, [0, 1], is a closed and compact set. Clearly, the correspondence
X(0), as defined in (B.6), is convex-valued. To see this, note that for any two elements
1,72 € X(0) and 7, # 7o, by definition of x(6), 6 is such that U,(#) = U,(#). Therefore,
for any a € [0,1], r = ary + (1 —a)ry € [0, 1], and hence r € x(0). If r; = rq, then clearly,

r € x(0). Now, the steady state probabilities my, are given by the solution of the equation
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(B.5), where Py = PoP3PyP; equals the matrix Moy Ms My + MogM3sMoM,, where,
only matrices Mo and Mayy are functions of 6. Thus, (B.5) represents a set of equations
that are linear in 0, and hence continuous in #. As a result, the expected utility functions
given by, (2.7), are also continuous functions of . The best response correspondence x(6),
as defined in (B.6), is continuous in the function U,(6) —U,(#). Since, we have established
that both U,(0) and U,(f) are continuous in 6, this implies that y(6) is also continuous in
0, by composition of x () with U,(6) and U,(#). Thus the best response correspondence,
x(0), has a closed graph, i.e., the set {(0,¢) € [0,1]* : ¢ € x(0)} is closed as a subset
of [0,1]?. Hence, by Kakutani’s fixed point theorem, the best response correspondence,
X(0), has a fixed point 6 such that § = x(#). This is a symmetric Nash equilibrium, as it
is the best response for an app user arriving at the market, when all other app users who

arrive at the market also use the same strategy. [

Proof of Proposition 4
Utility of ordering online is,

Uy(L) = v —Eg[1(S, > L+1)] ¢, — Es,[(L+1—S)- C’“’?T

Utility of choosing the offline option is,

A~

US(L) = ESmAtH [max<0> US(L>>]>

where,
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Since the function f(z) = max(0,z) is convex in z, using Jensen’s inequality we have,

A~

EShAtnLl [max((), US(L))] > maX(07 ESmAtﬂ [U<L)])

Since, max(0, Eg, ,,,[U(L)]) > Es, a,,,[Us(L)], we have Uy (L) > Eg, a,,,[Us(L)]. Hence,
we will express U (L) as Eg, a,,,[Us(L)] + g(L), where g(L) is a positive function repre-
senting the gap, and is defined over the set of all non-negative integers. The difference,

D(L) :=U,(L) — Us(L), can be written as,

D(L) = UO(L) - ESmAHl[US(L)] - g(L)

Cw
—Eal(L - 50" + Eayren(L) + - 22

~Eg[1(S0 2 L+ 1)] -~ Es[(L+1-5) =% — g(L)
CuT CuT

= Esoan (D] =5 +Es[(L - $)" +1- (L+1-5)"- =%

—P(S; > L+1)-cg—g(L),
which is equivalent to,
CwT CuwT
BI) D)= Bamabenal®] 2 4B 2 L) (22 -, - g(0)

We are interested in finding out the number of times, the function D(L) crosses zero.
In order to investigate this, it would be helpful to look at the first differences of this

function, D(L) — D(L — 1). The first difference function would tell us how D(L) changes
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as L changes. Computing D(L) — D(L — 1), we have,

DUJ—Duﬁq):E&&Hmﬁﬂm_nHﬂL_Dy%f

~P(Si=L) (™ —¢,) ~ (9(L) - g(L — 1))
(%~ cd)

Therefore, the condition D(L) < D(L — 1) is equivalent to

By [ne01(L) = npsa (L — 1)] - X — (g(L) — g(L — 1))

(B.8) M&:Du <Cf—%)

As per Assumption 2, the left hand side expression in (B.8) is D(L), and we assume that
P(S; = L) > 0 for all non-negative integer L. Now, given that n:1(L) = min(As4q, (1, —

(L—5,)*)"), clearly, ny1(L) < nyqq(L—1), which implies that the term Eg, a,,, [ru41(L)—

nev1 (L —1)] - Cw—T, in (B.8) is non-positive. Moreover Lemma 8 establishes that the term
i

(9(L) —g(L —1)) in (B.8) is positive. This implies that D(L) is negative for all L.
(i) If =L —¢, > 0, then (B.8) holds for all L > 0. This implies that D(L) < D(L—1) for all
m

L > 1. Now, to avoid trivialities we generally assume that 7, > 1, i.e. v— CI;T > 0. Lemma

10 establishes that D(0) > 0. Hence, there exists a threshold 7,, such that D(L) > 0 if
L <7, and D(L) < 0 otherwise. This proves the first part of the proposition.

(ii) If =& — ¢, < 0 and Assumption 2 holds, then either D(L) < (C”TT —¢,) for all L >0,
i.e. (B.8) holds for all L > 0 which we have covered in (i), or there exists an L* such that
(C#T —¢,) <D(L)if L < L* and D(L) < (C#T — ¢,) otherwise. This implies that once
D(L) < D(L — 1) holds for some L*, it continues to hold true for all subsequent L > L*,

and hence the function D(L) = U,(L) — Us(L) is unimodal. Thus, if D(L) > 0 for some
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L > 0, there exist thresholds 7; > 0 and 7, > 0 such that U,(L) > Us(L) if < L < 7,

and U,(L) < Us(L) otherwise.

Lemma 8. The function g(L) defined as,

A~

9(L) = E(max(0,U(L))) — E(U,(L))

18 1ncreasing i L.

Proof. From (2.3), we have,

We can rewrite this as,
. c
U (L) =v— X, - 2L,
1

where X = (L — S;)" +n1(L) + 1 is a discrete positive random variable.

A

E(max(0,Us(L))) can be written as,
E(max(0, U,(L))) = E(max (o, v— X - chT»
(B.9) :v—CwTT~E<min (%XL»

— v — = - E(min(y, X)),
Y
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where we define v = —£.

wT
Expanding the term E(min(vy, X)), we get,
L]
E(min(y, X1)) Zz P(X =1)

B.10
( ) [v]

= ZP(’}/ > X > Z)

=0
Now, we expand the term E(U,(L)) in a similar manner, we get,
~ v
E(Us(L)) =v — 5 -E(X})

(B.11) o0
v
=v——-Y P(X;>1i).
T
Finally, combining (B.9), (B.10) and (B.11), we can write,

[v]

% (ZPXL>Z ZIP(7>XL>Z'))

(B.12) o ; ]
= % DD PXL i)+ ) PX > 7))-

i=|y)+1 =0

Using Lemma 9, we can infer that P(X; > i) is increasing in L for any i. This establishes

our result that g(L) is increasing in L. [

Lemma 9. X, s stochastically increasing in L.

Proof. The discrete positive random variable, X, is defined as X, = (L — S;)*

niv1(L) + 1, where ngq (L) = min(Agyq, (7, — (L — S)T)T).
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First, considering the case S; > L + 1, we have,

Xp =0+ min(A¢1,7,) + 1

and

XL+1 =0 + min(AtH,Tn) + 1.

This implies, X7 .1 = X;. Now, considering S; < L, we get,

XL+1 —XL = (L+1—St) —(L—St)+min(At+1, (Tn—|—St—L— 1)>—min<At+1, (Tn+5t_L))

The term min(Ayyq, (7 +S; — L — 1)) — min(Agqa, (7 + S; — L)), is either 0 or —1,
which implies X1 — X, is either 1 or 0. This implies that X1 > X and thus, X is

stochastically increasing in L. [

Lemma 10. D(0) >0 if v — CZT >0 and CZT — ¢y > 0.

Proof. D(0) = U,(0) — U(0) is equivalent to,

A

(B.13) D(0) = v—Eg,[1(S; > 0+1>]-cq—Est[<0+1—St>+]-%T‘Est,&ﬂ [max(0, Uy (0))]
where,

(B.14)  U,0)=v— ((o — S+ g (0) + 1) : chT —v— (nt+1(0) + 1) : 0“’77’

A~

Now, substituting U,(0) from (B.14) in Es, a,,,[max(0,Uy(0))], we can rewrite (B.13) as,
(B.15)

D(0) = v—P(S, > 1)-¢,— (1-P(S, > 1))-%—1@&,&“ [max (O,v—(nt+1(0)—|—1)~ch>]
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Since max <0, v—(ny1(0)+1)- Cw—T> < max <0, v— Cw—T>, we have the following inequality
7 7
which follows from (B.15),

(B.16) D(0) > (v — Cw—T> +P(S; >1)- (CU)—T — cq> — max (O,U — Cw—T>
7 7 p
CwT CwT
If v — — >0and — — ¢, > 0, from (B.16) we have D(0) > 0. |
Il u

B.5. Proofs of Results in §2.4

Here, we present the proofs for the propositions presented in §2.4. We denote P(A; = 0)
by a and P(S; = 1) by s. In both the Patient and the Impatient Scenarios, a = %

and s = %

For deriving the analytical expressions for the steady state probabilities,
throughput and consumer surplus in the Patient and the Impatient scenarios, we use the
framework presented in Appendix B.2. For both the Patient Scenario and the Impatient

Scenario, we have

0 1 2 3 0 1 2 3
o|la 1—a 0 O 0 1 0 00
110 1 0 0 1 1 0 0 0
(B.17) My = ; Ms =
210 0 10 2| 1—s S 0 0
310 0 01 3 0 1—-s s 0
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Moreover, we have

0o 1 2 3 o 1 2 3
o0 1 0O o0 1 0O
110010 110100
200 10 20 0 10
310001 310001

for the Patient and the Impatient Scenarios respectively.

For the model without information, we have

o 1 2 3 0 1 2 3
ol 0O ¢t 0 0 of| 1—t¢ 0 0 0
1100 ¢t 0 1 0 1—1t 0 0
(B.lg) ./\/l21: R .MQQZ
2 (0 0 0 ¢t 2 0 0 1—1t 0
310 000 3 0 0 0 1—1t

in both the Patient and the Impatient Scenarios, where we use ¢ to denote the probability
that an app user orders online. For single channel systems, My, and My, can be obtained
by putting ¢ = 0 in (B.19), since all app users choose the offline option. For the model with
information, we will specify the matrices My, and Mg in the proof of the corresponding
Lemmas. For the remainder of this section, we adopt the notation 7;(k,l) = P(x; =

Proof of Proposition 5

The result follows from Lemma 17. |



Proof of Proposition 6

The result follows from Lemma 11.

Proof of Proposition 7

The result follows from Lemma 18, Lemma 20 and Lemma 22 combined.

Proof of Proposition 8

The result follows from Lemma 12, Lemma 14 and Lemma 16 combined.

Patient Scenario

187

System: Omnichannel without information

Lemma 11. (i) The probability, 0, that an app user arriving at the market orders

online, in the omnichannel system without information for the Patient Scenario, is given

by,
4

6CwT — ch

3Cq — Cur

. c 7

if 0 < L < -,
CwT 6
C

if -~ < L <2,
CuT

(i) The average per period consumer surplus for the app users in the omnichannel system
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without information for the Patient Scenario, is given by,

¢

2 2 ) c 7
U—gcq—gch Zf0<$§8’
2
Cp = 36vcy — 42¢cicpr — 2Tveyr + 34¢ il Cq .y
36c, — 27cyr 6  cur
10
V — —CyuT if2§i<oo.
\ 9 CyT

4
where — < v < 2.
3 CuT

(iii) The average per period consumer surplus for the non-app users in the omnichannel

system without information for the Patient Scenario, is given by,

(
1 2 c 7
Z. E—— 0 <« —L < =
3 (“ 3CN> o< =%
ool 36¢; — T2¢qCur + 40¢h 2 g _,
o 2 36¢2 — 5le,cpr + 1862 ( _gch) Zf6<c <%
q qCwT wT wT
1 2 C
_. S o < 4 .
(3 <” 30“’N> f2sn <o
v 4
h - < — < —.
wereg_ch 3

Proof. The steady state probabilities when an app user arrives at the market, are

given by,

(t* +1) — 1) = 212+t —1?)
(t—3)(t—4) ”2<)_(t—3)(t—4)’

(B.20) 72(0) =

where ¢t denotes the probability that an app user arriving at the market orders online.
Next, we compute the expected utilities of ordering online and choosing the offline option,

for an app user arriving at the market. We recall that the utility of ordering online from



(2.1) is given by,

CuT

UAL) = v~ B [1(S, > L+ 1) -6~ Bs,[(L+1- 8- T

Thus, we have,

Uy(0) = v — Eg,[1(S; > 1)] - ¢ — Eg, [(1 — S,)*] - 2L
(B.21) I
Up(1) = v — Eg,[1(S; > 2)] - ¢ — Eg,[(2 — S;) 7] - CwTT
(B.22) :U_S.Cq_(l_s)_T
:U_%—%?T- Note:,u:1-3+2.(1_s):§
UO(Q) =U — ESt[]1<St > 3)] S Cq — ESt[(B . St)+] . CwTT
(B.23) —v—2-(1—s)+1-5 2L

= UV — CyT-

Now, in the Patient Scenario we have,

4
(B.24) S<—<2

189
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The utility of choosing the offline option from (2.2) is given by,

A

US(L) = ESt,At+1 [maX(O, US(L))]
where U, (L) is given by,
~ Cw
UL) =v— ((L—S)% +nuq (L) +1) - =L,

Thus, we have,

U,(0) = Es, 4., [max(0, v — (ni41(0) + 1) - 5],

We know that n;41(L) = min(Agq1, (7, — (L — Sp)™)T). Thus, n;41(0) = min(Agq, 7).
Since, we have assumed that 7,, = 1, we have, n;41(0) = A;41. Using this, we can rewrite
(B.25) as,

CwT

U(0) = By fmax(0,0 — (Arss +1) - 20

Since, A1 is either 0 with probability a = %, or 1 with probability 1 —a = %, and (B.24)

holds, we can rewrite Us(0) as,
CwT CwT
(B.25) U(0) = (0—27) ca+ (v — 7) (1—a)=v—cyur.

Since, ny41(1) = min(Aq, (7, — (1 = Sp) ")) = min(Agy1, 7,) = Ary1, we have,

Uy(1) = Ea,,, [max(0,v — (Ayys + 1) - 20)]
(B.26) a

=V — CyrT-
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Finally,
ne1(2) = min( Az, (1, — (2= 5) 7))
= min(Apyq, (1—(2—5)")")
0 lf St - 1,
At+1 lf St = 2
Thus,
Cw
Us(2) = Es, 4, [max(0,v — (2 = S)" +na(2) + 1) - TT)]
(
E 4y [max(0, v — 22 if Sy = 1,
| B, [max(0,v = (A +1) - 22)] if 8y = 2,
(
(B:27) v — %ch, if Sy =1,
vV — Cur if S = 2,
\

= (1—s)~(v—§ch)—|—s-(v—ch)
7
= U= cCur
Collecting all the utility expression from (B.21), (B.22), (B.23), (B.25), (B.26) and (B.27)
we have the utility expressions in Table B.1.

We next compute the expected utilities of ordering online and choosing the offline option

by app users arriving at the market, using steady state probabilities given by (B.20).



L Uo(L) Us(L)
0 v —Cq U — CuT
C CwT
1 I UV — Cyu
v 9 3 T
7
2 U — CyrT v — éch

Table B.1. Utilities of ordering online and choosing the offline option by an
app user when there are L order in the system

First, we compute the expected utility of ordering online,

6cq — 36v + 28c,7 + 6cyt + 21vt — 28¢ 7t — 3ut? + deyrt?

(B.28) U,(t) = 3(Tt — 12 — 12)

Expected utility of choosing the offline option is given by,

— 9v — 10c,7 — vt + 4yt
B.2 U,(t) =

192

Now, the app users randomize their choice of channel only if they are indifferent between

the online and the offline option. Thus, if 0 < ¢ < 1, then we have, U,(t) = U,(t).

Equating (B.28) and (B.29) we get,

3¢, — 6cy
(B.30) y — 26 = DCuT

CwT — 3Cq ’
Applying the condition 0 < t < 1, we get,

c 7
B.31 2> 1 > .
(B.31) e
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Finally, we characterize the average per period consumer surplus for app users as follows:

2 2 C 7
— 2y — —Cy if 1 <
V= 36— gCur 10<CwT_6,
) 36vc, — 42¢,cr — 2TVC,T + 342 7 ¢
(B.32) Cr g a Wl jf L« 49
. _— 1 — —_—
36¢, — 27cyr 6  cur
10
V — —CyT if2§i<oo7
\ 9 CyT

where the parameters need to satisfy the condition in (B.24).

Now, we compute the average consumer surplus for non-app users in this system. We
recall that in this system non-app users join only if they observe an empty queue. The
steady state probability is given by,

A2 — 2t +2)

ml0) = Z5 112

where t denotes the probability of an app user ordering online. Thus, the average per

period consumer surplus for non-app users is given by,
_ Cw
Cn = 7o(0) - P(A; = 1) - (v — =22,

Substituting the expression for ¢, as given in (B.30), in the expression for 7y(0), and using
the condition (B.31) along with the fact that u = %, we can rewrite Cy as,

(

1 2 7
§'<’U—§Cw1\7> 1f0<i§6
1 36 — T2¢,cur + 4ch 2 T

(B.33) Cn =1+ £ - ( B —ch> if Lo B o
2 3602 — 5leycur + 182 1 3 6  Cur
1 2 c
_. - if 2 < L

3 <U 3ch> ! - CwT < 0%
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where, the non-app users’ wait-sensitivity is such that,

2

B.34 z
(B.34) 35 s
_

Lemma 12. The combined average per period throughput in the omnichannel system
without information for the Patient Scenario is given by,

.
4 C 7
= f0< —L <~
3 o< "%
1803 — 36¢yCyr + 20012” 7 7 _ Cq <9
36¢2 — 5lc cur + 18¢2,

A+ Ay =

Lo i~
o
S
!

\

Proof. Steady state probability that a non-app user arriving at the store observes an

empty system is,

_ R R 2(t% +t) 20t —1)  4(t? -2t +2)
To(0) = #(0,0) +#(0.1) = G—3)—4)  (t-3) £-mit12’

where t denotes the probability that an app user arriving at the market orders online.

Average per period throughput for non-app users is,

2(t* — 2t + 2)

4(t% — 2t + 2)
22 —Tt+12

1
_§'<t2—7t+12>

The steady state probability of an app user arriving at the store and observing an empty

system is 71(0,1) = (=1 where ¢ denotes the probability of an app user ordering online.
Y (t=3)
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The probability of an app user arriving at the store and observing a system of size 1 is

m(1,1) = % Average per period throughput for app users is,

)\T - >\o —+ )‘s - AT . (t 4‘7?('1(07 1) —|-7?l'1(17 1))

(t—1) (1—t)(t—2)_
(-3 -3 "

Thus, in this particular system, none of the app users balk at the store and the overall
throughput is same as the arrival rate for the app users, which is Ay = 1. Thus, the com-
bined average throughput for this system, as a function of the randomization probability,
is,

2(t? — 2t + 2)

B.35 MoAf Ay =142 T2
(B.35) TEAN = T 1o

Using Lemma 11(i) we replace t in (B.35) by the probability, 8, that an app user orders

online and obtain,

wol s
.
=X
o
A
‘m
Q
IN

SRS

1863 — 36¢qCur + QchuT

AT+ Ay =
36¢2 — 5lcycur + 18¢2, 6  cur

ol
=
2o
IA
5
N
8

Patient Scenario

System: Omnichannel with information
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Lemma 13. (i) The average per period consumer surplus for the app users in the

omnichannel system with information for the Patient Scenario is given by,

2 2 C
— —Cq — =Cy f0 < —4 <1,
V=50~ §luT if o
1 5) C 4
CT: — —Cc, — — '1<_q<_
v gl T gl LS T < g
4
v — Cur if = <L < oo,
\ 3 CwT

4
where = < v < 2.
3 CwT

(ii) The average per period consumer surplus for the non-app users in the omnichannel

system with information for the Patient Scenario is given by,

(
1 2 C
= (v—Zey f0< —L <1,
3 <U 3CN) Zf CuwT
1 2 c 4
Cn = —-(—— ) 1< 4 <2
g \vTglen)  Ylsmm<g
1 2 4 c
— . — —Cy _<_q< ,
(4 <U 3CN> Zf3_CwT >
) 2< ) <4
where — < — < —.
3_CwN 3

Proof. An app user arriving at the market, upon observing queue length L, orders
online if U,(L) > Uy(L) and chooses the offline option otherwise. By comparing U, (L)
and Ug(L), from Table B.1, we find the ordering strategy for the app users in terms of ¢,
and c,r as summarized in Table 2.2.

Now, given the customer strategy, we next compute the steady state probabilities To(L).
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If 0 <

“ < 1, using Table 2.2 we have

C

0 1 2 3 0 1 2 3
o[l 0O 1 0 O ol O 0 0 O
1 0010 110 0 00
Mo = , Moy =
210 0 01 210 0 0 0
3 (0 0 0 O 310 0 0 O

Cr = 7(0) - (v — ¢g) + Ta(1) - <v— Ca _ C“’_T)

2 2
=V — =Cq— =CyT-

3 9

Similarly, when 1 < CC—"T < 3, using Table 2.2 we have

0 1 2 3 0 1 2 3
o]l 0 0 0O o/l 1 0 0 O
110010 110 0 0O

My = ) Moy =
2 (0 0 0 1 2|10 0 00
310 0 00 310 0 00
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The steady state probabilities, To(L), are given by, T2(0) = &, (1) = 2, m(2) = .

c Cw —
Cr = 72(0) - (v = cur) +72(1) - (v = % = 25 ) +72(2) - (v = cur)
15
=0 3cq 9ch.

Finally, when § < o < 00, using Table 2.2 we have

0 1 2 3 0 1 2 3
o[ 0 0 0 O o1 0 0 O
110 0 0 0 1101 00
Mo = ) Moy =
20 0 0 1 210 0 00
3100 0 O 310 0 0 O

The steady state probabilities, To(L), are given by, T(0) = 0, 72(1) =3, T(2) = 3.

Given these, probabilities, the average consumer surplus for app users is given by,
CT = 72(1) . (’U — CwT) + 72(2) . (U — CwT)
=V — CyT-

Combining all the expressions for C7, we have,

2 2 C
S “cor fO0< L <1,
v 3cq 9cT i -
1 5 c 4
B.36 Cr = —Ze = =2 if1< -4 =
( ) T v 3cq 9ch 1 _CwT<37
4
UV — CyurT 1f—§i<oo,
\ 3 CuwT
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where, the parameters need to satisfy (B.24), i.e.,

Next, we compute the average per period consumer surplus for the non-app users. Since,

non-app users only join an empty system, we have,

Oy = 70(0) - P(A, = 1) - (v - —)

If 0 < chT < 1, the steady state probability, 7y(0), is given by 7T((0) = 2. Thus, we have,

C 2 1 ( ch) 1 ( 2 )
=— .- |(v——)==-(v—=cun ).
NT32 [ 3 3N

wl

Cq

If1< < %, the steady state probability, 7(0), is given by 7y(0) = . Thus, we have,

11 " 1 2
O S S RER )

|

Finally, if ‘51 < CC—qT < 00, the steady state probability, 7(0), is given by 7 (0) = % Thus,

we have,
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Combining all the expressions for C'y, the average consumer surplus for the non-app users

is given by,
(1 2
C
— (v —=Zcy if 0 < -+ <1,
3 (U 3CN) ! CwT
1 2 c 4
(B.37) Cy = _.(__w) 1< b2 o2
g \"T 3N BT
1 2
4 3

Ve

Lemma 14. The combined average per period throughput in the omnichannel system

with information for the Patient Scenario is given by,

\

. C,
if0 < —4 <1,
CuwT

AT+ An = ifl1 < 4 < -,

CwT 3
Cq
< — < 0.
CuwT

if

Ot Ot W
Q| v~

Ve

Proof. If 0 < CC—"T < 1, the average throughput for non-app users is given by 7, (0) -

P(A; =1) = 2-1 = 3. From, Table 2.2, we know that if 0 < - < 1 then app users always

3 2 CuwT

order online. This implies that the throughput for app users is same as their arrival rate,
i,e. A\, = A7 = 1. Moreover, since all app users order online, none of the app users order

at the store, i.e. A; = 0. Thus the combined throughput is Ay + A\, + Ay = %.
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If1< CZ—qT < %ﬂ then the average throughput for non-app users is given by, 7 (0) -
P(A; =1) = (70(0,0)+7(0,1)) - P(A, = 1) = (% + %) % = %. Average throughput for the
app users who order at the store is given by Ap - (71(0,1) + 71(1,1)) =1 (55 + 15) = ¢

We know from Table 2.2 that the app users order online only if they observe either
L =1 or L = 2. Thus, the throughput for app users who order online is given by,
Ap - (Ta(1) +7T2(2)) = 1- (5 + &) = 2. Thus, the combined throughput is Ay + A, + A, =
eiei-t

Finally, if % < ;U—qT < 00, then the average throughput for non-app users is given by,
To(0) - P(A; = 1) = % . % = %; Average throughput for the app users who order at the

store is given by Ap - (41(0,1) + 71(1,1)) = 1- (3 + 1) = 5. We know from Table 2.2

1
4 2
that the app users order online only if they observe L = 2. Thus, the throughput for app
users who order online is given by, Ay - T(2) =1 - % Thus, the combined throughput is

AN+ A+ Ao =241 4+1=2 u

Patient Scenario

System: Single channel

Lemma 15. The average per period combined consumer surplus in the single channel

system for the Patient Scenario is given by,

4 10 2
Cr+Cn= gv — gch - gch-

4 v 2 ) 4
h - < —<2and - < — < —.
where 35 o an 35 e 3
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Proof. In the Patient scenario 7, = 2, i.e. app users join only if they observe an
empty system or there is a single order in the system. For this system, the probability
that an app user arriving at the store observes an empty system and a system with one
order, are given by m(0) = % and 7,(1) = % respectively. Thus the average per period

consumer surplus for app users is given by,

(B.38)

Next, we compute the average per period consumer surplus for non-app users. The prob-
ability that an app users arriving at the store observes an empty system is given by
7o(0) = 2. Thus we have,

CN - P(At
(B.39) a

I
[—
SN—
3
o
~—~
[an)
S~—
/N
<
|
o
‘e
=2
——

Lemma 16. The combined average per period throughput in the single channel system

for the Patient Scenario is given by,
4

Proof. In this single channel system, app users order at the store only if they observe

either an empty system or a system with a single order. Thus, the average throughput
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for app users is given by,

Ap = AT . (7%1(0, 1) ‘f‘ﬁ-l(l: 1)) =

Ll —

The non-app users only join an empty system. Thus, the average throughput for non-app

users is given by,

Av =An-P(A; =1) - (T0(0)) =

N —
Wl Do
W

Impatient Scenario

System: Omnichannel without information

Lemma 17. (i) The probability, 6, that an app user arriving at the market orders

online in the omnichannel system without information for the Impatient Scenario, is given

by,
(
1 3 w
1 o< S 1 5 v
L A
g = 12(v—¢cp) ifl—l—ﬁ- Vo G _ v)
3v — 2¢uT 6 4 cur Cur  Cur
0 zfig—q<oo,
\ CwT CuwT
h 2< v <4
where — < — < —.
3_CwT 3

(i) The average per period consumer surplus for the app users in the omnichannel system
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without information for the Impatient Scenario, is given by,

.
2 2 c 1 3 w
—Cc. — w ‘O<_q<_ - —,
U= 3T glur HO<En S o
1 3 w c v
Cr=( Y _Gr a2 P
2 3 Zf6 + 4 CuwT CwT CwT’
UV CuT ) Cq
- — <1 <
\2 3 ZwaT_ch >
) 4
where — < — < —.
S_CwT 3

(iii) The average per period consumer surplus for the non-app users in the omnichannel
system without information for the Impatient Scenario, is given by,

(

1 9 c 1 3 w
S (v=2e, fOo< L <-4 - —,
3 (U 3° N) 4 Cor =64 cur
1 3603 — 45¢,0 — 18¢,Cur + 180% + 6ve,r + 4% 4 . (v B gc >
2 (3¢q — 2¢ur)(3v — 2¢yr) 3
Cy =
1 3 w Cq v
_ — < < )
Zf 6 + 4 CuwT CwT CwT
1 2 Y
Loy 2. — <1<
(2 (v 3¢ x) Ve S =
4 2 4
where—<—<—and—§i 5
wlN 3 CuwT 3

Proof. The steady state probabilities of the number of orders in the system after

Event 2, is given by,

(B.40) m2(0) = m(1) =
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where ¢ denotes the probability that an app user arriving at the market orders online.
Next, we compute the expected utilities of ordering online and choosing the offline option,
for an app user arriving at the market. We will have the same expected utility expressions

for ordering online as in (B.21) and (B.22). Thus, we have

Up(0) =v —¢q, U,(1) :v—%—cw?T.

Now, since in the Impatient scenario 7, = [ ] = 1, we have 1 < 2 < 2. Since,

CuwT wT

uzl-s—l—Q-%:%,thisimplies,

2 4
B.41 - < — < -
( ) 3 3

The utility of choosing the offline option from (2.2) is given by,

A

Us(L) = Es, 4, [max(0, Us(L))]

where U, (L) is given by,

Thus, we have,

U,(0) = Eg, a,,, [max(0,v — (ny41(0) + 1) - L)),

We know that ny1(L) = min(Ayyq, (1, — (L — S¢)T)T). Thus, nyy1(0) = min(Ayyq, 7).

Since, we have assumed that 7,, = 1, we have, n;,1(0) = A;,1. Using this, we can rewrite
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Us(0) as,

US(O) = EAt+1 [max(O,U — (At—i-l + 1) . CwTT)]

Since, A 1 is either 0 with probability a = %, or 1 with probability 1 —a = %, and (B.41)

holds, we can rewrite U,(0) as,

US(O):(l—a)-<v—Cw—T>:

Since, nyy1(1) = min(Ayyq, (7, — (1 = Sp)1)T) = Ayyq, we have the exact same expression

for Us(1) as that of Ug(0). That implies,

3
We summarize all the utility expressions for U,(0), U,(1), Us(0) and Us(1) in Table B.2.

Now, we compute the expected utilities of ordering online and choosing the offline option

L Us(L) Us(L)
v CwT
vV —C - —

0 ? R
! ,_Ca Cur v cur
2 3 2 3

Table B.2. Utilities of ordering online and choosing the offline option by an
app user when there are L order in the system

by app users using steady-state probabilities (B.40). Expected utility of ordering online

is given by,

(B.42) T, (t) = t(iq_—4v) C(2t-4) (t%q_—4v + CwTT)‘
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Since, Us(0) = Us(1), the expected utility of choosing the offline option is given by,
Now, the app users randomize their choice of channel only if they are indifferent between
the online and the offline option. Thus, if 0 < ¢ < 1, then we have, U,(t) = U,(t).
Equating (B.42) and (B.43) we get,

12(v—¢y)

(B.44) = .
3V — 2¢uT

Applying the condition 1 > ¢ > 0 along with condition (B.41), we get,

3 v Cq v
+ - < < .
4 CuwT CwT CwT

(B.45)

=

Finally, we characterize the average per period consumer surplus for app users as follows:

;

2 2 0 < cq<1+3 v
V— —Cy— —Cy 1 — < =+
371 g Cor — 6 4 cCyr
1 3 w C v
(B.46) Cr=Y_Gr TR ¢
57 3 T e S tur  ur
UV CwT )] Cq
R f— < 1 <
\2 3 1CwT_CwT OO’

where the parameters need to satisfy (B.41).
Now, we compute the average consumer surplus for non-app users in this system. We
recall that in this system, non-app users join only if they observe an empty queue. The

steady state probability is given by,

2t
70(0):1—754—@
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where t denotes the probability of an app user ordering online. Thus, the average per

period consumer surplus for non-app users is given by,
Cw
Cn = 70(0) - P(A, = 1) - (v — ).

Substituting the expression for ¢, as given in (B.44), in the expression for 7y (0), and using
the condition (B.45) along with the fact that p = 2 we can rewrite Cy as,

;

L 2 ¢ 1 3 w
2 V7 3 ifo< L <-4,
3 (” 3¢ N) o< <oty —
1 36¢; — 45¢qv — 18c4cur + 180V* + 6vcyr + 4c,p ( 9 )
. o 20
(B47) Cy = 2 (SCQ - 2CwT>(3U — 2CwT) 3 N
1 3 v C v
f - — . < q <
! 6 + 4 CwT CuwT ch7
1 2 " .
S P e U S
2 (v SCwN> if g < 00,

where the non-app users’ wait-sensitivity satisfies,

(B.48)
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Lemma 18. The combined average per period throughput in the omnichannel system

without information for the Impatient Scenario, is given by,

4 I8 1 3 w
_ 'O<_q<_ _
3 if SS6 1 o
Ay + Ay = { 3V 2Cur zf +§ LI B
3cq — 2Cur 4 cur  Cwr  Cur
1 f— < — <>
\ CuwT CuT
h 2< Y <4
where —_—< -
3 CwT 3

Proof. Steady state probability that a non-app user arriving at the store observes an

empty system is,
2t

70(0):1—t+4—_t,

where t denotes the probability that an app user arriving at the market orders online.

Average per period throughput for non-app users is,

1 #—3t+4

The steady state probability of an app user arriving at the store and observing an empty

% where t denotes the probability of an app user ordering online.

system is 71 (0,1) = 1

Average per period throughput for app users is,

Ar = Xo + As = A - (t+ 70(0,1))

1t
:t _— =) =
(t+5-3)

N | =+

+

| —
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Thus, the combined average throughput for this system, as a function of the probability

of online ordering, ¢, is given by,

2 —3t+4

1 1 4
4 _ L i-dt+4 1 4
(B.49) AN + A7 5 11 +2+2 11

Using (17)(i) we replace ¢ in (B.49) by the probability, €, of an app user ordering online,

and obtain,
.
4 1 3
: PTPCIPS T
3 CwT 6 4 CuwT
A+ Ay = 3v — 2¢yuT if1—|—§- v <cq - v7
3¢y — 2¢yr 6 4 cur Cor  CurT
1 if < G,
\ CuT CuT
2 4
where = < 2 < —=. [ |
3 CwT 3

Impatient Scenario

System: Omnichannel with information

Lemma 19. (i) The average per period consumer surplus for the app users in the

omnichannel system with information for the Impatient Scenario is given by,

2 2 C 1 1 w

_ — —Cyw ) O < 7 < — - —,

VT g T gt PO< <3ty o

9 2 1 1 1 w C v

CT pr— . . ~ _ _ q <

TR L A R
U CwT ) q

- — <1 <
k2 3 Zf CwT B CwT o
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h < Y <4
where — —_— —.
S_CwT 3

(ii) The average per period consumer surplus for the non-app users in the omnichannel

system with information for the Impatient Scenario is given by,

)
1 2 1 1
§~(v——ch> z'f0<i<—+—~i,

3 CwT 3 2 CuwT
3 2 1 1 w c v
CN = — . ( — — > f — — . < 4 <
10 v 3ch Zf 3 + 2 CwT ~— CuwT C”LUT’

1 2
37 (5] TS tew

b 2< v <4 d2<v<4
wnere, — e — ana — — —.
’B_CwN 3 3_CwT 3

Proof. An app user, upon observing queue length L, orders online if U,(L) > Us(L)
and chooses the offline option otherwise. By comparing U, (L) and Uy(L), from Table B.2,
we find the ordering strategy for the app users in terms of v, ¢, and ¢, as summarized
in Table 2.1. Now, given the customer strategy, we next compute the steady state prob-
abilities, 7a(L).

If 0 < L < < +1 -, using Table 2.1 we have
CwT CwT

w

0 1 2 3 0 1 2 3
o[l 0 1 0 O o[ 0 0 0 O
110 010 110 0 00
Mo = ) Moy =
210 0 0 1 210 0 0 0
3100 0 O 3100 0 O
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The steady state probabilities are given by »(0) = 3, T2(1) = 2. Given these probabili-

ties, the average consumer surplus for app users is given by,

Cr =T2(0) - (v — ¢) +Ta(1) - (“‘%‘%)
2 2

=V — =Cq — =CyT-

3 9

Similarly, when § + 5 - o= < ot < 2, using Table 2.1 we have

0 1 2 3 0 1 2 3
o[ 0 0 0 O o1 0 0 O
110 01 0 1100 00
Mo = ) Moy =
20 0 0 1 210 0 00
3100 0 O 310 0 0 O

The steady state probabilities, To(L), are given by, m(0) = £, (1) =

probabilities, the average consumer surplus for app users is given by,

v Cw _ & Cy
Cr=m(0)- (5= 5) +m0- (v -5 - F)
9 2 1
= —0V— =Cq— =Cy
10 59 3™t

%. Given these,
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Finally, when -~ < o < oo, using Table 2.1 we have

wT CuwT

0 1 2 3 0 1 2 3
o[l 0 0 0 O o1 0 0 O
110 0 0 0 1101 00

Mo = ) Moy =
210 0 0 1 210 0 0 0
3100 0 O 310 0 0O

The steady state probabilities, To(L), are given by, T2(0) = 0,72(1) = 1. Given these,

probabilities, the average consumer surplus for app users is given by,

_ v CwT v CwT
r=ml)(3-3 2 3
Combining all the expressions for C, we have,
(2 9 1 1
1 v
— =Cy — =Cy if0< 4L <-4 - —,
Vo3t gl MU S sty
9 2 1 1 1 w c v
(B.50) Cr=<¢_"2,_2%2 ZCy f . < 4~
TR R L e
vV CuT o Cq
- - = f— < 2L <
\ 2 3 ' CwT o CwT o

where, the parameters need to satisfy (B.41), i.e.,
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Next, we compute the average per period consumer surplus for the non-app users. Since,

non-app users only join an empty system, we have,

Oy = 7o(0) - P(A, = 1) - (U - Cw_N)

If0 < CC—qT <iql. -, the steady state probability, To(0), is given by Ty(0) = % Thus,

372
we have,
2 1 CwN 1 2
)
NT3 M) T3P T g
If 5+ 35 2% < 22 < %, the steady state probability, To(0), is given by To(0) = 2.

Thus, we have,
31 CuN 3 2
=] (1= ) = o o= ).
NTyi U, 10 \"7 3w

Finally, if - < ~ < o0, the steady state probability, 7y(0), is given by 7o(0) = 1.

- CwT
1 cony 1 2
o (o) = E o).
N o \"T ) T U gy

Combining all the expressions for C'y, the average consumer surplus for the non-app users

Thus, we have,

is given by,

(1 p ¢ 1 1 w

_. — —Cyw 'f()<_q<_ - —

SG]3C@ < <3ty s

3 2 1 1 w c v
(B.51) Cn = _.<__w> T . B

10 v 30 N ! 3+2 CowT ~ CwT CwT’

1 2 v c

—. — —Cy f_<_q< ,

\2 <U SC N> ' CuwT - CuT >
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where, the parameters need to satisfy (B.34), i.e.,

Lemma 20. The combined average per period throughput in the omnichannel system

with information for the Impatient Scenario is given by,

(

4 C 1 1 w
_ '0<_q<_ - e
3 Zf CwT 3+2 CwT’
iy =8 gl v e v
1 zfig—q<oo,
\ CuT CuT
h 2< v <4
whnere — E— —.
3_CwT 3

Proof. If 0 < Cc—qT < % + % * o, the average throughput for non-app users is given

by To(0) - P(A, = 1) = 2 - § = . From, Table 2.1, we know that if 0 < ;}—‘IT <s+3 2

CuwT

[\

then app users always order online. This implies that the throughput for app users is
same as their arrival rate, i.e. \, = Ay = 1. Moreover, since all app users order online,
none of the app users order at the store, i.e. Ay = 0. Thus the combined throughput is

AN+ Ao+ Ay = 3.

If % + % : ﬁ < cch < C”T, then the average throughput for non-app users is given by
7(0) - P(A; = 1) = ((0,0) +70(0,1)) - P(Ay = 1) = (3+31)- 5 = 5. Average throughput
for the app users who order at the store is given by Az - (11(0,1)) =1 - (1—10) = %. We

know from Table 2.1 that the app users order online only if they observe L = 1. Thus,
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the throughput for app users who order online is given by, T5(1) = %. Thus, the combined
throughput is Ay + As + A\, = 1% + % + % = g.

Finally, if chT < ;U—‘IT < 00, then the average throughput for non-app users is given by
To(0) -P(A, =1) =1- % = % Average throughput for the app users who order at the
store is given by Ar - (71(0,1)) =1-(3) = 3. We know from Table 2.1 that the app users

never order online. Thus, the combined throughput is Ay + A\s + A, = % + % +0=1. N

Impatient Scenario

System: Single channel

Lemma 21. (i) The average per period consumer surplus for app users in the single

channel system for the Impatient Scenario is given by,

CyT

CT - T

N <

(i) The average per period consumer surplus for non-app users in the single channel

system for the Impatient Scenario is given by,

_ Y _ G

C’N—2 5
h 2<U<4 d2<v<4
where = < — < — and = < — < —.
3_CwT 3 3_CwN 3

Proof. In the Impatient scenario 7, = 1, i.e. app users join only if they observe an
empty system. The probability that an app user arriving at the store observes an empty

system is given by 7 (0) = % Thus the average per period consumer surplus for app users
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is given by,

_ CwT 1 2 vV CwT
.52 Cr =) (o= OT) =L (o 2y =t o
( 5 ) T 71'1( ) (Y 9 v 36 T 5 3
Next, we compute the average per period consumer surplus for non-app users. The prob-

ability that an app users arriving at the store observes an empty system is given by

7p(0) = 1. Thus we have,

(B.53) O = B4 =1)-70(0) - (0= “2) = 2 (- Zeon) = PG

Lemma 22. The combined average per period throughput in the single channel system

for the Impatient Scenario is given by,
Ar+ Ay = 1.

Proof. In this single channel system, app users order at the store only if they observe

an empty system. Thus, the average throughput for app users is given by,
. 1
Ar = Ap - (71(0,1)) = 9

The non-app users only join an empty system. Thus, the average throughput for non-app
users is given by,

/\NzAN-IP’(Atzl)-(ﬁO(O)):1-%-1:%.
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