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ABSTRACT

Soil-Machine Interaction (SMI) is ubiquitous on Earth and other planets. Over decades,

ground-engaging equipment has been developed and widely used in various engineering ap-

plications, including civil construction, agriculture, terrestrial mobility, and even space ex-

ploration. However, systematic studies of SMI processes and the corresponding soil behavior

are inadequate, which obstructs further advances in the automation and optimization of the

machines.

This study focuses on the development of experimental methodologies and efficient com-

putational techniques for promoting the fundamental understanding of loading histories and

soil deformation patterns in SMI processes. The work starts from developing and evaluating

a novel experimental system consisting of an industrial robot and fluidized bed to enable

automated and efficient experimental studies in SMI. The fluidized bed allows a repeatable

preparation of a uniform sand bed with a broad range of relative density, and the robot

functions as a versatile actuator while simultaneously tracking multiple components of soil

reaction acting on the tools. Experiments on fundamental penetration and cutting processes

were performed on the newly developed system to observe the soil deformation evolution

and measure force-displacement responses.

With the help of the test results on soil deformation, a sequential kinematic method is

developed. This method consists of evaluating the incremental displacement field based on
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the kinematic method of plasticity and then sequentially updating the deformed configura-

tion. The model was calibrated against experimental results to investigate three fundamental

problems: biaxial compression, cutting, and penetration. It is demonstrated that the model

can accurately predict the complex response observed in the SMI processes, including soil

deformation and force-displacement histories. Although the computational cost is afford-

able compared to conventional methods such as FEM and DEM, the run time is still high

and cannot satisfy the requirement for design optimization and control algorithms used in

robotics.

To overcome this limitation with respect to efficiency, a semi-analytical (also known as

macro-element) modeling framework, inspired from the generalized yield envelopes widely

adopted in geotechnical engineering, is developed. Despite its simplicity, the proposed model

can generate force-displacement data in seconds for the loading scenarios of a plate moving

translationally and rotationally, considering large deformation in sand. By integrating the

experimental studies with the numerical investigations, this work opens opportunities for a

comprehensive study on soil-machine interaction in an efficient way.
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CHAPTER 1

Introduction

1.1. Background and motivation

Soil-Machine Interaction (SMI), occurring as machines contact, move, and shape soil, is

widely observed in the natural and human-made environments. For thousands of years, peo-

ple have been cutting the soil with plows and other agricultural tools in order to loosen it and

increase food production [9, 10]. Even with the exclusion of various agricultural applications,

the extensive requirements in civil construction (shown in Fig. 1.1(a)) result in movement

of trillions of kilograms of soil annually worldwide. This includes residential construction,

road construction, and mineral extraction [11]. Another important application of SMI is on-

and off-road mobility (illustrated in Fig. 1.1(c)). While wheeled [12, 13, 14, 15, 16, 17]

and tracked [18, 19, 20, 21] devices are still of interest, recently, non-traditional legged

locomotion (walking or jumping) [22, 23, 24, 25, 26, 27] attracts significant attention,

since the robot will have a considerable advantage in passing irregular terrains [28, 25].

For various SMI applications, the objectives in understanding and predicting the response

of soil and machines are different. Considering the application of earthmoving and mobility,

for example, one may wish to minimize forces on the machine to optimize its performance

and efficiency [29, 30, 31]. On the other hand, tractive devices such as grousers tend to

push significant volumes of soil as they move across a ground surface and are designed to

maximize resistance [32, 33]. No matter the specific demand, the understanding of force-

time/displacement histories and soil deformation during the process is essential for optimizing
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Figure 1.1. SMI in (a) agriculture [1]; (b) civil construction [2, 3, 4]; (c) on-
and off-road mobility [5, 6, 7].

performance. However, problems involving SMI have been mainly considered by those who

design the machines rather than those who study the mechanical response of soils, resulting

in the current situation that the methods for predicting soil response (force-displacement

histories and soil deformation) are underdeveloped. The lack of prediction techniques is a

major obstruction to further advances in SMI applications, such as the control, automation,

and optimization of the machines, since these applications rely on accurate prediction of the

machine’s performance characteristics under all possible actions.

Methods for predicting the force-displacement histories during SMI processes in soil are

limited. Currently, numerical techniques are the most common methods used to simulate

the problems, such as the Finite Element Method (FEM) (e.g., [34, 35]), Discrete Element

Method (DEM) (e.g., [36, 37]), and Material Point Method (MPM) (e.g., [38, 39]), but

they have limitations. For FEM, the main problems are mesh distortion and the lack of

proper continuum material law, where the former results from the inherent feature of large,

plastic deformation in SMI. DEM and MPM can avoid the above problems; however, the de-

velopment of appropriate constitutive models and the determination of model parameters is
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a challenge (e.g., [40]). In all techniques, the work of validating results through experiments

is insufficient, especially with respect to the material properties. Moreover, existing numer-

ical techniques are inefficient, routinely requiring hours, days, or even weeks to complete

a single simulation. Efficiency is paramount in algorithms used for the optimization-based

SMI applications (such as determining the optimal shape/trajectory of a cutting tool) that

typically require hundreds of iterations and faster-than-real-time simulation [41, 42, 43].

Analytical methods can instantaneously solve the problems, but they are normally problem-

specific and overly simplify the parameters characterizing soil strength and deformability.

For example, existing analytical methods for the cutting process are based on earth pressure

theories (e.g., [44, 45]). These methods often fail to clarify the stage of cutting and do

not consider the full process of deformation. Accumulated soil is often neglected entirely or

modeled approximately as a surcharge applied to the soil surface. However, both the ac-

cumulated material and the undisturbed material can undergo significant deformation, and

therefore disregarding the region of accumulated material leads to errors.

In summary, even though SMI problems lie on the interface between geotechnical and

mechanical engineering, the previous research focused more on the machines and neglect the

response of the soil. This study desires to fill the gap and promote the development of this

problem by generating experimental data and developing new computational techniques for

predicting force-displacement histories validated through experiments.

1.2. Aims of present work

The overarching goal of this study is to generate fundamental experimental data and

develop efficient computational techniques for predicting force-displacement histories and
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deformation patterns in SMI processes. Given infinite possibilities of material types and mo-

tions involved in SMI applications, this work focuses on the case that a plate moves in sand

with large translational and rotational displacement. This work takes a step toward build-

ing a comprehensive understanding and predictive models for soil-plate interaction under

arbitrary loading conditions. Specific research aims are:

1. Establish lab facilities for SMI tests and experimentally elucidate force-displacement

histories and characterize soil deformation modes for the most important and fundamental

cases, such as pure penetration and cutting process.

2. Formulate, benchmark, and validate a new numerical technique using the plasticity-

based Sequential Kinematic Method (SKM) to simulate complete force-displacement histories

and soil deformation during the cutting and penetration process, where the SKM consists of

evaluating the incremental displacement field based on the kinematic method and sequen-

tially updating the deformed configuration.

3. Construct a semi-analytical model (also known as macro-element model) that is in-

spired from the generalized yield envelopes, to predict the force-displacement history of a

plate moving along an arbitrary complex trajectory and validate the model with experiments.

1.3. Outline of thesis

The dissertation is organized according to the research aims and includes six chapters.

In each chapter, an introduction, a background specific to that topic and a conclusion are

presented in addition to the main content.

Chapter 2 describes the design, operation, and evaluation of a new experimental system

for small-scale geotechnical testing. The system consists of an industrial robot and a sand
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bed capable of rapid reconstitution using fluidization, enabling automated and efficient ex-

perimental study in SMI. In the system, the robot functions as a versatile actuator while

simultaneously tracking multiple components of soil reaction acting on attached tools, and

the fluidized bed is used for rapid and repeatable preparation of a uniform sand bed over a

broad range of relative density.

Chapter 3 presents the experiments performed for observing the evolution of soil de-

formation in the cutting and penetration process and for constructing the semi-analytical

models. Full procedural details are given, along with a preliminary discussion of the results

obtained.

Chapter 4 describes a sequential kinematic method for predicting the soil responses for the

cutting and penetration processes. The problem of biaxial compression is also considered as

a means of examining the performance of the proposed approach as applied to an elementary

problem in geomechanics. The numerical formulations of the method are presented and its

performance is evaluated by comparing against experimental observation.

Chapter 5 presents a semi-analytical model for predicting the force-displacement response

as a plate performs a large translational movement in sand. An in-depth analysis of experi-

mental results is given. Suggested by the test data, the mathematical expressions describing

generalized yield envelope and flow rule necessary for the incremental plasticity model are

derived. In addition, a summary of the component features and the full derivation of the

incremental load-displacement formulation is also presented. Based on that, the model im-

plementation with displacement control is described in detail. The numerical simulations of

a plate moving along different trajectories are compared with the experimental results.

Chapter 6 explores the expansion of the semi-analytical model to rotational motions. It is

assumed that the plate can perform combined translational and rotational movement. This
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chapter’s structure is similar to that of Chapter 5, including a description of key features (e.g.,

generalized yield envelope and flow rule) based on experimental data, model formulation,

implementation, and the model evaluation by comparing with physical test results.

Chapter 7 summarizes the main findings of the thesis and suggests some areas of further

work.
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CHAPTER 2

Test facilities and sand specimens

2.1. Introduction

In SMI processes, the motions of machines are complex and variable. Developing lab

facilities capable of implementing the tests with performing required actions quickly and

automatically are vital to experimental studies. For this purpose, an industrial 6-axis robot

was set up and calibrated, and a sand bed based on the concept of fluidization was con-

structed, where the robot functions as a versatile actuator moving objects along arbitrary

trajectories, while simultaneously tracking multiple components of soil reactions acting on a

tool.

The first part of this chapter is concerned with the sand bed used for the physical model-

ing tests. The design, construction, operation and capability of the fluidized bed is outlined,

and the performance of the bed is characterized, showing it allows the repeatable prepara-

tion of a uniform sand bed with a broad range of relative density. In the second part, the

performance of the industrial robot is evaluated concerning the accuracy of motion control

and force measurement. The collaboration of these individual functions and the application

of the robot devising SMI problems is assessed by a benchmark test.
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2.2. Preparation of sand specimens

2.2.1. Background

Relative density, defined as the ratio of the difference between the void ratios of a cohesionless

soil in its loosest state and existing natural state to the difference between its void ratio in

the loosest and densest states, significantly influences soil behaviour. In the laboratory,

preparation of large soil samples to a required density is a fundamental step for investigating

many problems in geotechnical engineering and terramechanics. For example, Meyer et

al. [46] studied geosynthetic-soil interaction by performing pull-out tests in a 1.5 m by 0.6 m

soil bed; Gottardi et al. [47] studied the response of footings under planar loading in sand

prepared in a cylindrical tank 0.45 m high and with a 0.45 m inner diameter; Ishigami et

al. [48] investigated the movement of rovers on loose sand in a 0.12 m deep bed. Traditionally,

the reconstitution of dry sand samples is achieved by tamping, vibration and different types

of pluviation. These methods are differentiated into two groups: for tamping and vibration,

the density of the sample is adjusted after deposition; while for pluviation the density is

determined during deposition [49].

With tamping, sand is poured in several layers with each layer compressed by a com-

pactor. Using this method, Miura & Toki [50] prepared dry sand samples with relative den-

sity ranging from 40% to 90% in a 50 mm diameter cylinder, while El Sawwaf & Nazir [51]

achieved an approximately homogeneous sample with relative densities of 40% and 75% in

a 2 m × 0.6 m rectangular sand bed. Raghunandan et al. [52] investigated the influence of

tamped layers and compactor drop height on the void ratio and found that neither increasing

the number of layers from three to five nor increasing the drop height from 20 mm to 50 mm

significantly altered the void ratio. The main drawbacks of tamping are particle crushing
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during compaction, low repeatability, and relatively pronounced density variation along the

depth [53].

Vibration is generally used to prepare medium to dense sand samples. The sample is first

prepared in a loose state, and then vibrated under a small amount of surcharge provided

by a cap. Byrne [54] and White et al. [55] successfully used this method to prepare dense

sand samples for 1 g laboratory and higher g centrifuge tests, respectively. By monitoring

subsidence of the cap, Miura et al. [56] obtained specimens with relative densities ranging

from 50% to 90% while controlling the percentage error between actual and desired density

to less than 1%.

Compared with tamping and vibration, pluviation in air is used more broadly because

of its advantages of minimal particle crushing and better repeatability [57]. Air pluviation

studies indicate that relative densities achieved by this method generally range from 40%

to 100% [58, 57, 59, 49, 60]. For a given type of sand, the main factors affecting the

relative density are the particle drop height, deposition intensity (i.e., mass flow rate), and

the mesh size of the grid through which the sand particles fall [61, 62]. A higher drop height

leads to a larger fall velocity which increases packing density. This trend is only effective for

drop heights below a certain maximum, since the particle velocity plateaus at larger drop

heights due to air drag [63]. For a given drop height, increased deposition intensity decreases

deposition density [64, 65, 66], since the simultaneous fall of many particles increases inter-

particle interference [59]. Increased deposition intensity can be achieved by increasing the

mesh size of the grid [64].

Although air pluviation is arguably the most commonly used method for preparing soil

samples [63, 61, 67, 68, 69], it is not without drawbacks. First, in each preparation process,

the soil initially inside the bed needs to be emptied and then re-poured, which takes time
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and manpower if the pluviation is not fully automated. Second, the surface of a pluviation

reconstituted sample is typically uneven, requiring levelling by post-deposition vacuuming.

Third, uniform low density (≤ 30%) samples are hard to achieve, making pluviation more

applicable to studies of medium or dense sand packings. These drawbacks motivate the

search for a quicker and more repeatable preparation technique.

Air fluidization can overcome the limitations of the three techniques for reconstituting

a sand bed described above (i.e. tamping, vibration, pluviation). The process of fluidiza-

tion is similar to vibration induced liquefaction in which granular material is converted

from a static solid-like state to a dynamic fluid-like state when a fluid (liquid or gas) flows

upward through the granular material. Fluidization is widely used in the chemical process-

ing industry for separations, heat transfer operations, and catalytic reactions. Recently,

Goldman and co-workers used air-fluidization to reconstitute various beds of granular ma-

terials [70, 24, 22, 71, 72, 73]. They found that a fluidized bed allows control of the

relative density and creation of repeatable homogeneous granular bed states, which were

typically composed of ∼ 1 mm poppy seeds. Beds prepared in this way exhibit a spatially

uniform penetration resistance that is highly repeatable. In one process, the bed of par-

ticles is reconstituted by fluidization and then settled by defluidization. Different degrees

of compaction can be achieved by changing the defluidization rate [74]. A dense packing

state is realized by slow defluidization while a loose packing state is obtained with rapid

defluidization. Generally, varying only the defluidization rate is sufficient to prepare samples

with loose to medium packing states. Samples can be densified by other techniques, such as

vibration. X-ray absorption measurements confirm that vertical density variations in sam-

ples prepared using air fluidization are small, with less than 0.004 variation in the volume

fraction [74]. The objectives of this part of study are to (1) provide details about using
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air-fluidization to reconstitute sand beds; (2) characterize physical properties of sand beds

created using this technique; and (3) demonstrate the suitability of this method to prepare

sand beds for experiments in shallow-subsurface geotechnics (e.g., soil-pipeline interaction)

and terramechanics (e.g., soil-wheel interaction).

2.2.2. Fluidized bed devices

2.2.2.1. Fundamentals of fluidization. In a gas-fluidized bed, fluidization behaviour

differs depending on the superficial gas velocity and particle properties [75, 76]. In general,

when gas flow is introduced through the porous bottom of a bed of particles, it moves

upwards through voids between particles. At low gas velocities, the drag force exerted on

each particle is low relative to particle weight, resulting in a static bed. With increasing

gas velocity, a critical value is reached at which the upward drag force equals the downward

gravitational force, causing the particles to become mobile. At this critical value, the bed is

said to be fluidized and exhibits fluid-like behaviour in that it can no longer support internal

stresses. With further increases in the gas velocity, the bed begins to bubble. The bulk

density of the bed continues to decrease, and the fluidization becomes more violent until

particles no longer form a bed but are “conveyed” upwards by the gas flow. Stopping the

gas flow causes the particle bed to defluidize in three consecutive stages: a rapid initial stage

for bubble escape, an intermediate stage of hindered sedimentation with a constant velocity

of solids descent, and a final decelerating stage of solids consolidation [77].

Not all particle beds undergo the full process of fluidization and defluidization described

above. The specific behavior depends on particle properties, primarily size and density.

Based on particle size and density, Geldart categorize particles into Groups A-D [75, 76].

Group A designates aeratable particles. These materials (e.g., milk flour) normally have a
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small mean particle size and/or low particle density. Beds of these particles can be fluidized

at low gas velocities without the formation of bubbles and are subject to the full fluidization-

defluidization process. Group B particles form bubbling beds. Most have particles with size

between 150µm and 500µm and density from about 1.4 to 4 g/cm3. For these particle

beds, once the minimum fluidization velocity is exceeded, the excess gas appears in the form

of bubbles; in the defluidization process, the particle beds reach their final state as soon

as bubbles are expelled [77]. Group C particles are cohesive or very fine powders. They

are extremely challenging to fluidize and typically exhibit channeling in which gas flow is

concentrated in a number of discrete “holes” in the bed. Group D particles form spouting

beds and are composed of very large or very dense particles, such as coffee beans and wheat.

As the gas velocity is increased, a jet forms in the bed, and the material may potentially be

blown out of the bed. In this paper, we use silica sand which is a Group B particle.

Before discussing the design of the fluidized bed device, we review the air flow require-

ments to achieve particle fluidization. As stated above, the inception of fluidization is trig-

gered when the air velocity reaches a value at which the upward drag force on the bed

particles equals the downward gravitational force. Considering the entire bed, this force

balance condition occurs when the product of the flow induced pressure drop across the bed

and the bed cross-sectional area equals the weight of the soil in the bed [78]. The pressure

drop across the bed depends on the air velocity, and it has been investigated and described

by various models [79, 80, 78, 81]. To illustrate the general approach, we characterize the

relationship between the pressure drop across the bed ∆P and the superficial airspeed v

(calculated as Q/A, where Q is the volumetric air flow rate and A is the cross-sectional bed
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Figure 2.1. Schematic diagram of fluidized bed apparatus.

area) using Ergun’s equation:

(2.1)
∆P

L
=

150µ(1− ε)2v
d2ε3

+ 1.75
1− ε
ε3

ρav
2

d
,

where L is the particle bed height; µ is the dynamic viscosity of the fluidizing gas; ρa is the

gas density; d is the average grain diameter; and ε is the bed porosity. The left-hand side of

Equation (2.1) equals the unit weight of the particle bed (γb) at the fluidization transition.

By transforming γb to the unit weight of a grain (γg) with the relation γb = γg(1 − ε), the

minimum required flow rate (Qmf = vmf/A) for fluidization can be calculated from the

relationship:

(2.2) γg =
150µ(1− ε)Qmf

d2ε3A
+ 1.75

ρaQ
2
mf

dε3A2
.

2.2.2.2. Design of the fluidized bed device. In principle, a flow of air at the minimum

required flow rate (Qmf ) is required to achieve fluidization; however, in practice, a facility

is needed to provide the required airflow. Figure 2.1 illustrates our 150 cm (length) × 75 cm
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Figure 2.2. Estimated system resistance curve (red) and manufacturer pro-
vided blower curves (black) for fluidized bed device. The intersection of blower
and system curves determines the operating point. Red arrows indicate new
operating points due to changes in size and bed particle properties (see text).

(width) × 50 cm (height) fluidized bed located in the Soil-Structure and Soil-Machine In-

teraction Laboratory (SSI-SMI Laboratory) at Northwestern University. A centrifugal fan

blower driven by a 10 hp three-phase motor (Chicago Blower Corp.) produces the required

flow of high-pressure air. The blower is driven by a variable frequency drive controller

(model #CFW110028T2ON1Z, WEG), which supports proportional voltage control of the

fan speed. The 0-10 V fan speed control signal comes from a USB 6001 DAQ (National

Instruments) controlled by a MATLAB program. A duct connects the blower to a 20 cm

tall plenum, which pre-distributes the air and whose walls are 1.8 cm thick acrylic recessed

in the extruded aluminum rails (80/20 Inc.) of the frame. At the top of the plenum is a

2.54 cm thick layer of steel honeycomb for structural rigidity and flow distribution. Above

the honeycomb, a 1.27 cm thick layer of porous plastic with 20µm pores (GenPore) forms

the distributor. The distributor supports the particles in the bed, and, more importantly,

promotes uniform airflow through the particle bed. The vertical space between the sand

surface and the top of the apparatus helps to contain the sand.
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To understand the design of the fluidized bed device, we first consider how the blower

operates. Air enters the blower at atmospheric pressure, and then is pressurized by the

blower. This pressure difference drives the air through the duct, plenum, distributor, and

bed material. As described in the previous section, to fluidize the particles, the air flow

through the bed must reach the minimum required air flow rate (Qmf ). The air flow rate is

determined by both the operating motor speed of the blower and the flow resistance of the

entire system. At any fixed motor speed, the blower is characterized by a ‘performance curve’

(see Figure 2.2), which specifies the relationship between the flow rate through it and the

pressure increase across it. Similarly, the passive portion of the system, e.g., the fluidized bed

apparatus minus the blower, is characterized by a system resistance for which the pressure

drop across it increases monotonically with the flow rate through it. Since Q through the

blower and the passive portion of the apparatus are equal and the pressure drops across the

blower and apparatus are equal and opposite, the actual operating conditions (i.e., flow rate

and pressure drops) are determined by the intersection of the blower and system resistance

curves, see Figure 2.2.

The operating point is a function of both system parameters and motor speed. For

example, at fixed motor speed, the operating point can range from zero flow rate and finite

static pressure when the system is sealed (i.e., infinite system resistance), to finite flow rate

and zero static pressure with no load on the blower (i.e., zero system resistance). For a given

system resistance curve (e.g., the red line in Figure 2.2), the operating point moves from the

red point to the black point as the motor speed is increased from 1740 RPM to 2500 RPM

(Revolutions Per Minute). Hence, to fluidize a given bed (corresponding to a fixed system

resistance curve), a specific motor speed is needed to produce the required minimum flow

rate (Qmf ). To calculate this speed, the system resistance curve must be known.



37

By design, the largest resistance in a fluidized bed device comes from the distributor and

the particle bed. In most cases, the pressure drop is quadratic in the flow rate [82]. Here,

the pressure drop across the distributor (∆Pd) is generalized as ∆Pd =
m

A2
d

Q2 +
n

Ad
Q, where

Ad is the area of distributor, which is the same as the cross-sectional area of bed (A); m

and n are parameters mainly determined by the hole size, hole number, and thickness of

the porous sheet. For air flowing through the bed of particles, the pressure drop can be

calculated from Equation (2.1) as ∆Pb =
150µ(1− ε)2L

d2ε3A
Q+ 1.75

1− ε
ε3

ρaL

dA2
Q2. Note that to

uniformly distribute air flow across the bed, a constraint between the minimum distributor

pressure drop and the bed pressure drop is imposed, i.e. ∆Pd ≥ c∆Pb, where c is proposed to

range from 0.02 to 1, with 0.3 as a widely quoted value [83, 84]. By combining the pressure

drop from the distributor and the bed, the system resistance is characterized as:

(2.3) ∆Ps=

(
1.75

1−ε
ε3

ρaL

dA2
+
m

A2

)
Q2+

(
150µ(1−ε)2L

d2ε3A
+
n

A

)
Q.

Assigning the value of the minimum required flow rate (Qmf ) to the flow rate (Q) in Equa-

tion (2.3), the desired operating point (Q,P ) can be located on the system resistance curve,

which determines the desired motor speed.

To validate the design methodology, tests of the fluidized bed in the SSI-SMI lab were

performed using silica sand, obtained from Ottawa, Illinois (supplied by U.S. Silica Com-

pany) and characterized according to ASTM procedures. Figure 2.3 shows the grain-size

distribution curve of the sand based on data from the supplier. The particles are round in

shape and range in size from 0.075 mm to 0.425 mm with a mean diameter of D50 = 0.19 mm.

Based on the curve, the coefficient of uniformity, Cu, and the coefficient of curvature, Cc, are

1.61 and 1.03, respectively; hence the sand is classified as poorly-graded (SP). The maximum
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Figure 2.3. Cumulative grain-size distribution of the silica sand (Ottawa) used
in this study (data provided by U.S. Silica).

density (ρmax) of this sand is measured as 1730 kg/m3 [85], and its minimum density (ρmin)

is 1450 kg/m3 [86].

Figure 2.2 shows the actual blower performance curves and the estimated system re-

sistance curve. The parameters used to determine the system resistance curve are m =

26808 Pa·s2/m2, n = 24488 Pa·s/m, d = 0.19 mm, γg = 26 kN/m3, L = 0.127 m, ε = 0.396, A

= 1.125 m2, µ = 1.81× 10−5 kg/m·s (at 25 ◦C), ρa = 1.225 kg/m3. Among these parameters,

m and n are obtained based on the information provided by the porous layer manufacturer;

d is determined from the grain size data provided by U.S. Silica; γg is approximated as the

unit weight of quartz, the main mineral component of Ottawa sand; L is the average height

of the sand bed measured before the verification test, which can be used to estimate the

bulk density of the bed; and ε is determined by the sand particle density and the estimated

bulk density on the premise that the sand is distributed uniformly. Based on the calculation,

the minimum required flow rate and airspeed are 0.04 m3/s and 0.035 m/s, respectively. The

pressure drop across the distributor and particle bed at fluidization is predicted to be 2763 Pa,

which is close to the actual gauge pressure measured in the plenum of 2922 Pa. According
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to the above calculation and blower performance curve, the bed of sand should fluidize at a

motor speed of 1740 RPM, while the actual value to achieve fluidization is slightly higher at

1780 RPM. The small difference may result from air leaks and the unaccounted for additional

resistance from the duct, honeycomb and honeycomb support. Reducing these effects is vital

to the efficiency and precise design of the fluidized bed device.

2.2.2.3. Fluidized bed device capabilities. The demands on a sand bed for geotechni-

cal model testing vary with the soil properties and bed size. The fluidized bed device can

be adjusted to accommodate specific demands, mainly through the selection of the distrib-

utor and the operation of the blower. The soil properties affecting the required airflow for

achieving fluidization include the unit weight and average diameter of the grains and the soil

porosity. Unit weight varies with grain mineral content. Most sand is made of quartz, so the

unit weight is generally regarded as constant, i.e., 26 kN/m3 [87]. Consequently, only the

influence of grain diameter and porosity are discussed below. With increase of average grain

diameter or porosity of the sand bed, the minimum required flow rate increases, which raises

the distributor pressure drop (∆Pd). However, the bed pressure drop (∆Pb), which equals

the weight of sand per unit area, remains constant. Hence, the desired operating point moves

to the position with higher static pressure and flow rate (red square symbol in Figure 2.2),

which can be reached by increasing the motor speed. Note these desired points in Figure 2.2

are plotted to illustrate the influence of different factors on the airflow requirements, and do

not correspond to any specific sand bed.

Now we consider the effects of bed height and the horizontal bed area on the operating

point. The height of the sand bed has no influence on the minimum required flow rate and

∆Pd, while ∆Pb increases linearly. Accordingly, the blower should provide higher pressure

with the same flow rate (triangular symbol in Figure 2.2 is the new desired operating point).
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Note that a distributor with higher resistance (higher m, n) might be required to maintain

the design constraint ∆Pd ≥ c∆Pb. Distributor resistance can be increased by increasing

thickness, decreasing hole size, or decreasing the number of holes. For the fluidized bed in

the SSI-SMI lab, the maximum motor speed is 3600 RPM, at which the blower can produce

a maximum pressure around 11960 Pa and a maximum flow rate of 0.7 m3/s. At this speed

and with the Ottawa sand described in the previous section, the maximum depth of the

fluidized sand bed is 0.72 m. However, in this case, ∆Pb ≈ 10812 Pa, and ∆Pd ≈ 855 Pa,

so the constraint between them, i.e. ∆Pd ≥ c∆Pb is not satisfied with c = 0.3, and a

higher resistance distributor is required to maintain spatially-uniform fluidization. With our

existing blower, the deepest sand bed that can be fluidized uniformly is ≈ 0.61 m deep with

∆Pd = 2760 Pa, which can be accomplished by increasing the current distributor thickness

to 4.1 cm.

For sand beds with larger cross-sectional areas, the minimum required flow rate increases,

while the minimum required airspeed stays the same. According to Equation (2.3), system

resistance remains constant at constant airspeed. Therefore, a higher flow rate but the same

static pressure is needed. Correspondingly, the desired operating point is shifted purely

horizontally (red diamond symbol in Figure 2.2). When the fluidized bed in the SSI-SMI lab

is run at the maximum motor speed, the largest cross-sectional area of the fluidized bed is

about 25 m2 which limits the maximum sand bed depth to 0.61 m.

2.2.3. Sand bed characterization

In this study, sand beds are prepared using three different operating modes: defluidization

only (DO), defludization followed by vibration (DFV ), and defluidization concurrent with

vibration (DCV ). In mode DO, the sand settles gradually with decreasing airflow to form the
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Figure 2.4. (a) Locations of sand height measurements and simple cone pen-
etration tests. (b) Schematic of simple cone penetration measurement.

sample. Mode DFV extends the DO method by vibrating the sand bed after defluidization

for the same time as the defluidization. Mode DCV vibrates the bed during defluidization.

The vibration in the latter two modes is induced by a vibrating motor (Fasco #D1130)

attached to the middle of one side of the fluidized bed frame, as shown in Figure 2.1. In the

tests, 227 kg of sand is placed in the bed with an initial mean height of 0.130 m. The sand

is fully fluidized by increasing the motor speed to 1780 RPM, at which point the pressure in

the plenum (P0) is 2922 Pa. The fully fluidized stage is maintained for 10 s, after which the

defluidization stage is started. The motor speed is linearly decreased from 1780 RPM to 0

over a variable defluidization time (T ) to reduce the pressure and flow rate of air. For each

of the three modes listed above, defluidization times (T ) ranging from 50 s (the stopping

time of the blower is ≈ 40 s) to nearly 12 hrs are applied to reconstitute the sand beds. The

volumetric density and local density of the resulting beds are then measured as described

below. Note that in addition to vibration, beds also can be densified by short periodic air

pulses [22].

2.2.3.1. Volumetric density. The volume-based density of the bed (ρv) is measured as a

function of the defluidization time for the three operating modes. To do so, the volume of each

reconstituted sand bed is determined with a laser based distance sensor (Leica Disto E7400X)
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attached to a six-axis ABB IRB-4400 robot, whose movement is controlled automatically by

a computer. First, the distance to the distributor (empty bed) Hi is measured at 21 positions

on a uniform 17.5 cm grid, see Figure 2.4(a), as the robot moves the distance sensor in a

horizontal plane. Then, after the bed is filled and reconstituted, the distance between the

end of the robot arm and the surface of the sand hi is measured at the same positions. The

top of the distributor (bottom of bed) and the reconstituted sand surfaces are nearly flat:

Hi varies by less than 0.2 cm and hi by less than 0.6 cm for all cases. The volume of sand

in the bed is then estimated as V = A(Hi − hi), where A is the bed cross-sectional area

and the overline indicates the ensemble average. Assuming uniform sand bed density, the

volume-based density of the sand bed is ρv = M/V , where M is the mass of sand in the

bed, and the corresponding relative density is Dr =
ρmax(ρv − ρmin)

ρv(ρmax − ρmin)
, where ρmax and ρmin

are determined in Section 2.2.2.2.

The volume-based relative density of the sand bed increases with the defluidization time

T for all cases as shown in Figure 2.5. Dr values ranging from nearly 0.1 to 0.9 are realized.

The relative density is logarithmic in the defluidization time, and can be written as Dr =

α log(βT ). Similar scaling was previously reported by Gravish et al. [88]. For the DCV

mode, a single pair of α and β values fit the data over the entire range of T. However, for

DO and DFV operating, there are two distinct regions of response. At shorter defluidization

times, the increase of Dr with T is noticeably weaker than at longer T. In addition, at the

same defluidization time, the sample prepared by DCV achieves the largest Dr, while the

sample prepared using DO has the lowest Dr. Comparing the results obtained from DO and

DFV, the effect of vibration is weakened when the defluidization time is longer than 1400 s

for DFV.
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Figure 2.5. Relative density of sand prepared by defluidization only (DO),
defluidization followed by vibration (DFV ), and defluidization with concurrent
vibration (DCV ) for various pressure ramp rates.

2.2.3.2. Local density. Penetration-based density measurement. In addition to

the volume-based density measurements described above, local density measurements can

be used to characterize the bed homogeneity. In geotechnical engineering, local density is

obtained using the cone penetration test (CPT) by acquiring information of in situ soil

properties. In this study, for the sake of simplicity, we use the simple cone penetration test,

which is widely adopted in terramechanics for determining soil trafficability [89, 90, 91,

92, 93, 94, 95, 96]. The test uses the robot arm to drive a penetrometer into the soil at

a fixed velocity while recording the total resisting force on the penetrometer with a force

sensor. Our penetrometer geometry (30◦ circular cone tip and a 3.2 cm2 base) is inspired

by a United States Army Corps of Engineers Waterways Experiment Station penetrometer

design [89]. The resistive forces and moments acting on the penetrometer are measured by

a six-axis load cell (Sunrise Instruments #3314C) installed at the end of the robot arm,

as illustrated schematically in Figure 2.4(b). The sensor simultaneously measures forces in

three mutually perpendicular directions and torques about three corresponding axes, but
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only the vertical resistive force is used in this study. At each location tested, the cone

penetrometer penetrated the soil to a depth of about 80 mm at a speed of 1 mm/s. The cone

index (CI) characterizes the penetration resistance [89], and is defined as the force per base

area required to penetrate the cone into the soil. A typical cone index profile for dry sand

is illustrated in Figure 2.6 and consists of two stages: an initial non-linear with depth cone

penetration regime followed by a linear with depth shaft penetration regime.

Previous studies indicate that factors affecting CI include moisture content, density, and

soil type. To illustrate the effects of different defluidization modes and times T, Figure 2.7

presents plots of CI versus depth obtained at location O in the prepared bed [see Fig-

ure 2.4(b)]. The CI profiles become steeper with increasing T for all defluidization modes

and differ between modes for the same T. In all cases, CI increases linearly with depth in

the shaft penetration regime.

In simple cone penetration tests, local soil properties are inferred from CI and the lin-

earity of the cone index profile [97, 98, 94]. In the shaft penetration regime (cone fully
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Figure 2.7. Cone index profiles of reconstituted beds prepared with various
defluidization times for (a) DO, (b) DFV, and (c) DCV.

submerged), a linear relation between CI and depth indicates a uniform density [99]. The

slope of the cone index curve, G, can be directly related to density [94]:

(2.4) ρ = a ln(G/b),

where a and b are constants dependent on soil type.

To determine the bed density from G, constants a and b from Equation (2.4) must be

determined. To do so, cone penetration tests are performed on 150 mm deep pluviated

samples of known density in a cylindrical container (diameter = 400 mm). Different sample

densities were achieved by varying the pluviator hole size and the uniform grid spacing of the

holes (2 mm holes spaced by 25 mm, 4 mm holes spaced by 20 mm, and 6 mm holes spaced by

20 mm) and by placing the pluviator at various initial heights (15.2 cm, 30.5 cm, 71.0 cm, and

91.5 cm) above the soil surface. The penetrometer is inserted along the central axis of the

cylindrical container, and at least three samples are prepared and tested at the same nominal

density. By fitting the data to Equation (2.4) as shown in Figure 2.8(a), the constants a

and b of the calibration curve are determined to be 110.6 kg/m3 and 7.1 × 10−4 kN/m3,
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curve for samples prepared by pluviation. Dashed line is a fit to Equation (2.4)
and is used to determine fit parameters a and b (see text). (b) Comparison of
volume-based and penetration-based density measurements for various deflu-
idization rates and modes.

respectively with R2 = 0.94. Using the calibration equation [Equation (2.4)] and the slope

of the cone index curve, local densities can be calculated at any location in the bed. This

method has its limitations, but it does provide a fast and simple indication of density, which

is the objective of this test.

To assess the reliability of the penetrometer-based approach, the volume-based and

penetrometer-based bed densities of various reconstituted sand beds are compared in Fig-

ure 2.8(b). The penetrometer-based density (ρp) is the mean of the densities obtained from

the 21 bed positions, and the volume-based density (ρv) is determined as described in Sec-

tion 2.2.3.1. The penetrometer-based densities are in good agreement with the volume-based

values (coefficient of determination R2 = 0.78), indicating that the sand density in the bed

can be determined using the calibration curve. Note that the penetrometer-based densities

are slightly larger than the volume-based values for ρv < 1600 kg/m3; the reason for this

discrepancy is not yet understood.
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Density variation with depth. A linear relation between CI and depth in the shaft pene-

tration regime (see Figure 2.6) indicates a uniform density [99]. Accordingly, we characterize

any variation in bed density with depth by examining the linearity of the cone-index profiles

in the shaft-penetration regime.

Typical cone index profiles (obtained at location O in the bed, see Figure 2.4(b)) are

presented in Figure 2.7 and appear to be quite linear in the shaft-penetration regime. To

quantify any possible variation, a linear regression is performed on the data in the shaft

penetration regime for the three defluidization modes and various times, and the coefficient

of determination (R2) is calculated. R2 values are determined at all 21 sampling locations,

and the minimum values (worst cases) are presented in Table 2.1. The smallest value of

R2 for all sampling locations, all defluidization modes, and all defluidization times is 0.982,

which indicates that variation of density with depth is small within the measured depth

range of ≈ 80 mm.

Density variation across the bed. Having shown that density variation with depth

is small, we now examine spatial variation across the bed. To quantify spatial variation,

spatially averaged values and standard deviations (SD) of the slope of the cone index curve

(G), density (ρp), and relative density (Dr) are listed in Table 2.1. The coefficients of

variation of density (COVρp) and relative density (COVDr) are also provided, where COVX =

SDX/X for variable X. COVDr values are less than 13% except for beds prepared by DO at

intermediate Dr. Beds prepared by DO with short T exhibit the smallest Dr where they also

show small COVDr . DFV mode prepared beds have 0.3 ≤ Dr ≤ 0.7 with a small variation

of density. For sand beds with Dr > 0.7, the variation of density is slight when DCV is

applied.
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Table 2.1. Uniformity of sand samples prepared with three defluidization
modes and various defluidization times.

Mode Defluidization
time, T[s]

Uniformity
in depth

Uniformity across breadth

R2
min

Slope of cone
index curve,

G±SD[kN/m3]

Density,
ρp ± SD
[kg/m3]

COVρp

[%]

Relatively
density,
Dr ± SD

COVDr

[%]

DO

52 0.987 551±28 1499.72±5.70 0.38 0.20±0.02 11.4

1500 0.984 707±105 1526.28±16.93 1.11 0.30±0.07 21.6

5000 0.989 957±166 1559.23±20.06 1.29 0.43±0.07 17.4

10400 0.991 1346±299 1596.03±24.69 1.55 0.56±0.09 15.5

21600 0.992 1498±346 1607.67±25.40 1.58 0.60±0.09 14.7

43200 0.993 1832±409 1630.10±24.85 1.52 0.68±0.08 12.4

DFV

52 0.991 798±68 1540.42±9.65 0.63 0.36±0.04 10.2

520 0.982 960±121 1560.44±14.06 0.90 0.43±0.05 12.0

5000 0.993 1286±157 1592.83±13.35 0.84 0.55±0.05 8.58

10400 0.993 1596±162 1616.97±11.30 0.70 0.64±0.04 6.13

DCV

50 0.992 928±118 1556.67±14.48 0.93 0.42±0.05 12.9

350 0.992 1415±227 1602.82±17.86 1.11 0.59±0.06 10.7

1150 0.995 2259±479 1653.32±25.14 1.52 0.76±0.08 11.0

3000 0.998 3143±581 1690.57±21.26 1.26 0.88±0.07 7.67

5050 0.997 3567±684 1704.31±22.96 1.35 0.92±0.07 7.82

The data in Table 2.1 show that density variations across sand beds prepared by fluidiza-

tion are relatively small. However, there is some spatial correlation in density variations as

shown in Figs. 2.9-2.11 for beds prepared with various defluidization times using DO, DFV,

and DCV, respectively. These contours are obtained by spline interpolation (MATLAB

function interp2) of the densities at the 21 sampled locations.

For DO (Figure 2.9), the highest density of sand appears in two isolated zones located

on opposite sides of the shorter bed midline. From these two peak zones, the density of

sand decreases approximately radially. The lowest density is generally found in an area on

the left side of the bed (as presented in the figure). Additionally, the density variation in

the bed is not symmetric, which might be caused by the momentum of the air exiting the

duct. Under this operating mode, the spatial uniformity of the sand bed can be improved

by more uniformly distributing the air across the granular bed. For homogenizing the air
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Figure 2.9. Density distribution across sand beds prepared by DO
with defluidization times T of (a) 52 s (COVρp = 0.38%); (b) 5000 s
(COVρp = 1.29%); (c) 10400 s (COVρp = 1.55%); and (d) 43200 s
(COVρp = 1.52%).

Figure 2.10. Density distribution across sand beds prepared by DFV
with defluidization times T of (a) 52 s (COVρp = 0.63%); (b) 520 s
(COVρp = 0.90%); (c) 5000 s (COVρp = 0.84%); and (d) 10400 s
(COVρp = 0.70%).

distribution, the fluidized bed described in this paper can be refined in three ways: (1)

increase the height of the plenum and the diameter of the plenum duct inlet to make air

distribute more uniformly beneath the distributor; (2) increase the length of the vertical duct

segment connecting to the plenum to reduce the asymmetric density distribution caused by
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Figure 2.11. Density distribution across sand beds prepared by DCV
with defluidization times T of (a) 50 s (COVρp = 0.93%); (b) 350 s
(COVρp = 1.11%); (c) 1150 s (COVρp = 1.52%); and (d) 5050 s
(COVρp = 1.35%).

the momentum of the air flowing from the duct; (3) use a distributor with higher resistance

to reduce flow variation by creating a higher pressure drop, which can be realized by either

increasing the thickness or reducing the pore size of the distributor.

For DFV (Figure 2.10), relatively high density is observed to the left of the bed center,

and the density mostly decreases gradually towards the left and right. Overall, the density

on the left side of the bed is higher than on the right side. Additionally, the density of sand is

higher toward the near side of the bed (smaller y coordinates). For DCV (Figure 2.11), the

density distribution of sand is similar to that of DFV. The density is high at the center of the

bed and decreases gradually towards the left and right. Note that the density is higher on

the far side of the bed (larger y coordinates) which is the reverse of the case for DFV. This

variation likely results from the position of the vibration source at one side of the middle

of the fluidized bed’s frame (see Figure 2.1). Compared to the result of DO, it is observed

that vibration has a significant influence on the densification of a sand bed. By varying the

attachment position(s) of the vibrator(s), one can obtain different density distributions of
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the bed. Hence, more vibrators can be added to the bed with a rational arrangement to

reconstitute the sand bed more uniformly.

2.2.4. Equivalence of beds prepared by fluidization and pluviation

To show that pluviated beds and beds prepared by fluidization are equivalent, Figure 2.12

compares the dependence of the penetration-based density ρp in beds prepared by fluidization

to those prepared with pluviation as a function of the slope of the cone index curve G. ρp

and G are averages of measurements performed at the 21 sample locations and are given in

Table 2.1. The horizontal error bars represent the standard derivation of G at the different

average densities, and the vertical error bars represent the standard derivation of ρp at

various G. Error bars illustrate the variations of the corresponding quantities. Gray data

points are from samples prepared by pluviation, and each data point represents the result

from one test. The figure indicates that the density variations and G for beds prepared

by fluidization are within the range of the results from the widely used pluviation method,

suggesting that fluidized beds are capable of reconstituting sand beds for physical modeling

tests in shallow-subsurface geotechnics and terramechanics.

2.3. Facilities for model tests

2.3.1. Introduction

The sophistication level of model test apparatus, especially the actuating system, depends on

the complexity of the mechanical processes one intends to model. Accordingly, as we expand

the applications of geotechnical model tests from conventional problems (e.g., foundation

bearing capacity) to the interface between geotechnical, mechanical and robotics engineer-

ing (e.g., the design of soils excavation equipment [29], the soil-wheel interactions and its



52

1450

1500

1550

1600

1650

1700

1750

1450

1500

1550

1600

1650

1700

1750

400 4000

Pe
ne

tr
at

io
n-

ba
se

d
de

ns
it

y,
 ρ
p

(k
g/

m
3 )

Slope of cone index, G (kN/m3)

DO

DFV

DCV

pluviation data

D
en

si
ty

 o
f 

pl
uv

ia
ti

on
sa

m
pl

e,
 ρ

(k
g/

m
3 )

Figure 2.12. Bed density vs. cone index curve slope across sand beds prepared
by fluidization (colored symbols) and pluviation (gray circles) indicates equiv-
alence of the two bed reconstitution techniques (see text).

influences on the mobility of off-road vehicles [100, 101, 102, 103], and the locomotions of

legged and wheeled robots on earth and other planets [104, 72]), advanced actuating sys-

tems capable of devising multi-planar loading and multiple degree-of-freedom motions are

important.

Here a new concept of employing industrial robots as actuating apparatus for small-

scale geotechnical tests is presented. This new approach offers three remarkable benefits.

First, the robot can move attached objects virtually along any arbitrary trajectory with

industrial-grade precision. This feature, augmented by an integrated force sensor capable

of simultaneously measuring multi-components of forces and moments, makes the robot an

ideal platform for modeling various types of interaction problems. Second, the robot is

fully programmable in that all operations can be prescribed and executed automatically

and repeated. Lastly, industrial robots, like any other industrial product, is manufactured

by standardized processes with quality control, thus their performance is reliable and pre-

dictable. Once the robots are verified to be suitable for geotechnical model tests, the same
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approach can be rapidly adopted in laboratories across the world. Accordingly, the goal of

this work is to answer whether such an idea is viable.

2.3.2. Robot performance evaluation

Figure 2.13(a) shows the general arrangement of the robot-based laboratory. The robot is an

IRB-4400 six-axis (or six-degree-of-freedom) robot manufactured by ABB, which is mounted

to the ground floor. These six axes are depicted in Figure 2.13(b) and their corresponding

motion types are briefly summarized here. Axis 1 allows the horizontal rotation of the entire

robot against its base. Axis 2 controls the forward and backward extension of the lower

arm, while Axis 3 extends the robot’s vertical reach by raising and lowering the upper arm.

Axis 4, also known as wrist roll, rotates the upper arm along its longitudinal axis. Axis 5

raises or lowers the wrist of the robotic arm, while Axis 6 is responsible for the twisting of

the wrist (i.e., circular motion around the X-axis shown in Figure 2.13(b)). For detailed

discussions on the kinematics of such articulated robot, the readers are referred to literature

on modern robotics (e.g., [105, 106]). Any object used to model structures or machine

parts (e.g., the blade shown in Figure 2.13(a)) is attached to the tip of the articulated arm,

hereafter referred to as the tool center point (abbreviated TCP as shown in Figure 2.13(b)).

Accordingly, interaction processes between the objects and soils can be modeled by either

explicitly prescribing the trajectories of the TCP (i.e., displacement control) or implicitly

controlling the TCP positions to match desired reactive forces/moments (i.e., force control).

As displacement control is exclusively used, the discussion of force control is excluded. The

selected robot offers three basic modes to define the TCP trajectories: (1) axis-by-axis, where

the rotation angles associated with the six joints are explicitly defined; (2) linear motion,

where trajectories are straight lines in space; and (3) reorientation, which changes the object’s
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Figure 2.13. Robot-based model test laboratory: (a) picture showing the main
components of the testing facility, including the ABB six-axis industrial robot,
its control system, a soil bed, and an object that interacts with soils; (b)
cartesian coordinate associated with the tool center point (TCP) and the six
independent joints that controls the motion of the TCP.

orientation while fixing the TCP position. These modes can be combined together to achieve

complex motion control of the object.

2.3.2.1. Precision of motion control. The robot uses the rotary encoders associated

with the six axes to track the position of the TCP (also the position of attached objects).

This quantity hereafter is referred to as ”internal position”. There can be a difference

between the internal position and the actual TCP position due to mounting tolerances,

deflection in the robot structure, and various other factors. To quantify the difference, an

external independent measurement of the TCP position is introducted by using a linear

potentiometer displacement transducer (LPDT) manufactured by GDS instruments. The

LPDT is connected to the TCP and fixed planes to measure the TCP displacement when

robot moves toward to the planes. The evaluation is repeated in multiple positions within

the robot’s working range to consider the influences of varying the spatial configuration

of the robot arm on the measurement error of the TCP position. A dead weight of around
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200 N is attached to the TCP to model estimated maximum external forces exerted in typical

tests. Among all cases considered, the external force produces 0.35 mm TCP movement that

cannot be detected by the robot measurement. Except this measurement error resulting

from the elastic compliance of the robot structure, the difference between the displacements

measured by the LPDT and the robot is less than 0.25% of the total displacement (i.e.,

35 mm, available movement range of the LPDT). While this relative error is not expected to

grow with increasing displacement, further confirmation over a wider range of displacements

would require the use of instruments capable of providing sufficient accuracy over such a

range.

2.3.2.2. Resolution and accuracy of force measurement. A load sensor (Sunrise In-

struments, #3314C) is installed at the tip of the robotic arm, which measures forces in

3 mutually perpendicular axes (Fx, Fy, Fz) and 3 torques about the same axes (Tx, Ty, Tz).

The capacity of force sensor varies in these components: 660 N for Fx and Fy, 1980 N for

Fz, 60 N·m for three torques Tx, Ty, and Tz. The force sensor is evaluated in terms of the

resolution and measurement accuracy.

The resolution of a force sensor refers to the smallest forces/torques that the system can

reliably make, which is essentially a measurement of noise in the output. It is detected to be

0.11 N for Fx and Fy, 0.36 N for Fz, and 0.011 N·m for Tx, Ty, Tz. The accuracy of this sensor

is assessed by applying known dead weight to the tip of a rigid bar connected to the load cell

and rotating the robot Axis 6 (see Figure 2.13(b)) to align the force and moment generated

by the dead weight with the load sensor’s different axes. For force and moment up to 200 N

and 20 N·m (both reflect the expected maximum force and moment in typical tests), the

relative measurement error is less than 4%. The errors between measured and actual values

might arise from the cross-talk of the sensor. Specifically, when a specified force (or torque)
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applied to the object is to be measured using a strain gauge, other forces (or torques) acting

on that object affect the sensor output as well. The cross-talk is the undesirable sensor

response to such loads, which is a common problem for a multi-axis sensor.

2.3.2.3. Stiffness of the robot. The stiffness of robot structure was evaluated by measur-

ing the displacement of TCP under a static load of 455 N. The measurement was conducted

in the condition that the robot arm was inactive to exclude the displacement caused by

the robot’s controller. When the force was applied in the Y -direction, the displacement of

the TCP along the Y - and Z-axis were 1 mm and 0.6 mm, respectively. When the force is

loaded in the Z-direction, the displacement along the Z- and X-axis are 0.2 mm and 0.6 mm,

respectively. Since these measurements may change if the position of the arm is changed,

the results are served for reference purpose of the evaluation on the robot stiffness. It should

also be noted that the displacement of the TCP can be detected and recorded by the data ac-

quisition system (i.e., internal position) when it is larger than 0.5 mm without programming

the movement of robot. In other words, the overall error in the displacement measurement

due to the stiffness of root structure is less than 0.5 mm.

2.3.3. Benchmark test: strip footing under combined loading

The behavior of a strip foundation under general planar loading is a conventional geotechnical

topic that has been thoroughly studied by small-scale tests [107, 108, 109, 110, 111]. This

test is replicated to benchmark the performance of the robot, specifically by identifying a

failure envelope for a strip foundation under combined loads.

2.3.3.1. Experimental setup. All tests are performed on dry silica sand, of which basic

properties is provided in Section 2.2.2. By using the pluviation method described by [62],

sand specimens were prepared with a dry density of 1.70 g/cm3 (i.e., a relative density of Dr
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= 90%), and their friction angles range from 47.6◦ to 32.7◦ corresponding to the normal stress

varying from 20 kPa to 110 kPa. The friction angles were measured by performing direct shear

tests. In each test, the confining pressure kept constant, while a horizontal force was applied

to the bottom part of the shear box at a constant speed, producing a gradual displacement.

The resistance of the soil to this movement was measured and reflected the strength of the

soil to shearing, i.e., the shear strength. Shearing was continued until shear stress reached its

maximum value. The friction angle corresponding to each confining pressure was calculated

based on the measured peak shear strength.

Previous studies generally employed the apparatus with sophisticated customized design

of loading frame, hydraulic jacks, motors and measurement system to achieve different load

combinations. In this study, as shown in Figure 2.14, the model foundation is connected to

the robot and moved with it along various trajectories, simply achieving any desired loading

path. More specifically, the foundation is modeled by a mild steel block with width (B) of

20 mm and length (L) of 160 mm. This aspect ratio L/B = 8 ensures that the deformation

of soil beneath the foundation can be approximated as plane strain. The connector shown

in Figure 2.14(a) was machined to connect the foundation to load cell rigidly, making the

forces acting on the foundation identical to the forces measured by the force sensor.

Figure 2.14(b) shows the trajectories of the model foundation. In this study, straight-line

motion was assumed for simplicity, with direction specified by the angle θ. These inclination

angles are selected by trial and errors, with the aim of making forces at failure be able to

distribute uniformly on the envelope. Speed was kept at 0.02 mm/s to eliminate inertia

effects.

2.3.3.2. Analysis of the test result. Figures 2.15(a)-(b) show the evolution of the vertical

(V ) and horizontal (H) forces for varying values of θ. In all cases, the measured moments were
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Figure 2.14. Experimental setup and procedures for evaluating the failure en-
velope of a strip footing under combined loads: (a) dimensions of the model
foundation; (b) moving trajectory of the model foundation.

negligible. The force-displacement curves are characterized by post-peak softening typical

of sand with low confinement and high relative density [111, 110, 112]. The softening in

H develops to a reversal of direction for θ = 76◦, and 63◦. These negative values can be

explained by the nature of the failure mode for penetration-dominant motions, where motion

of soil at the base of the foundation reverses the direction of relative sliding. However, in

previous studies, most experiments were terminated at the peak, and the softening in H was

hardly investigated and reported. To fully understand the phenomenon, the experiments

that measure particle motions (such as particle image velocimetry) are needed, which are

considered as future work. Besides, it is observed that when the foundation moves vertically,

there is small but noticeable horizontal resistance recorded (i.e., θ = 90◦ in Figure 2.15(b)).

This response is likely to be caused by the slightly uneven soil surface created by the sample

preparation process, which generates geometric non-symmetry with respect to the center line

of the strip footing.
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The combination of forces and moments leading to the failure can be represented by an

envelope [113, 114, 115, 108]. In Figure 2.15(c), such an envelope bounding the different

load paths is plotted. The envelope proposed by [107], which has been extensively verified

in the literature (e.g., [116, 117, 118, 119]), is adopted:

(2.5) H = β1V [1− (V/Vmax)
β2 ]

where Vmax is the bearing capacity under vertical load and measured as 165 N; β1 = tan(δ);

δ is the friction angle at footing-sand interface; β2 is a fitting parameter. By applying

least square method to fit the combinations of forces at failure (V , H) to Equation 2.5, the

fitted envelope can be obtained, which is shown as Figure 2.15(c). It is observed that the

data can be well fitted by this envelope, showing that the test results are consistent with

established knowledge. From the fitting parameter β1 = 0.578, one infers δ = 30◦. Based

on the measurement of Vmax, Nγ is calculated as 323. When combined it with the bearing

capacity solution given by [120] (Nγ values for friction angles in increments of 1 degrees and

for δ/φ of 0, 1/3, 1/2, 2/3 and 1.), this implies an approximation of friction angle φ = 46◦

δ/φ = 2/3. The back-calculation compares favorably with the value of φ = 47.6◦ measured

from direct shear tests for the lowest normal stress considered.

2.4. Summary

This chapter discusses the new lab facilities, consisting of an industrial robot and a sand

bed prepared using fluidization, and demonstrates their suitability for conducting physical

model tests for problems in soil-machine interaction. It should be noted that in spite of the

benchmarking test considering a small-scale testing for a geotechnical problem, it reveals the
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Figure 2.15. (a) Vertical and (b) horizontal force-displacement curves corre-
sponding to the trajectories depicted in Figure 2.14(b); (c) failure envelope for
the strip foundation under combined loads.

capability of the test setup for collecting data on a wide range of problems spanning both

SMI and geotechnical engineering.

For the fluidized bed used to prepare sand samples, the details of the device and the

design methodology are presented, which provides a reference for future applications of this
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method. The reconstituted sand beds are characterized, and the performance of the fluidized

bed device is evaluated. The main findings are:

(1) Three operating modes are used to prepare sand beds, i.e., defluidization only (DO),

defluidization followed by vibration (DFV ), and defluidization concurrent with vibration

(DCV ). Among them, DCV is shown to be the fastest way to prepare dense sand beds of

reasonable uniformity.

(2) Sand beds can be prepared with a broad range of relative density (10.4% to 91.7%)

from volume-based measurements using the three operating modes and corresponding deflu-

idization times illustrated in this study. The range can be further expanded by extending

the bounds of the defluidization times used here.

(3) Sand beds prepared by air fluidization are spatially homogeneous with acceptable

variation based on cone penetration measurements. Across the breadth of the bed, the

coefficients of variation of relative density are less than 13% for all beds except for some

prepared by DO. Along the depth, minimum R2 values are close to 1 for all beds prepared

by the three modes with different pressure ramp rates, suggesting that their density variations

with depth are small.

(4) The fluidized bed is qualified for reconstituting sand beds for physical modeling tests

in shallow-subsurface geotechnical engineering. The study demonstrates that fluidized bed

is a viable alternative to pluviation, where the latter is the conventional approach. More

work is needed to assess whether it can be extended to deeper beds and other materials.

The industrial six-axis robot can move attached objects along any trajectory virtually,

which combined with a multi-component force sensor represents a unified platform of mod-

eling various interaction problems. A series of performance evaluations have verified that

the robot is capable of tracking objects’ movements and measuring resistive forces with the
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accuracy required for typical small-scale tests. A benchmark test has demonstrated the ap-

plication of the robot for studying conventional geotechnical problems. The test example

emphasizes the ease of use for conducting tests involving multi-axial motions, which typically

would require complicated system for actuation.

By employing the two lab facilities, automated model tests can be achieved wherein

the robot-based actuator is seamlessly integrated with the programmable fluidized sand

bed. With the lab’s automated functionality, efficient experimental study in SMI is allowed,

which unlocks potential for parametric study involving different trajectories and is essential

for developing the theoretical models in this study.
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CHAPTER 3

Experimental characterization of deformation and

force-displacement histories

3.1. Introduction

This study mainly has two categories of tests according to the experimental purposes:

tests for observing the evolution of soil deformation in the fundamental SMI process (refers

to cutting and penetration) and tests to collect data for constructing semi-analytical models.

The former was performed using the particle image velocimetry method, and the outcome

is used to inform and validate the theoretical models produced in Chapter 4. The lat-

ter includes penetration test, cutting test, swipe test and probe test, which generated the

force-displacement histories using the facilities described in Chapter 2. The results provide

information about the generalized yield envelopes, hardening law, and flow rule necessary

for the semi-analytical models described in Chapter 5 and 6. In this chapter, a detailed de-

scription of the carried out experiments, along with a preliminary discussion on the obtained

results, are provided.

3.1.1. Soil deformation measurement

Strain localization into zones, such as shear banding, is a fundamental phenomenon com-

monly observed in soils. The localization might appear as single, multiple, or pattern

of shear zones [121]. The zone of localization can be planar or curved, and both shear

and volumetric deformation can occur on it [122]. The knowledge of the pattern of shear
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zones and distribution of shear and volumetric strain in the zones is vital for understand-

ing the mechanism of soil deformation and developing either theoretical or numerical mod-

els [123, 124, 125, 126, 127].

In geotechnical engineering, previous experimental studies on strain localization are

mainly performed through laboratory soil element tests, such as the triaxial test [128,

129, 130], the biaxial test [131, 132, 133, 134, 135], and the direct shear tests [136].

Strain localization is observed in both dense and loose sand [129, 135]. Specifically, it is

found that the formation of a shear band in sand is normally preceded by a diffuse, non-

homogeneous mode of deformation [121]. As the shear band formed, the global volumetric

response in dense sand is generally dilative, and that in loose sand is contractive [121]. The

onset of a shear band always occurs near the peak of stress ratio - at, or slightly before

it [129, 137, 138, 121]. The thickness and orientation of shear bands, as well as the strain

level at which a shear band first forms depend on a number of factors, including the initial

state of the material (mean effective stress and void ratio), its grading (grain size, uniformity,

etc.), and the geometry of the specimen [121].

In practical deformation processes, some research has been performed on the strain local-

ization caused by the interaction between soil and an object, such as soil cutting. Gravish et

al. experimentally studied the response of dry spherical glass particles with different initial

volume fractions (ρ0) to plate drag [139, 88]. The volume fraction is defined as the ratio of

the particle volume to the total volume occupied by the packing, which is in the same sense

as density. The velocity field measurements indicated that the spatiotemporal evolution of

the shear band differs with the ρ0: in the sample with small ρ0, the shear band fluctuates in

space and time; as the ρ0 is large, the shear band remains almost stationary and is created

and destroyed periodically, resulting in the periodic fluctuation in the force. In this study,
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the formation of the shear band is explained by the process of granular shear strengthening or

weakening accompanied by local compaction or dilation induced by the plate drag. This ex-

planation needs to be verified with explicit experimental evidence, e.g., spatial distributions

of the incremental volumetric and shear deformations in materials. However, to the author’s

knowledge, such distributions, especially the incremental volumetric strain field, were not

evaluated for the samples with different densities in the previous experimental work, which

further obstructed the understanding of the soil deformation mechanism in the process.

To visualize deformation in soils, different techniques have been used in various labora-

tory tests: colored layers and markers [133], X-rays [140, 141, 142], γ-rays [143], stereo-

photogrammetry [144, 121, 145], electrical capacitance tomography [146, 147], and digital

image correlation (DIC) or particle image velocimetry (PIV) [148, 149, 150, 151]. Among

these methods, PIV is an optical non-invasive technique, which is implemented by comparing

successive pairs of deforming specimen’s digital photographs. The method enables the esti-

mations of the displacements at user-defined discrete positions for each pair of photographs.

In addition, the strains (i.e., gradients of the displacements) are generally determined by

differentiating the displacement field. In this study, PIV was used to reveal the deformation

mechanism in sand during cutting and penetration, which can further inform and validate

the theoretical models produced in the following chapter.

3.1.2. Experimental loading capacity

In this study, the purpose of measuring the loading capacity is to collect data for developing

the semi-analytical model model. The model framework draws inspiration from the general-

ized failure envelopes used in geotechnical engineering for analyzing soil structures subject

to combined loading, which was first introduced by Roscoe & Schofield [152]. In previous
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studies, this method has been developed based on considerable numerical and experimental

works, and the latter is in particular overviewed here.

The experimental loading capacities under combined loading conditions (V − H −M)

has been studied for a broad range of soil structure types, such as (a) shallow and embedded

foundations (e.g. [153, 47, 154, 155]); (b) caisson foundations (e.g. [156, 157, 158]);

(c) rigid piles (e.g. [159, 160, 161]). The experimental results provided the information

to determine the failure envelope formulation. The specific formulation is developed with

respect to each soil structure under the condition of small deformation. However, the plate is

supposed to move with large displacement in this study. In one movement, multiple loading

scenarios that mimic the different types of soil structure are involved. For example, the

plate lying on the soil surface corresponds to the classical shallow foundation problem; as

the plate penetrates soil deeper, it transfers to the study of soil-pile interaction. Therefore,

experimental work for deriving a generalized failure envelope formulation that can recover

the various loading scenarios of a plate is needed.

In general, there are three types of experiments that are commonly conducted to study the

loading capacities of soil structure under combined loading, i.e., single swipe test, sequential

swipe test, and displacement probe test. In the displacement probe test, a displacement

increment in a prescribed direction is applied to the foundation from a zero load state, with

the final (steady) load state determining a single point on the failure envelope. Provided

that the prescribed displacement magnitude is sufficiently large, a well-defined failure load

can be obtained. To find the full failure envelope, a series of these probe tests with varying

displacement directions must be completed. However, this approach is relatively inefficient

as each test only determines a single point on the failure envelope.
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The single swipe test was first introduced by Tan [162] to investigate the V -H failure

envelope of a surface foundation using centrifuge model tests. In the test, the foundation is

first pushed vertically to a prescribed embedment, after which the vertical displacement is

held constant while the foundation is ‘swiped’ horizontally. This test was generalized to V -

H-M loading by Martin [155], Gottardiet al. [47] and Byrne [54], among other researchers.

A fundamental assumption underpinning this type of test is that the swipe phase results

in a load path that tracks closely along with the failure envelope, using analogies with

hardening plasticity theory as applied in critical state soil mechanics (e.g., see the discussions

in Tan [162], Martin [155] and Martin & Houlsby [154]). One drawback of this test is that

the load path may deviate inside (or cut across) the failure envelope and thus underpredict

the capacity [163]. A sequential swipe test is a multi-swipe test, which applies a more

gradual change in direction (in displacement space) by way of a series of discrete swipe

stages, compared with the abrupt directional change that occurs in the single swipe test.

This type of test first appeared in physical experiments [155, 54, 154] under the term ‘loop

test.’ More recently, Taiebat & Carter [164] and Shen et al. [165] used a similar approach

referred to as ‘modified swipe test.’ It is argued that this method is more accurate and can

resolve the potential under-prediction behavior of the single swipe test referred to above.

However, the loading paths are complex to operate, and the obtained envelope depends on

the specific designed paths, which can result in unstable experimental results. Given the

pros and cons of each test presented above, in this study, the loading capacity of the plate is

studied through the single swipe test for the sake of simplicity and robustness. Additionally,

the displacement probe test is also performed to verify that the load path of the single swipe

test can track closely along with the failure envelope.
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3.2. Characterization of soil deformation in cutting and penetration process

The evolution of soil deformation (kinematics) was measured to inform and validate the

theoretical models produced in Chapter 4. The tests were specifically performed in terms

of the cutting and penetration process as they are the fundamental actions composing a

translational movement.

3.2.1. Procedures common to the tests for tracking particle motions

The tests were conducted by using the facilities described in Chapter 2 with the addition of

a camera. In each test, a sand bed was first prepared by fluidization. A plate with a length

of 300 mm and a thickness of 3 mm was used to model the cutting and penetration process.

The tests were quasi-2D (plane strain) given that the plate did not extend the full length

(750 mm) of the sand bed, resulting in minor 3D effects at the free edge of the plate and

effects of friction between the sand and the wall. However, these effects are expected to be

insignificant, and the experimental technique follows well-established procedures [12, 166].

To reduce the effect of friction between the plate and the sand bed, a Teflon sheet was stuck

to the face of the plate in contact with the wall of the soil bed. During the test, the plate

was controlled to move at a rate of 0.1 mm/s. The displacements and forces on the plate

in the process were obtained. Tests without sand were completed to measure the frictional

force between the plate and the wall, and this was subtracted from the force obtained from

the tests in sand to produce the real force-displacement history.

For measuring the soil deformation in the process, the camera was fixed in front of the

sand bed and took pictures per 0.1 s as the plate moved in sand. It is noted that 25% of

the total sand in bed was dyed by black ink to create sufficient contrast on pictures for
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performing PIV analysis. These pictures were loaded in GeoPIV-RG, a free MATLAB-

designed image analysis module to calculate the displacement fields of sand particles. Based

on the obtained displacements, the incremental maximum shear strain (γ̇max) fields and

incremental volumetric strain (ε̇v) fields were computed, where γ̇max =
√

(ε̇xx − ε̇yy)2/4 + ε̇2xy,

ε̇v = ε̇xx + ε̇yy. These strain fields were calculated by using a method developed in this

study, which can reduce the magnified errors of strains caused by the noise in displacement

field [167, 168]. The method is evoked by Element Free Galerkin Method [169]. For any

point we want to know its strain, a support domain around it is built, and the corresponding

local shape function is constructed using the moving least square (MLS) method [170],

which can remove the noise of displacement. The strain is computed by multiplying the

displacement with the values of derivatives of the shape function. The details and validation

of the method and are described in Appendix A.

3.2.2. Cutting process

The evolution of soil deformation in the cutting process was investigated on sand in both

loose and dense states with a relative density of 10% and 85%, respectively. In the tests, a

3 mm thick steel plate first penetrated the sand to a depth of about 27 mm and then moved

horizontally for a displacement of 40 mm to cut the soil.

Figure 3.1 shows the normalized force-displacement history of the cutting process in

sand. Distinct behaviors are observed as cutting in loose and dense sand. For the case

of loose sand, force generally increases with the displacement, but subtle fluctuations are

also detected. The growth rate of force is high at first, and then it decreases to reach an

approximately constant value. For the case of dense sand, the force oscillates with a large
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Figure 3.1. Experimental results of cutting in loose and dense sand: normal-
ized force-displacement histories.

amplitude. The troughs of the curve are generally on the force-displacement history of loose

sand.

The strain localization of cutting in loose sand has two distinct stages. Figure 3.2 and

Figure 3.3 illustrate the typical incremental strain fields in the two stages, which were ob-

tained at the cutting displacements marked in Figure 3.2(a). At the initial stage (A-C),

the shear band rapidly advances and retreats, giving an expression of shear band sweeping

over a zone. On the shear band, the sand is compacted, implied by the positive incremental

volumetric strain (Figure 3.2(c)). After that, the shear band almost remains stationary in

one position, while the sweeping appears randomly and temporarily (D-F). In the transition

between stationary and sweeping, two shear bands are generally detected (E). It is noted

that the incremental volumetric strain is subtle in the full field when the shear band remains

in one position, and the compaction is observed in the new shear band developed during the

temporary sweeping.
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The evolution of strain localization observed in dense sand is different from that in

loose sand. The incremental strain fields describing the evolution are presented, which are

illustrated in Fig 3.4. It is observed that the position of the shear band remains fixed for

long periods of time (a-b) until rapid, repeated fluctuations precede a jump forward to a new
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location (b-c). During the transition of shear band location, two shear bands are detected

simultaneously: one is disappearing while the other is developing. The sand is dilated on

the newly forming shear band and compacted on the original shear band, indicated by the

negative and positive incremental volumetric strain, respectively.

3.2.3. Penetration process

The evolution of soil deformation in the penetration process was investigated only on the

sand at the dense state. In this test, the sand bed was prepared with Dr = 78%. A plate

with a width (2B) of 16 mm was pushed into sand vertically.

Figure 3.5(b) shows the field of incremental maximum shear strain (γ̇max) at stages

corresponding to the points A-F in Figure 3.5(a). From A to B, the first shear localization is

formed and extended to the surface at a distance of 2.5 times of plate width. Then it breaks
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down and fades away, followed by the development of a new shear localization. This process

is repeated as the plate penetrates in soil. Note not every shear localization can be extended

to the soil surface, and some of them terminate in the sand.

Figure 3.5(a) illustrates the normalized force-displacement history in the process, where

F = F/(0.5γ(2B)2L), and L is the length of the plate in the direction normal to the front.

A pronounced decrease of force is observed from A to B, resulting from the softening of sand

as the shear band develops. From B, the force increases with the depth overall, while some

fluctuations appear.
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3.3. Experimental loading capacity of a vertical plate in sand

The loading capacity of a vertical plate was studied experimentally for developing the

semi-analytical model described in Chapter 5. The tests were performed by moving the

plate along various trajectories on both loose and dense sand, which are mainly categorized

into four types: purely penetration test, horizontal cutting test, swipe test, and probe test.

These tests can generate information about the generalized yield envelope, hardening law,

and flow rule necessary for a plasticity model.

3.3.1. Common procedure

The tests were conducted by using the facilities described in Chapter 3. A steel plate with

a length of 300 mm and thickness of 3 mm was attached to the robot arm and moved to

an initial point before contacting soil. The forces at the initial point were recorded as the

reference forces. Then the plate was moved to the start point, which is at the center of the

bed in the horizontal plane. After preparing the sand bed to the desired state, the plate was

loaded along one trajectory. During the process, the forces and displacements were recorded.

By subtracting the reference forces, the forces corresponding to a specific trajectory of the

plate were obtained. The definition of the plate displacements and measured forces for all

tests are schematically shown in Figure 3.6, where u is the horizontal displacement, w is

vertical displacement, H is horizontal force, and V is vertical force. H is always positive

since the soil response is the same when the lateral movement is in either direction, and V is

considered as a compression force and recorded by a positive sign when it acts upwards on

the plate. It is noted the loose sand bed was prepared to a relative density of 10% by using

operation mode 1 with the fluidization time of 40 s, and the dense sand bed was prepared to
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a relative density of 79% by using the operation mode 2 with the fluidization time of 1500 s

for all tests in this section.

3.3.2. Penetration test

The penetration test involved five vertical loadings. Their purpose is to study the develop-

ment of loading capacity from the surface to deep penetration depth and get information

about the plate’s vertical elastic stiffness. In test 1, the plate started to penetrate the sand

from its surface at a rate of 0.1 mm/s. The penetration displacement is 70 mm, which is

about 23 times the plate thickness. For test 2-5, the plate was first buried at a depth of

15 mm, 30 mm, 45 mm and 60 mm, respectively, and then began to penetrate the sand with a

slower rate of 0.05 mm/s. It was tested that the velocity difference (0.05 mm/s and 0.1 mm/s)

does not influence the soil response.

Figure 3.7 shows the development of vertical loading capacity with the depth of the

plate in dense sand. For test 1, the vertical force generally increases with the depth, while

obvious fluctuations are also detected. The fluctuations might result from the periodic but

not regular formations of shear band, which was observed in the PIV test presented in

Section 3.2.3 (Figure 3.5). The same dynamics of shear bands were also detected in a study
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on the flow field around a moving finger in granular material [171]. For test 2-5, the force

rises rapidly to reach the force curve of test 1. Among them, pronounced peaks of force were

observed in the tests with plate buried at a depth of 15 mm and 30 mm, accompanied by the

appearance of failure surface at the sand surface and bulging of the sheared mass of sand. As

the buried depth are 45 mm and 60 mm, the force increase with the depth without sudden

failure. The phenomena are consistent with the earlier investigation by Vesic [111]: in dense

sand, general shear failure occurs at shallower depth while local shear failure or punching

shear failure occurs at greater depth. However, the latter two types of failure happen at a

much deeper relative depth (D/B) in this study than that in previous research [111].

Figure 3.8 shows the vertical loading capacity with the depth of the plate in loose sand.

The vertical force steadily increases with the penetration depth without obvious fluctuation,

which is distinct from the load-displacement behavior in dense sand (Figure 3.7). The inset

shows high-frequency oscillations of vertical force in the test, which may result from the
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sudden movement of a single particle or the rearrangement of a few sand particles in a local

neighborhood [172].

3.3.3. Cutting test

Cutting tests were conducted to investigate the loading capacity in the horizontal loading

direction. In a test, the plate first penetrated the sands to a specific depth and then moved

laterally at a rate of 0.05 mm/s. The cutting processes were performed at three penetration

depths: 15 mm, 30 mm and 45 mm.

The experimental result of cutting tests in dense sand is presented in Figure 3.9. It is

observed that the horizontal force generally grows with the displacement but is subjected to

fluctuations for all tests performed at different penetration depths. The fluctuations are large

relative to the magnitude of the force. The force paths (Figure 3.9(b)) show that vertical
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Figure 3.9. Results of horizontal cutting tests in dense sand: (a) horizontal
force versus displacement; (b) force paths.

force changes with the horizontal force simultaneously to keep a constant force ratio in the

process for all cases.

Distinct behaviors of force-displacement are observed when cutting in loose sand, illus-

trated in Figure 3.10(a). The horizontal force steadily increases with the displacement, and

only subtle fluctuations are detected. The growth rate of force is high at first, and then

it decreases to reach an approximately constant value. The force paths of cutting in loose

sand (Figure 3.10(b)) is similar to that in dense sand. The vertical forces increase with the

horizontal forces linearly, and the force ratios are constant.

3.3.4. Swipe test

Swipe tests were performed to evaluate the generalized yield envelope used in the semi-

analytical model. The yield envelope is a envelope in the space of forces, and the state of

forces inside the envelope is elastic. The original swipe test is proposed by Tan [162] as

follows. A vertical displacement is applied until a footing reaches a specified penetration

depth, and then the footing is driven purely horizontally. A horizontal load clearly develops
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Figure 3.10. Results of horizontal cutting tests in loose sand: (a) horizontal
force versus displacement; (b) force paths.

while the vertical load decreases so that the load path sweeps out a track in V -H-M space.

It is argued that this path is approximated closely to a track across the yield surface at the

given penetration [162, 155]. In this study, the swipe tests were conducted by implementing

the above procedure with two modifications. First, the moment M in the process is ignored,

and the force path is argued to represents a yield envelope in V -H space instead of V -H-M

space. Second, two swipe tests were performed to obtain a complete yield envelope (an

example is shown in Figure 3.11). The test labeled ‘Swipe test1’ was the same as that

described above, and the generated force path was the right portion of the surface. The test

labeled ‘Swipe test2’ was designed based on the original swipe test. The plate penetrated

the sand with a vertical displacement over the specified penetration depth for 2 mm, followed

by pulling the plate to the specified depth to produce vertical load in the opposite direction,

and then the plate was driven purely horizontally. The resulting force path constitutes the

left portion of the yield envelope. In these tests, the plate was moved at a rate of 0.5 mm/s.
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Figure 3.11. (a) Schematic of the loading configuration of swipe tests; (b) an
example of a complete yield envelope generated from swipe tests.

Figure 3.12 shows the experimental results of swipe tests, where the envelopes were

obtained at the depths of 30 mm, 45 mm and 60 mm in dense sand and were generated at the

depths of 45 mm, 60 mm and 75 mm in loose sand. The results indicate that the generalized

yield envelope are generally in the shape of a half ellipse. In loose sand, a pair of load paths

composing a yield envelope intersect at the peak of an envelope, and the force ratios at the

intersections (HI/VI) are almost the same with values around 4. In dense sand, the right

portion of the yield envelope generated from ‘Swipe test1’ exceeds the envelope’s peak. The

horizontal force initially increases and then decreases with the decrease of the vertical force.

At the intersections of each pair of load paths, the force ratios (HI/VI) are about 3.2. The

observation, HI/VI are roughly constant at different depths, is important in developing the

semi-analytical model in Chapter 5. Besides, H generally increases with V linearly from the

intersection point for both loose and dense sand.
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Figure 3.12. Results of swipe tests in (a) dense sand; (b) loose sand.

3.3.5. Displacement probe test

As point out in Section 3.1, the displacement probe test can be used to find the yield

envelope. However, such a test was rarely conducted experimentally in previous research

since a series of tests with varying displacement directions are required to complete one

envelope. Therefore, instead of directly obtaining the envelope, the displacement probe test

was conducted for two purposes in this study. First, the test is performed to verify that

the swipe test’s load path can track closely along with the failure envelope, informing the

applicability of the swipe test. More importantly, the displacement probe test can explicitly

investigate the displacement directions on the failure surface. It provides direct information

for deriving the flow rule and plastic potential in the semi-analytical model.

In a displacement probe test, the plate was buried to a specific depth and then driven

translationally in a direction by applying vertical and horizontal displacements at a constant

ratio. A failure surface was derived by a set of tests, where the plate was moved in various

directions at a depth. In this study, three sets of displacement probe tests were performed:
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tests at a depth of 45 mm in loose sand, tests at a depth of 60 mm in loose sand, and tests

at a depth of 60 mm in dense sand.

Figure 3.13 – 3.15 show the results for the three sets of tests, which are presented by

plotting the loading path, the horizontal and vertical force versus the total displacement

(ut). The vertical force acting upwards on the plate is considered as a compression force

and recorded by a positive sign. The horizontal force is all positive since the soil response

is the same when the lateral movement is in either direction. In the figures, the red lines

indicate the tests applying a negative vertical displacement (w), i.e., the plate is ‘pulled

out.’ In contrast, the black lines show the results of tests performed with a positive vertical

displacement. For each line, the marker highlights the failure point, which is determined

based on the criterion that the rate of force (V or H) reaches a constant value at the point.

The results indicate that the plate has a much larger bearing capacity in compression than

in tension. The failure envelope is overall in the shape of a half ellipse. The obtained failure

points are plotted on the corresponding yield envelope generated by swipe tests (illustrated

as Figure 3.16). These points are observed close to the envelopes, which provides some

validation on the assumption that the swipe test can track along with the yield envelope.

Further analysis of the displacement directions on the failure surface will be conducted in a

later chapter.

3.4. Experimental loading capacity of an inclined plate

In this section, the experiments were performed to investigate the ‘loading capacity’ of an

inclined plate in sand. This ‘loading capacity’ is not the same as that strictly defined in soil

mechanics but refers to the characteristic soil responses to an inclined plate under different

configurations and loading conditions. These characteristic soil responses will be extracted
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Figure 3.13. Results of probe tests in dense sand at penetration depth of 60 mm.

as features to develop a semi-analytical model (described in Chapter 6) that can predict

the force-displacement response of a plate moving with both translational and rotational

motions in sand.

3.4.1. Experimental design

The experiments are conducted to generate information about the generalized yield enve-

lope, hardening law, and flow rule for constructing a semi-analytical model. As schematically

illustrated in Figure 3.17(a), five types of experiments, i.e., penetration, positive swipe (PS),

negative swipe (NS), horizontal cutting (HC), and reverse cutting (RC), are designed based

on the experimental work for a vertical plate (in Section 3.3). The experiments were per-

formed as a plate was placed at five different inclination angles (the angle between the plate
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Figure 3.14. Results of probe tests in loose sand at penetration depth of 60 mm.

and the vertical direction): α = 0◦, 15◦, 30◦, 45◦, 60◦. For each test, the plate is rotated to a

specified inclination angle α beforehand, and there is no rotation involved during the test.

For the penetration test, the plate penetrated the sand from the soil surface in the direc-

tion parallel to the inclined plate. During the process, the inclination angle of the plate and

the direct of movement were kept constant. In the other tests, the trajectories of the plates

consisted of two paths. The first path was identical for the four types of tests, i.e., penetrat-

ing sand to a depth of D, while the second path was diverse. For the positive and negative

swipe test, the second path was perpendicular to the first path, and its corresponding hori-

zontal displacement was positive and negative, respectively. In terms of the horizontal and

reverse cutting test, followed by the first path, the plate moved horizontally with positive and



85

0 5 10 15 20

V (N)

0

10

20

30

w/u = 1/1

w/u = 2/1

w/u = 4/1

w/u = 1/2

w/u = 1/4

0 5 10 15 20

ut (mm)

0

10

20

30

H
 (

N
)

H
 (

N
)

0 5 10 15 20
0

5

10

15

20

u
t 
(m

m
)

Figure 3.15. Results of probe tests in loose sand at penetration depth of 45 mm.
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Figure 3.16. Comparison of the results of swipe test and displacement probe
tests for the case of (a) D = 60 mm in dense sand; (b) D = 60 mm in loose
sand; (c) D = 45 mm in loose sand.

negative displacement, respectively. In this study, the above experiments were performed

tentatively, and the obtained results are analyzed for extracting useful information.
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Figure 3.17. (a) Schematic of the experiments performed for an inclined plate;
(b) definition of plate displacement and measured reaction forces in tests.

3.4.2. Experimental results

3.4.2.1. Swipe and cutting tests. Figure 3.18 shows the force paths in the swipe and

cutting tests as a plate inclined with different angles, where the vertical force V and horizontal

force H are defined in Figure 3.17(b). It is observed that the force path generated in positive

swipe tests (blue lines) can generally form a closed envelope with the shape of a half-ellipse.

For the positive swipe (blue lines) and positive cutting tests (black lines), the force paths

developed before reaching a peak of H are nearly overlapped. After reaching the peak of H,

the V and H increase in the positive cutting tests, while in the positive swipe tests, V and

H generally decrease except for the case of α = 15◦. Comparing the positive (blue lines)

and negative swipe tests (red lines), their force paths are approximately symmetric about H

= 0 for the plate inclined with a small angle (i.e., α = 15◦, 30◦). However, this symmetry is

not observed when the plate’s inclination angle is large. In these cases (α = 45◦, 60◦), the

force paths of the negative swipe tests develop more irregularly, and the absolute value of
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Figure 3.18. Force paths of swipe and cutting tests for a plate with inclination
angle of (a) α = 15◦ (D = 60 mm); (b) α = 30◦ (D = 30 mm); (c) α = 45◦ (D
= 30 mm); (d) α = 60◦ (D = 30 mm).

horizontal force increases much rapidly. Besides, limited information can be obtained from

the force paths of negative cutting tests.

The test result obtained from the positive cutting tests at a depth of D = 30 mm is

illustrated in Figure 3.19, which demonstrates how the horizontal forces develop with the

horizontal displacement for a plate inclined at various angles. In the figure, the displacement
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positive cutting tests.

is measured once the plate penetrated to the depth D = 30 mm and started to displace

laterally. The result indicates that when u ≈ 0 (the start of the curve), the horizontal forces

on the plate with different α are very close. Then, H rises more slowly for the plate inclined

at a larger α, resulting in the observation that the horizontal force generally decreases with

the increase of α at the same u. Furthermore, as α changes from 0◦ to 60◦, the distance

between two adjacent curves becomes smaller, and the curves of α = 45◦ and α = 60◦ are

almost overlapped.

3.4.2.2. Penetration tests. Figure 3.20 illustrates the development of vertical loading

capacity for a plate inclined at various angles. With the increase of the plate’s inclination

angle, the vertical force-displacement curves generally become flatter, which implies that the

growth rate of the vertical loading capacity with the penetration depth is slower. This is
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tion tests.

clearly visible when the penetration depth D < 35 mm. However, as the penetration depth

D > 35 mm, the increase of vertical loading capacity with the penetration depth for a plate

with α = 45◦, 60◦ are even faster than the other cases.

3.5. Summary

This chapter presented the experiments performed for observing the soil deformation

evolution in the cutting and penetration process and for constructing the semi-analytical

models described in Chapter 5 and 6. The detailed experimental procedure and preliminary

discussion on the obtained results are provided. Key findings are summarized as follows:

(1) The progression of soil responses in the fundamental SMI processes, i.e.,cutting and

penetration, was investigated by performing the PIV tests. For the cutting process, distinct

soil responses were observed in loose and dense sand. In terms of the force-displacement
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histories, the force generally increased with the displacement in loose sand, while the force

oscillation with a large amplitude was observed during the process in dense sand. For the

evolution of soil deformation, in loose sand, the shear band swept over a region first and

then remained stationary at one position while some temporary sweep appeared randomly.

In dense sand, the shear band remained fixed for long periods of time until rapid, repeated

sweeps preceded a jump forward to a new location. In the penetration process, the evolution

of soil deformation was investigated only on the sand at a dense state. The pattern of

shear localization forming, breaking down, and fading away are repeatedly observed. In the

process, the force increased with the depth overall.

(2) The experimental loading capacity of the vertical plate and inclined plate were in-

vestigated. For the vertical plate, the pure penetration test, horizontal cutting test, swipe

test, and probe test were performed. For the inclined plate, the penetration test, positive

and negative cutting tests, and the positive and negative swipe tests were conducted. The

results of these tests were fully presented. With further analysis of the test results, the char-

acteristic soil responses to the plate movements can be extracted as features for developing

corresponding semi-analytical models, which will be presented in Chapter 5 and 6.
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CHAPTER 4

Theoretical model: sequential kinematic method in sand

4.1. Introduction

This chapter presents theoretical models using the sequential kinematic method (SKM)

to predict soil responses during the process of biaxial compression, cutting, and penetration.

The models are developed by enhancing the technique proposed by Kashizadeh [173] in

the aspects of kinematics and material law, and generality. The models are built on a

desire to achieve a balance between modeling accuracy and computation efficiency. In other

words, they are expected to efficiently reproduce the primary information of interest for

engineering practice, namely the resistance, deformation mechanism, and the evolution of

material boundary and properties, without modeling or tracking other secondary information

(e.g., stress and strain within the soil).

In this chapter, the numerical formulation of the model with enhanced material law is

presented first, followed by a demonstration of the model performance with the example of

biaxial compression. Then, a more practical deformation process — soil cutting is studied.

The same cutting tests as the physical tests illustrated in Section 3.2.2 are simulated by

using the theoretical model, and its predictions are compared with the experimental ob-

servations (Section 3.2.2) for validation. Furthermore, the theoretical model incorporating

a richer deformation mechanism for simulating the penetration process is illustrated. The

model’s performance is evaluated by comparing the predictions against the experimental

results obtained in Section 3.2.3.
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4.2. Simulation of biaxial compression

This section provides an overview of the theoretical model with enhanced material law

and kinematics. The numerical formulation and the model’s performance are presented with

the help of the example of biaxial (plane strain) compression.

4.2.1. Formulation

The theoretical model consists of first evaluating the displacement field within an increment

of deformation based on the kinematic method of limit analysis [174, 175] and then sequen-

tially updating the deformed configuration based on the optimal incremental displacement

field. In analyzing the incremental displacement field, it is assumed that all plastic defor-

mation occurs in a layer (i.e., shear band) with finite thickness. The soil in the shear band

deforms with a homogeneous strain. The soil above it moves as a rigid block, and the soil

below it is at rest. The features of the shear band need to be predefined for any particular

test setup. Consider the biaxial compression test [176] as an example. The shear band is

simplified as a single straight slope connecting the left and right side of the specimen at

any elevation [177], which is shown in Figure 4.1(a). The inclination of the band from the

vertical is β. The Mohr-Coulomb yield criterion with an internal friction angle, φ, is applied

to the soil. Based on the yield condition and equilibrium, the force P required to load an

increment of displacement can be calculated by:

(4.1) P = −W + |Pc1 − Pc2| tan(φ+ β)

where W is the weight of soil above the centerline of the shear band (red line in Figure 4.1(a));

Pc1 = σcL1; Pc2 = σcL2; σc is the confining pressure; L1, L2 are the height above shear band
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at the left and right side, respectively. In a generalized form, the force P can be written as:

P = P (αs,αb), where αs are for describing soil properties and αb are geometric parameters

related to the shear band.

To determine the position and orientation of the shear band in biaxial compression, the

edges representing the left and right faces of the specimen are discretized by the nodal points

shown in Figure 4.1(b). As shown in the figure, nodes on the left and right are referred to I

and J nodes, respectively. The slope connecting each pair of the nodes (one I node and one

J node) represents a possible location of the shear band. The optimal location of the shear

band and the force P are determined based on the principle of minimum effort, which states

that the expected deformation is the one requiring the least force. By using the grid search

to minimize the force P in Equation 4.1, the optimal position and orientation of the shear

band β∗, and the corresponding optimal force P ∗ within an increment, can be obtained.

Then, the overall deformed shape is updated, as shown in Figure 4.1(b). The soil above the

lower boundary of the shear band moves at an angle relative to the shear band equal to the

dilation angle ψ. The magnitude of incremental displacement, v, is determined based on the

defined displacement loading rate, v0. It is noted that v is linearly distributed on the shear

band from its lower boundary to the upper boundary, the same as the incremental shearing

displacement (vt) and volumetric displacement (vv).

Some additional features, such as updating the unit weight of sand in the process and

adding/removing nodes to maintain the robustness of computation, are incorporated in this

technique (see the work [178, 173] for details).
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Figure 4.1. Theoretical model for biaxial compression test: (a) assumed de-
formation mechanism for an increment of displacement; (b) discretization,
optimization, and updating.

4.2.2. Material model

A material law incorporating the effects of hardening and softening, as well as the dilatancy

and compaction within the shear band, is schematically illustrated in Figure 4.2. The friction

angle (φ) and dilation angle (ψ) are defined as a piecewise linear function of the accumulated

shear displacement ut, which neglects elastic deformation and captures the essential features

of hardening and softening observed in element tests on sand [179]. Friction angle φ increases

linearly from the yield friction angle (φc) to the peak friction angle (φp) to capture hardening,

and this is followed by a linear decrease to the residual friction angle (φr) to capture softening.

Similarly, dilation angle ψ increases from ψc to the peak dilation angle ψp and then decreases

to residual dilation angle ψr = 0. The soil contracts and dilates as ψ is negative and positive,

respectively. The peak values of φ and ψ are reached simultaneously at ut = up, and their

residual values are reached at ut = ur. In the numerical simulation, each node is assigned

an ut, so as to assign the corresponding φ and ψ to track the instantaneous soil properties.
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4.2.3. Analysis of biaixal compression in sand

To show the performance of the proposed theoretical model, an example predicting the

evolution of strain localization under biaxial compression is presented. The predictions are

compared with experimental results obtained by Desrues on both loose and dense sand [8].

The loose specimen was prepared in a dimension of 25 cm (height)× 11.3 cm (width)× 3.5 cm

(thickness) with the initial volumetric unit weight of 13.68 kN/m3, and the test was performed

at a confining pressure of 85 kPa. The dense specimen was prepared in a dimension of 35 cm

(height)× 17.5 cm (width)× 3.5 cm (thickness) with the initial volumetric unit weight of

15.65 kN/m3, and the test was performed at a confining pressure of 80 kPa. In the numerical

analysis, the main parameters describing the soil properties for simulating the tests are listed

in Table 4.1. Among these parameters, the shear band widths (dB) are evaluated based on

the experimental measurements [8], and all the other values are determined by matching the

predicted force-displacement history to the experimental results as shown in Fig 4.3.

The predicted progression of soil deformation is compared with the experimental obser-

vations in terms of shear strain and volumetric strain fields for the photographic increments

noted in Figure 4.3. The shear strain and volumetric strain are calculated as εs = (ε1 -ε3)/2
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Table 4.1. Main parameters used for simulating the biaxial compression.

State E (kPa) φc(
◦) φp(

◦) φr(
◦) ψc(

◦) ψp(
◦) ψr(

◦) φw(◦) up (mm) ur (mm) dB (mm)
Loose 14500 34 34 21 -15 8 0 2 0.25 10 20
Dense 21000 47.3 43.3 37.4 -5 15 0 0 0.2 10 25
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Figure 4.3. Axial stress vs. vertical strain curve of biaxial test in (a) loose
sand (shf02 in [8]); (b) dense sand (shf06 in [8]). The numbers noted on each
curve are the numbers of photographs for stereophotogrammetic analysis and
PIV analysis.

and εv = ε1 + ε3, respectively. In experiments, Desrues uses stereophotogrammetry as a

quantitative tool to measure the (incremental) strain fields [8], which are shown as the top

rows of Figure 4.4 - 4.7. The size of the symbols is proportional to the value of the relevant

quantity. As far as volumetric strain is concerned, square symbols are for dilatancy and

hexagons for contraction. In the numerical predictions, we obtain these incremental strain

fields (illustrated in the bottom rows of Figure 4.4 - 4.7) by performing virtual particle image

velocimetry (PIV) analysis. Specifically, a reference image with the size the same as the plane

size of the specimen is firstly generated by projecting black dots on a white background. The

following deformed images are created with imposing the predicted deformation at each in-

crement, which is implemented by moving the dots on the image. Then, these virtual images
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are loaded in GeoPIV-RG, a free MATLAB-based image analysis module to calculate the

displacement fields. Based on the obtained displacements, the strain fields are computed by

using moving least square (MLS) interpolants (the same method used in the physical PIV

tests and the details are described in Appendix A). We use the positive volumetric strain to

represent dilatancy and the negative value to represent contraction.

Figure 4.4 and 4.5 illustrate the evolution of the incremental shear strain and volumetric

strain fields, respectively, for biaxial compression in loose sand. It is identified that the ex-

perimental observations can be predicted by the theoretical model quantitatively. Measured

incremental strains (top row in Figure 4.4 and 4.5) indicate that the shear band takes place

until the increment 6-7, before which the soil deforms in a diffuse and non-homogeneous mode

(increment 4-5 and 5-6). Counterintuitively, this diffuse deformation can be interpreted as

the accumulation of continuous localized deformation propagating over regions, as suggested

by the theoretical model. Besides, incremental volumetric strain fields (Figure 4.5) show

that the soil is mainly compacting at the stage of diffuse deformation and starts to dilate

when shear band forms.

The predicted evolution of soil deformations in dense sand can also match the experi-

mental measurements quantitatively, as shown in Figure 4.6 and 4.7. The measured shear

strain fields (top row in Figure 4.6) illustrate that prior to ‘photograph 3,’ while no distinct

shear band was observed, the deformation is non-homogeneous, and especially is roughly X-

shaped in the increment 2–3. During increment 3–4, a pronounced strain localization forms

in the middle portion of the specimen, and it maintains throughout the test and finally

intersects the entire specimen. In the localized regions, volumetric strain fields (Figure 4.7)

imply that soil is always dilating. The similar evolution of strain localization is predicted
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Figure 4.4. Experimental (top row) and predicted (bottom row) incremental
shear strain field under biaxial compression in loose sand (shf02 in [8]).
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Figure 4.5. Experimental (top row) and predicted (bottom row) incremental
volumetric strain field under biaxial compression in loose sand (shf02 in [8]).
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Figure 4.6. Experimental (top row) and predicted (bottom row) incremental
shear strain field under biaxial compression in dense sand (shf06 in [8]).

by the theoretical model. At first, the shear band with various orientations continuously ap-

pears at different positions, composing the non-homogeneous deformation. Then the strain

localization maintains at one location, forming the distinct shear band.

4.3. Simulation of cutting process

4.3.1. Numerical model setup

The assumed feature of localized deformation for the cutting process is described in Fig-

ure 4.8(a). The shear band is developed from the tip of the plate to the soil surface, and it

is inclined at an angle β from the horizontal. Based on the Mohr-Coulomb yield criterion

and equilibrium, the force P required to displace the plate is calculated by:

(4.2) P = W
tan(β + φ)

cosφw − sinφw tan(β + φw)
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Figure 4.7. Experimental (top row) and predicted (bottom row) incremental
volumetric strain field under biaxial compression in dense sand (shf06 in [8]).

where W is the weight of soil above the mid of the shear band (red line in Figure 4.8(a))

and φw is the friction angle between soil and plate.

To simulate the cutting process, the soil surface is discretized by the nodal points shown

in Figure 4.8(b). Each node represents a possible location for the shear band (referring to

the mid-plane of the shear band). The optimal orientation of the shear band β∗ and optimal

force P ∗ within an increment are obtained by minimizing the force P . Then, as shown in

Figure 4.8(c), the overall deformed shape is updated by translating the soil above the lower

boundary of the shear band at an angle relative to the shear band equal to the dilation angle

ψ.
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4.3.2. Theoretical modeling versus experiments

The same cutting tests as the physical tests described in Section 3.2.2 are simulated using

the theoretical model, of which results are compared with the experimental observations

(Section 3.2.2) in terms of characteristic force-displacement history and evolution of shear

band positions. The comparisons are illustrated in Figure 4.9 and Figure 4.10 for cutting

in loose and dense sand, respectively. In the figures, the shear band positions are located

through finding the maximum shear strain along the centerline of the plate depth. Table 5.2

lists the main parameters used to generate the numerical predictions. Among these param-

eters, D50 is the actual average particle diameter of the used sand. The band width dB is

estimated based on PIV analysis, and all the other values are determined by matching the

predicted force-displacement history to the experimental result. These fitting parameters

are reasonable for describing the properties of loose sand and dense sand, providing some

level of validation for the theoretical model. Besides, it is noted that the φp, φr and ψp for

dense sand are interrelated by φp = φr + 0.8ψp to satisfy the relationship of the strength

and dilatancy of sand proposed by Bolton [180], and φw = 0.6φr, which is set based on the
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Table 4.2. Main parameters used for simulating the cutting process.

State φc(
◦) φp(

◦) φr(
◦) ψc(

◦) ψp(
◦) ψr(

◦) φw(◦) up (mm) ur (mm) D50 (mm) dB (mm)
Loose 30 35

35
-8 0

0 21
0.4 0.4

0.19 14D50Dense 39 39 5 5 0 4

study of interface friction angles between steel and sand [181] as well as the experimental

setup used in this work, referring to the sand particle size and smoothness of the plate.

The results indicate that the theoretical model can predict the key features of the ex-

perimental observations. For the case of cutting in loose sand (Figure 4.9), the prediction

is capable of capturing the force-displacement behavior and the evolution of shear band

positions measured from the experiment. Specifically, the sweeping stage (indicated by

the significant variation of shear band position), the stationary stage, and the temporary

sweeping (suddenly drastic change of shear band position) are observed in the simulation.

However, the predicted shear band generally appears at a location farther from the plate

than that in experiments. For the case of cutting in dense sand (Figure 4.10), the predicted

force-displacement history is also characterized by a succession of jumps corresponding to the

transition of the shear band location, which is the same as that observed in experiments. The

presented result shows the amplitude of the oscillation can be predicted while the frequency

of the oscillation is not matched precisely. It is noted that, by trial and error, we found the

theoretical model cannot accurately predict the magnitude of the force, the amplitude, and

the frequency of the oscillation simultaneously.

In addition to predicting the force-displacement and soil deformation in the cutting pro-

cess, the theoretical model identifies and explains the deformation mechanism in sand: con-

tinuous discontinuity evolves over regions. In loose sand, strain localization induces hard-

ening on the soil, such that more effort (force) is required to continue the deformation on
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Figure 4.9. Comparison of experimental and predicted (a) force-displacement
history; (b) positions of shear band in x-axis at the mid of cutting depth as
cutting in loose sand.

the same shear band. In this case, the shearing tends to occur at a new location where the

soil strength is lower. The new position usually is close to the previous one as the increase

of force induced by the change of shear band position (reflected by the β in Equation 4.2)

is small. After successive shear bands form at variable locations, the sand over a region

is hardened, and developing shear band either at a shallower or steeper inclination (larger

or lower β) will take more effort than shearing the soil in the hardened region. Therefore,

the localized deformation will continue at a location in the region. In dense sand, the soil

on the shear band is softening, making it easier to continue the deformation on the same

shear band. However, as the shear band stays at one position, its inclination (β) increases,

resulting in the growth of force. At a time, shearing the softened sand on a steeper shear
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Figure 4.10. Comparison of experimental and predicted (a) force-displacement
history; (b) positions of shear band in x-axis at the mid of cutting depth as
cutting in dense sand.

band needs more force than shearing the sand with higher strength on a shallower position,

so the transition of shear band occurs.

4.4. Simulation of deep penetration process

Based on the experimental observation of deformation field during penetration process

(illustrated in Section 3.2.3), the deformation mechanism in the penetration process can-

not be characterized by a single straight slip surface. To simulate the penetration process

by SKM, the original model is enhanced by incorporating a richer deformation mechanism.

Specifically, as illustrated in Figure 4.11(a), a system of rigid blocks separated by velocity

discontinuities is introduced to capture the soil deformation mechanism. Within an incre-

ment of penetration, the deformation field is determined by minimizing the resistance on the
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Figure 4.11. SKM-based model for simulating penetration process in sand (a)
deformation mechanism; (b) variables subject to optimization; (c) difference
of velocity between blocks.

plate. Then, the obtained optimal velocity field is integrated over time increments to update

the material free surface and position of the plate. In this section, the numerical formulation

and update strategy of the model are illustrated, and their performance is demonstrated by

comparing the prediction against the experiment results obtained in Section 3.2.3). It should

be noted that the work in this section is completed with the great help from Dr. Zhenhao

Shi by private communication [182].

4.4.1. Numerical formulation

The deformation field represented by the mechanism in Figure 4.11(a) is constrained by

the geometry of the blocks and their velocities. To determine the deformation field in one

increment, the r-adaptive kinematic method is used, in which both velocities and nodal

positions of the blocks (illustrated in Figure 4.11(b)) are treated as variables to be opti-

mized [183, 184, 185]. In this model, the r-adaptive kinematic method is implemented

through a nested optimization procedure. The lower layer of the optimization determines

the optimal velocities with a fixed mesh by second-order cone programming (SOCP), and
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the upper layer computes the optimal nodal positions from a non-linear optimization. The

details of these two optimization layers are as follows.

4.4.1.1. Optimization of velocity field for fixed mesh. For a deformation field con-

sisting of rigid blocks, the energy dissipation within the material only occurs at the velocity

discontinuities between blocks. For a perfectly plastic material that obeys Mohr-coulomb

yield criterion and the plastic potential of g = τn–σn tanψ − c, the energy dissipation rate

within a velocity discontinuity line can be expressed as [186]:

(4.3) ḋ = [c+ σn(tanφ− tanψ)]|∆vt|l

where c, φ and ψ are the cohesion, friction angle and dilation angle of the material, respec-

tively; σn is the normal stress at the discontinuity line; l denotes the length of discontinuity;

and ∆vt is the tangential velocity jump along the discontinuity. By using the non-associated

flow rule generated from the plastic potential g, the following ‘jump condition’ can be derived:

(4.4) ∆vn = |∆vt| tanψ

where ∆vn denotes the normal velocity jump.

For the system defined in Figure 4.11(a), the energy balance (the rate of internal energy

dissipation equating to the work rate of external forces for an assembly of blocks) can be

expressed as:

(4.5)

ND∑
j=1

ḋj = −
NB∑
k=1

γAkv2k + Pvp
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In the equation, vp is the velocity of the plate; NB is the number of blocks, Ak and v2k are

the area and vertical velocity of the kth block, respectively; ND is the number of the velocity

discontinuities between the blocks, and the subscript j denotes the quantities corresponding

to the jth discontinuity line. In this problem, there are two types of discontinuities: the

velocity discontinuities within the soil material and those occurring at the interfaces between

the plate and the soil material. The energy dissipation at the interface is calculated by

replacing the c, φ and ψ in Equation 4.3 with ci, φi and ψi. Based on the equation of energy

balance, the resistance on the plate P can be formulated, which will be minimized to obtain

the optimal velocity field for this problem.

To preserve a linear objective function in the SOCP, the energy dissipation ḋ should be

computed by replacing the |∆vt| in Equation 4.3 with a dummy variable µ:

ḋ = [c+ σn(tanφ− tanψ)]lµ

µ ≥
√

(∆vt)2
(4.6)

The constraint in the above equation is in the form of second-order cone constraint. Equa-

tion 4.6 can represent the exact energy dissipation rate only when the constraint is achieved

with equality (i.e µ = |∆vt|). For the presented problem, this condition is always satisfied

because that the SOCP is formed such that the dummy variable µ is minimized.

Finally, the optimization of the velocity field for a fixed mesh can be written in the form

of SOCP as follows:
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min P =
1

vp

(ND∑
j=1

ḋj +

NB∑
k=1

γVkv2k

)

s.t. ∆vijnij = µj tanψ, j = 1, ...., ND

ḋj = [c+ σnj(tanφ− tanψ)]µjlj, j = 1, ...., ND

µj ≥
√

(∆vijtij)2, j = 1, ...., ND

(4.7)

Note that to derive the above formulation, ∆vt and ∆vn are calculated by ∆viti and ∆vini,

respectively, where ∆vi is the velocity jump (illustrated as Figure 4.11(c)); ti is the unit

vector parallel to the plate of a discontinuity; ni is the unit vector normal to the plane, and

the subscript i = 1, 2 represents the horizontal and vertical components of the variables. In

addition, a velocity of unity is assigned to the plate (vp = 1) for convenience. With these

conditions, the SOCP optimization work is implemented by the Mosek toolbox integrated

with MATLAB [187] to obtain the optimal velocity field for a fixed mesh of blocks.

4.4.1.2. Optimization of nodal positions of rigid blocks. Equation 4.7 computes the

optimal resistance force on the plate and velocity field for a fixed set of blocks. The po-

sitions of these blocks, determining the locations of potential velocity discontinuities and

weights of blocks, are free to move, and thus have vital influence on the optimization work

in Equation 4.7. For optimizing the nodal positions of the blocks , a non-linear optimization

problem is formulated as follows:
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min Popt(xim), i = 1, 2,m = 1, 2, 3, 4

s.t. Ak(xim, x14) ≥ 0, k = 1, ...., NB

xlim ≤ xim ≤ xuim

x14 ≥ B

(4.8)

where the objective function is the limit resistance force computed for a given set of nodal

positions xim (the subscript i represents the ith component of the position vector, and the

subscript m indicates the mth node), evaluated in the same way as in the previous section

(4.7). In the model configuration (Figure 4.11 (b)), the last node can be either on the soil

free surface or within the soil. For the former case, the coordinates of last node xi4 are

correlated. More specifically, only the horizontal coordinate x14 is regarded as an unknown,

and the vertical coordinate is determined accordingly. For Equation 4.8, the first set of

constraints ensures that the areas of blocks Ak are always positive for preventing the inter-

penetration of rigid blocks and keep computational stability. The second set of constraints

defines the allowable limits for certain nodal position components, which are used to ensure

that the nodes do not surpass the material free surface. The last constraint requires the

horizontal coordinate at the last node greater than the half-width of the plate (B), which

is imposed to avoid the node being on the base of plate. The above non-linear optimization

work (Equation 4.8) is solved by the FMINCON solver of MATLAB. It is important to note

that the FMINCON is a local optimizer, and it behaves more effective when the initial nodal

positions of the rigid block are close to the optimal ones. Therefore, a careful setup of the
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initial nodal positions based on the PIV result of the physical test is crucial to the model

performance.

In summary, by implementing the nested optimization framework consisting of a lower

layer (Equation 4.7) and an upper layer (Equation 4.8), the limit resistance force correspond-

ing to the optimal velocity field and optimal configuration of blocks can be obtained.

4.4.1.3. Estimation of normal stress on discontinuities. The above optimization for-

mulations can be easily carried out for the penetration process in the material obeying the

associated flow rule, such as metals and clay, since the energy dissipation rate (ḋj) in Equa-

tion 4.7 can be written in a purely kinematic form, i.e., ḋj = cµjLj. However, sand generally

exhibits non-associated flow, resulting in a stress-dependent energy dissipation rate on the

discontinuities. Hence, a method to estimate the stress on the velocity discontinuities (σn)

is required.

Figure 4.12 schematically illustrates the method for estimating the normal stress on a

discontinuity. The estimation is made with two assumptions: (1) the normal stress σn on

each discontinuity is uniform and can be represented by the value at its midpoint (the black
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point on red line in Figure 4.12(a)); (2) the vertical stress σA at any position in soil is the

sum of the weight of the soil up to surface and the stress induced by plate. In this study, the

latter is estimated by using the plane strain solution of Boussinesq’s method, which can be

readily derived by integrating the Boussinesq equation with respect to a uniform distributed

load P . Thus, the total vertical stress is determined as:

(4.9) σA = γd+
P

π
f(x1 + x2)

In the equation, γ is the unit weight of soil; d is the depth of the midpoint; P is the

uniform stress that the plate performs at the soil surface, which is evaluated as the limit load

obtained in the last loading step; f is a factor determined by the position of the midpoint (x1,2

are the coordinates at the position). For simplicity, the full expression of the second term in

Equation 4.9 is not present here, and readers are referred to the literature [188] for complete

details of the formulation. To estimate the normal stress on the velocity discontinuity, the

soil element at its midpoint is taken for analysis. The normal stress on the horizontal plane

of the element is the vertical stress σA computed by Equation 4.9. By using the Mohr

circle and the concept of pole, the stress state on the discontinuity can be calculated with

the implication that the stress state is also on the yield surface. The concept of ‘pole’ is

that any straight line drawn from the pole will intersect the Mohr circle at a point that

represents the stress state on a plane inclined at the same orientation (parallel) as that line.

Specifically, as illustrated in Figure 4.12(b), a line is drawn from the ‘pole’ with an angle of α

to the horizontal, and the point interacting the yield surface indicates the stress state at the

velocity discontinuity. By establishing a system of equations for the geometric relationships
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Figure 4.13. Schematic illustrating the update of the soil free surface according
to the computed velocity field: (a) initial setup of free surface; (b) update
process of the free surface.

in Figure 4.12(b), the equation for computing the normal stress on the discontinuity can be

derived:

(4.10)

(
σA −

σn
cos2 φ

)2

+

(
σA(tanφ− tanα) +

(
2σn

cos2 φ
− σA

)
tanα

)2

=

(
σn tanφ

cosφ

)2

Taking Equation 4.9 into Equation 4.10, the full expression is obtained.

4.4.2. Update and correction of material free surface and soil blocks

In this model, the deformation of the soil is tracked by a discretized free surface. As shown in

Figure 4.13(a), the free surface is initially set up with four nodes, among which two nodes are

at the right edge of the plate. The two nodes are at the same position, but one is considered

at the base of plate while the other one pertains to the last soil block. At each step, based

on the obtained optimal nodal positions of blocks, two new nodes are inserted on the same

position of the last node of the blocks (i.e., xi4) to form the new free surface. For these two

nodes, only one is considered belong to the last soil block. To update the displacements of
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Figure 4.14. Schematic illustrating the simplification and correction of the soil
free surface: (a) original and corrected free surface; (b) line segments describing
the free surface and fitted to original nodes.

these nodes along the free surface, one-step forward Euler method is used in accordance with

the obtained optimal velocity field. More explicitly, the nodal displacements at the end of a

pseudo time increment ∆Tn can be computed by

(4.11) unim = un−1im + vn−1im ∆Tn, i = 1, 2 and m = 1, 2, . . .

where uim and vim are the displacement and velocity vectors at the mth node, respectively.

In the similar way, the position of the plate is updated according to

(4.12) unip = un−1ip + vn−1ip ∆Tn, i = 1, 2 and p = 1, 2

where uip and vip are the displacement and velocity vectors at the pth node on the base of

the plate.

As the soil surface is updated as the number of time increments increases, a number of

nodes are added to the surface and some unrealistic predictions of surface geometry might

occur, such as a sharp inverse corner and a surface with inclination angle larger than the

soil friction angle. Thus, the free surface needs to be simplified and corrected appropriately.

The simplification and correction are performed simultaneously through fitting three line
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segments to the original nodes with using a nonlinear least-squares solver in MATLAB. The

line segments are shown in Figure 4.14(b) and can be described by a piece-wise function:

(4.13) F (x) = a0 + s2x+ (s2 − s1) max(a1 − x, 0) + (s3 − s2) max(x− a1 − a2, 0)

where x denotes the horizontal coordinate of the lines; s1, s2, s3 are the slopes of the three

line segments; a1 is the horizontal coordinate of the first break point; and a2 is the horizontal

distance between the first and second break point. The fitting parameters s1,2,3 and a1,2 are

bounded as follows:

s1 < tanφ, |s2| < tol, s3 > − tanφ

a1 > min(x1m), a1 + a2 < max(x1m)

|A− A0| < tol

(4.14)

where x1m are the horizontal coordinates of the nodes along the original free surface; A, A0

is the area enclosed by the new nodes and the original nodes, respectively. The first set of

constraints ensure the inclination angles of the surface are less than the soil friction angle.

To make the break points (junctions) of the line segments within the range of original free

surface, the second set of constraints in Equation 4.14 are adopted. The last constraint is

set to correctly satisfy the mass conservation with using a tol of 1e− 4. After obtaining the

fitted line segments, the original nodes are replaced with the new nodes (i.e. all endpoints

of the piece-wise line) for forming the corrected free surface.
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Figure 4.15. Schematic illustrating the correction of soil blocks: (a) physi-
cal evidence of velocity discontinuity terminating in soil (obtained from Sec-
tion 3.2.3); (b) correction of soil blocks by adding a new block.

When the plate keeps penetrating into sand with a large displacement, the shear localiza-

tion (velocity discontinuity) might terminate in soil instead of extending to the free surface.

As illustrated in Figure 4.15(a), this phenomenon was observed in the PIV test presented

in Section 3.2.3. In this case, the velocity discontinuities of the fourth block can never si-

multaneously satisfy jump condition of Equation 4.4. Therefore, an approach arranging the

soil blocks for meeting the constraint is required. Figure 4.15(b) shows the correction of soil

blocks: a new block is added to the original configuration with the assumption that only

elastic compression happens along the interface between the block and base (dashed line in

Figure 4.15(b)). This assumption implies the interface is not a real velocity discontinuity,

and the new block consists of two velocity discontinuities (i.e. the sides of the new block

except the dashed line in Figure 4.15(b)). Thus, the jump condition can be satisfied in the

new configuration.

4.4.3. Analysis of penetration process: theoretical modeling versus experiments

The performance of the proposed SKM model is examined by the case of a flat rough plate

penetrating in dense sand. In the example, the plate width is 2 m, which is chosen to
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Figure 4.16. Results of penetration in sand (a) predicted and experimental
normalized force-displacement history; (b) predicted evolution of velocity fields
corresponding to points a-f in (a).

reflect a foundation problem rather than a problem in SMI. The penetration is processed by

displacement control with ∆u = 0.05 m (0.05B).

Figure 4.16(a) shows the comparison of predicted and experimental normalized force-

displacement histories. The deformation field for selected instances corresponding to the

points in Figure 4.16(a) is given in Figure 4.16(b). In the simulation, the friction angle

and dilation angle of sand are φ = 48◦ and ψ = 18◦, respectively; the friction angle and

dilation angle between the sand and plate are φi = 48◦ and ψi = 2◦, respectively. These

parameters are determined by matching the predicted force-displacement history with the

experimental results. It is identified from the numerical results that the local peak (stage b-c

and e-f) in force-displacement is related to the transition of shear localization (or deformation

mechanism). Compared to the predictions with the experimental results, a general agreement

is recognized. However, the model has deficiencies. For example, the optimization sometimes

is infeasible even with using parameters that define reasonable soil properties.
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4.5. Summary

This chapter constructs simplified theoretical models for predicting the soil responses

during the process of biaxial compression, cutting, and penetration. The numerical formula-

tions are presented, and their performance is evaluated by comparing against experimental

observations. Overall, the SKM models can accurately predict soil responses, including both

soil deformation and force-displacement histories, with efficient computational speed. Key

findings from this study are summarized as follows:

(1) The progression of soil deformation under biaxial compression in loose and dense sand

can be quantitatively predicted by the theoretical model. While the measured incremental

deformations indicate that the shear band takes place close to the peak stress ratio, the SKM

model implies it can appear much earlier and continuously form at same/different locations

to shape the full observed evolution of soil deformation, i.e., soil deforms in a diffuse and

non-homogeneous mode at first, followed by the appearance of a distinct shear band.

(2) For the cutting process, the SKM model can capture the distinct responses of loose

and dense sand observed in experiments, including force-displacement histories and the evo-

lution of soil deformation. More importantly, the SKM model identifies and explains sand’s

deformation mechanism in the cutting process: continuous discontinuity (localized deforma-

tion) propagates over regions. As it propagates, the sand on the localized region is hardening

or softening, accompanying the compaction or dilation.

(3) For simulating the penetration process, an SKM model that incorporates a richer

deformation mechanism is developed, which produces a prediction matching the experimen-

tal results as a whole. However, it is demonstrated that the model is to be improved in

the aspects of prediction accuracy, generality, and stability. More specifically, the model
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can incorporate the kinematics of sufficient complexity (e.g., using Extended Mohr-Coulomb

Model [189]). To achieve the goal, one of the most critical tasks is to invent an effective

method to estimate the energy dissipation rate within an increment, and ideally, the estima-

tion should be purely stress-independent. Future efforts can be devoted to using a fictitious

flow rule [190] or hyperplastic method [191].
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CHAPTER 5

Theoretical model: semi-analytical model for plate with

translational movement

5.1. Introduction

The semi-analytical modeling framework is inspired by the generalized yield used in

geotechnical engineering to analyze foundations and anchors subjected to combined load-

ing [192, 193, 194, 47, 195, 196, 197]. The core concepts of the proposed model are

described as follows. When a plate moves in the soil, the resistance consists of three compo-

nents of force and moment: H, V , and M . The combinations of H, V , and M that lead to a

plate’s movement are represented as a yield envelope, expressed through the yield function

f(H,V,M) = 0. The displacement increments (∆h, ∆w and ∆θ, respectively) can be calcu-

lated based on a flow potential P (H,V,M). Generally, the forces required to advance a plate

through the soil will evolve due to geometric changes as well as hardening or softening of

the soil. This can be accommodated by allowing the yield envelope f to expand (hardening)

or contract (softening) as a function of displacement. Ultimately, once the envelopes, flow

potentials, and evolution rules are fully defined, calculation of force-displacement histories

for particular load paths can be completed through simple numerical algorithms analogous

to the ‘stress integration’ procedures used for constitutive models [198, 199].

This chapter focuses on developing a model that can predict the forces on a vertical plate

as it moves in sand with arbitrarily large translational movement. The quantities related

to the rotation (refer to M and θ) are neglected, so the envelope and flow potential will be
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reduced from 3D to 2D. In other words, the model is constructed based on the assumption

that the above concepts are also valid without M and θ. The model is demonstrated by

first presenting a unified analysis of the experimental results reported in Chapter 3, which

are used to define the important features in the model. The numerical modeling framework

is then described, including the features, formulation, and implementation of the model.

Finally, the model is validated by comparing the prediction against test results.

5.2. Analysis of experimental results: loading capacity of a vertical plate

5.2.1. Swipe test: normalized yield envelopes

The experimental result of the load paths in swipe tests (Figure 3.12) indicates that the yield

envelope expands with increasing penetration depths. The two loads, V and H, grow at dif-

ferent rates, where H grows faster than V . Consider the results in dense sand as an example.

The maximum H increases considerably from 20 N to 120 N as the maximum compression V

expands from 80 N to 165 N. These yield envelopes are generalized by normalizing the load

paths obtained in different experimental conditions, which depend on the relative densities

of sand and the plate’s penetration depths. An example is given in Figure 5.1 to illustrate

the normalization method. The first step is to recognize the vertical tension bearing capacity

(Vt0) and vertical compression bearing capacity (Vc0) from the original load path. These are

the maximum value of V in negative and positive axis, respectively. By horizontally shifting

the original load path to the right with a distance of Vt0, the load path is plotted in the

V ∗-H space, shown as Figure 5.1(b), where V ∗ = V + Vt0. From it, the horizontal bearing

capacity (H0) and the total vertical bearing capacity (V0) can be obtained. Finally, the fully

normalized load path is achieved by dividing the V ∗ and H by V0 and H0, respectively, as

illustrated in Figure 5.1 (c).
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Figure 5.2 presents the normalized versions of the yield envelopes appearing in Fig-

ure 3.12, where the dashed lines indicate the results of loose sand, and the solid lines repre-

sent the results of dense sand. Overall, the normalized yield envelopes are virtually identical,

though some differences exist. For the yield envelopes generated in loose sand, the value of

V ∗/V0 at the peak of H/H0 is about 0.2 - 0.25, which is smaller than that in dense sand, i.e.,

0.22 - 0.33. Comparing the yield envelopes obtained at different penetration depths, it is

observed that the left portion of the yield envelope is generally steeper when the penetration

depth is shallower. Another noticeable feature of Figure 5.2 is that for the cases of D =

30 mm and 45 mm in dense sand, the swipe tests commencing from high V (i.e., the right

portion) reach steady-state of normalized horizontal load in the region of V ∗/V0 = 0.22 - 0.33

after producing a substantial increase in H.

Numerous equations have been proposed to fit the yield envelope in V -H space for mod-

eling the interaction between soil and structures (e.g. shallow footing, anchors, pile and

pipe) [155, 194, 107, 162, 200, 154, 195, 47, 193, 192, 201, 202, 203]. As shown in

Figure 5.2, the normalized yield envelopes obtained in this study are approximately parabolic

and can be described by a form of ‘parabola’ with high flexibility

(5.1) f =

(
H

H0

)β1
− β2

[
V ∗

V0
−
(
V ∗

V0

)β3]

where β1 controls the overall curvature of the ‘parabola’ and β3 determines the vertical load

level at which the peak horizontal load occurs. For these normalized yield envelopes, an
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Figure 5.1. Method to normalize the load paths obtained in swipe tests: (a)
original load path; (b) load path after translation; (c) load path in normalized
space.

important hidden feature is that H/H0 = 1 at the peak. To preserve the desired peak hori-

zontal load, the parameter β2 should be adjusted to β2 = β
β3/(β3−1)
3 (β3 − 1)−1. Substituting

this function of β2 into Equation 5.1 gives

(5.2) f =

(
H

H0

)β1
− β

β3/(β3−1)
3

β3 − 1

[
V ∗

V0
−
(
V ∗

V0

)β3]

With this expression, β1 and β3 can be varied to adjust the curvature of the fitting

curve and shift the peak to any desired normalized vertical load (0 < V ∗/V0 < 1), while

maintaining the maximum normalized horizontal load equal to 1.

5.2.2. Displacement probe test: flow rule

The associated flow rule is commonly used in the semi-analytical models for clay under var-

ious applications, which has been verified by experiments and numerical analysis. However,

the behavior of a plate in sand does not obey an associated flow rule. Direct evidence can be

found in the swipe tests in dense sand (Figure 3.12(a)). As the yield envelopes produced by
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the test commencing from high V do not terminate at the peak of the envelope but exceed

the peak, the two load paths intersect at a position where V/Vc0 is lower than that at the

peak. At the intersection point, the direction of incremental displacement should be purely

horizontal, i.e., ∆w = 0, which clearly contrasts with the yield envelope’s behavior on the

left side of the peak where its normal vector has a component of ∆w.

To more explicitly study the flow rule, the results of displacement probe tests are an-

alyzed. Figure 5.3 illustrates the directions of incremental plastic displacement (∆up) on

the yield envelope for three cases, where the yield envelopes are generated by fitting the

experimental data from swipe tests and displacement probe tests to Equation 5.6. It should

be noted that since the ratio of vertical displacement w and horizontal displacement u is

constant throughout a probe test, the two components of elastic displacement are at the
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Figure 5.3. Directions of the incremental displacement (red rows) on yield
envelope (black lines) for three cases: (a) D = 60 mm in dense sand; (b) D =
60 mm in loose sand; (c) D = 45 mm in loose sand.

same ratio at the yield point, which suggests that the direction of the incremental plas-

tic displacement is identical to that of the incremental displacement. The figure identifies

that at high V (V/Vc0 > 0.6), the angle of the ∆up with the horizontal is typically smaller

than that between the normal vector of the envelope and the horizontal; at relatively lower

V (0.3 < V/Vc0 < 0.6), the angle of the ∆up with the horizontal is larger. This provides a

direct evidence that the plastic flow is not associated with the yield envelopes.

Based on all above analysis, the features that a flow rule should be able to capture

include: (1) the incremental plastic displacement vector should be purely vertical (∆up = 0)

at V = Vc0 where H/V = 0; (2) the incremental plastic displacement vector should be purely

horizontal (∆wp = 0) at the intersection of a pair of load paths composing a yield envelope,

where the force ratios (H/V ) are found to be approximately same for different cases in loose

sand and in dense sand, respectively (refer to Section 3.3.4); (3) ∆up/∆wp (reflecting the

direction of the incremental plastic displacement) should be able to change from 0 to infinity

quickly. With these basic properties of the flow rule, the ratios of incremental displacement

components versus the force ratio at the yield points for three different yield envelopes are
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plotted, as illustrated in Figure 5.4(a). By tentatively fitting these data, it is found that the

relationship can be described by:

(5.3)
dup
dwp

=
∂P/∂H

∂P/∂V
= α1 tan

[
π

2

(
H

V
α2

)α3
]

where α1 and α3 control the shape of the curve; α2 determines the position of the vertical

asymptote. The parameter α2 equals the force ratio at the intersection point of yield envelope

(HI/VI). As described in Section 3.3.4, the value is observed to be a constant for loose and

dense sand, respectively. This equation can be characterized more fully with the following

theoretical analysis. As the plate is pushed further horizontally after the intersection point,

the vertical force on the plate is generated from the friction between soil and plate. From

Figure 3.9 and 3.10, the force ratios (H/V ) are demonstrated to be approximately the same

at and after the intersection point. Therefore, it can be inferred that α2 = HI/VI = 1/ tanφw,

where φw is the friction angle between sand and plate. Additionally, it is found that the

experimental data can be better described by Equation 5.3 by setting α3 = 1.5, which is

indicated by the linear relationship between the incremental displacement ratios and g(H/V )

shown in Figure 5.4(b). According to the above analysis, Equation 5.3 is reformed to express

the relationship between incremental displacement ratio and force ratio:

(5.4)
dup
dwp

=
∂P/∂H

∂P/∂V
= α1 tan

[
π

2

(
H

V tanφw

)1.5
]
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In this equation, α1 determines the slope of the line shown in Figure 5.4(b) and is asso-

ciated with soil properties. It should be noted that these lines are plotted to show schemat-

ically the behavior of the equation. The selection and determination of the parameters in

the equation will be discussed in Section 5.3.1.3.

5.2.3. Penetration test: normalized loading curves

A preliminary analysis of the penetration test has been undertaken in Chapter 3 (Sec-

tion 3.3.2; Figures 3.7-3.8). A dimensionless form of normalized penetration resistance

q/(γB) versus normalized vertical displacement w/B is presented in Figure 5.5, where q

is defined by V/(BL); B and L are the width and length of the plate, respectively. The

penetration resistance consists of tip resistance and side resistance resulting from friction

between the plate and sand. The figure indicates that at w/B = 20, the normalized pene-

tration resistance is about 4000 for dense sand and 850 for loose sand. This would imply a

friction angle of about 41◦ and 33◦, respectively, by using the analytical solution proposed by



127

0 5 10 15 20 25 30

Normalized vertical displacment,  w/B

0

1000

2000

3000

4000

5000

N
o

rm
al

iz
ed

 p
en

et
ra

ti
o

n
 r

es
is

ta
n
ce

, 
q
/γ

B

Dense sand

Loose sand

Figure 5.5. Normalized penetration resistance with normalized vertical dis-
placement.

Table 5.1. Measured elastic stiffness of a plate system at different relative depths

Relative depth, D/B
Kv (kN/m) Kh (kN/m)

Dense Loose Dense Loose
0 17,778 556
5 94,444 22,222
10 75,556 38,889 23,333
15 112,222 50,000 36,667
20 170,000 17,778 45,442

Durgunoglu and Mitchell [204] without carefully considering the influence of friction between

the soil and plate. These properties are reasonable for the sand used in the tests. By fitting

the elastic part of the loading curves with straight lines, the vertical elastic stiffnesses (Kv

in V = Kvwe, where we is the elastic vertical displacement) at different relative depth are

evaluated, as listed in Table 5.1. It is noted that the values are normalized by the width and

length of the plate. A more in-depth discussion about the elastic response will be presented

in Section 5.3.1.1.
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5.2.4. Cutting test: normalized loading curves

The preliminary analysis on the evolution of horizontal force with displacement is performed

in Section 3.3.3. Figure 5.6 illustrates the normalized force-displacement curves correspond-

ing to the plots in Figure 3.9(a) and 3.10(a). The normalization is implemented using the

method described in the previous study on modeling the cutting process in soils [11]. The

figure indicates that the relationships between the normalized cutting resistance and the

relative horizontal displacement at various cutting depths are almost identical, holding for

sand at both loose and dense states. In addition, by fitting the elastic part of the force-

displacement curves with a straight line, the horizontal elastic stiffnesses (Kh in H = Khue)

at different relative depth are evaluated, as listed in Table 5.1.

5.3. Numerical modeling

This section describes the formulation of the semi-analytical model based on strain-

hardening plasticity for predicting the load-displacement response of a plate moving in sand

translationally. The principal concepts adopted in the model are summarized as follows. At
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any condition of a plate moving in soil, a yield envelope in (V , H) space will be established.

Any changes of load within this envelope will only result in elastic deformation. The elastic

behavior is linear, specified by a set of elastic constants. Load points touching the yield

envelope can result in plastic deformation, which is determined by using the non-associated

flow rule. The size (V ∗0 , H0) of this yield envelope varies as the object is pushed into the soil

or moved horizontally further, and the hardening law is specified by a relationship between

the size of the yield envelope and the plastic vertical and horizontal displacements. This

relationship is established based on analytical solutions.

5.3.1. Features of model

5.3.1.1. Elastic response. The elastic relationship between the load increments (dV , dH)

and the corresponding elastic displacements (dwe, due) is

(5.5)

 dV

dH

 = 2B

 kv 0

0 kh


 dwe

due


where B is the half-width of the plate; kv and kh are the elastic stiffness factors in vertical and

horizontal direction of the plate system. Their values mainly depend on the relative density

of sand and the relative depth of the plate, which has been suggested in previous stud-

ies [116, 205, 155, 206]. Based on the experimental measurements of the elastic stiffnesses

at different relative depths (listed in Table 5.1), kv and kh (unit: kN/m2) are determined as:

kv/(γB) = 600 + 130D/B, kh/(γB) = 180 + 60D/B for dense sand; kv/(γB) = 13 + 20D/B,



130

kh/(γB) = 40 + 50D/B for loose sand. Here the depth D refers to the plastic vertical dis-

placement wp, which means that the elastic stiffness factors are a function of wp not of total

vertical displacement.

5.3.1.2. Generalized yield envelope. In Section 5.2.1, it was found that the experimental

yield envelopes can be described by the form:

(5.6) f =

(
H

H0

)β1
− β2

[
V ∗

V0
−
(
V ∗

V0

)β3]

where V0 is the total vertical loading capacity under purely vertical loading; H0 is the hor-

izontal loading capacity under purely horizontal loading. Inside the yield envelope f < 0,

the behavior is elastic and governed by Equation 5.5. For points (V,H) lying on the yield

envelope, f = 0, and the plate behavior is elastoplastic. By using least-squares method to

fit the yield envelopes obtained from swipe tests, best-fit parameter values are derived for a

plate in sand: β1 = 0.885, β3 = 1.005. The fitting performance is illustrated in Figure 5.7,

indicating that the fitting curve can represent the experimental yield envelopes satisfactorily.

Despite the well-fitted result, one may notice that the value of V ∗/V0 at the peak of H/H0 for

the yield envelopes generated in loose sand is slightly smaller than that in dense sand, which

has been mentioned in Section 5.2.1. To capture the discrepancy of the fit associated with

soil density, Equation 5.6 can be further developed by relating β3 with a parameter charac-

terizing soil density (such as friction angle). The development requires the yield envelopes

generated from either numerical or physical tests in sand at various densities. However, this

is out of the scope of this study and can be regarded as future work.
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5.3.1.3. Flow rule. As discussed in Section 5.2.2, a non-associated flow rule is more

reasonable to define the incremental plastic displacements, and their ratio can be described

by:

(5.7)
dup
dwp

=
∂P/∂H

∂P/∂V
= α1 tan

[
π

2

(
H tanφw

V

)1.5
]

where φw is the friction angle between soil and plate, determined by measuring the slope of

the dashed line in Figure 3.12. For the plate in dense sand, φw = atan(1/2.7) = 20.3◦; for the

plate in loose sand, φw = atan(1/3.6) = 15.5◦. The parameter α1 is derived by using least-

squares method to fit the data in Figure 5.4(b): α1 = 3.8 for dense sand and 2.1 for loose

sand. The friction angle of dense and loose sand is evaluated to be 40◦ and 31◦, respectively

(the evaluation process will be presented in Section 5.3.1.4). In this study, it is assumed that

the parameter α1 is associated with soil properties exclusively. Because the friction angle is
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the only parameter, α1 can be determined as α tan2 φ. Accordingly, Equation 5.7 is modified

to

(5.8)
dup
dwp

=
∂P/∂H

∂P/∂V
= α tan2 φ tan

[
π

2

(
H tanφw

V

)1.5
]

where α is determined as 7.1 using the least-squares method. The fitting performance of the

equation is demonstrated in Figure 5.8, indicating that the proposed equation can match

experimental data fairly well. It is important to note that α1 may also vary with penetration

depth D, given that the behaviors for tests in loose sand at D = 45 mm and 60 mm

(illustrated in Figure 5.8) are slightly different. However, for the sake of simplicity, the

association between α1 and D is not investigated in this study, which can be regarded as

future work.
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It is acknowledged that a rigorous plasticity model would require a definition of a plastic

potential function P , which was not given in this study. However, for developing the model,

it is convenient to define the flow rule based on the ratio without deriving the explicit

expression of P :

(5.9)

 dup

dwp

 = λ

 α tan2 φ tan
[
π
2

(
H tanφw

V

)1.5]
1


5.3.1.4. Hardening law. The size of the non-normalized V−H yield envelope is controlled

by the maximum vertical and horizontal load capacity, and their values are determined based

on the analytical solutions.

As defined in Section 5.2.1, the vertical loading capacity is composed of tension bearing

capacity Vt0 and compression bearing capacity Vc0. The former is estimated as the friction

between soil and plate, i.e, Vt0 = tanφwγD
2K0 with K0 = 1 − sinφ (coefficient of lateral

earth pressure). On the premise of ignoring the local hardening and softening shown in

dense sand, Vc0 is determined by applying the analytical solution proposed by Durgunoglu

and Mitchell [204]. Its main concepts are briefly summarized here. The analytical solution

is a plane strain solution, which is developed by using the limit equilibrium method based

on the failure mechanism observed from model tests. During the wedge penetration process,

a plane shear zone exists adjacent to the base of the penetrometer. The dimensions of

this zone depend on the interface friction angle φw and soil friction angle φ. A logarithmic

spiral bounds a radial shear zone to the point of vertical tangency, above which the yield

envelope rises vertically to the ground surface for large-depth penetration. For shallow

penetration depths, the spiral breaks out at the ground surface before vertical tangency

is reached. Based on the failure mechanism, the penetration resistance is calculated by
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solving the moment equilibrium about the base edge of the penetrometer. Adopting this

method, Vc0 can be written as Vc0 = Vc0(D/B, φ, φw, γ). The complete expression of the

equation is not presented here, and readers are referred to the original work [204]. As

indicated in Figure 3.9(b) and 3.10(b) (Section 3.3.3), the vertical forces increase with the

horizontal forces linearly, and the force ratios are constant during the horizontal cutting

process. The force ratio H/V is analyzed to be equal to 1/ tanφw (Section 5.2.2). Therefore,

the development of horizontal loading capacity has a contribution on the vertical loading

capacity, i.e., ∆Vc0 = ∆H0 tanφw. With all the above analysis, the total vertical loading

capacity can be expressed as:

(5.10) Vc0 = Vc0(D/B, u, φ, φw, γ).

The method to calculate the horizontal loading capacity is developed based on an an-

alytical model for the cutting process proposed by Hambleton [11], which is depicted in

Figure 5.9(a). The model rests on three key assumptions: (1) all deformation occurs along

a single, straight slip surface that extends from the tip of the plate towards the soil surface

at some unknown inclination angle β; (2) the unknown free surface is approximated by a

straight line; (3) potential volume change within the material is neglected. Over the soil-

plate interface, Coulomb friction is assumed, and the wall friction angle is denoted by φw.

The Mohr-Coulomb yield criterion with an internal friction angle of φ is applied to the soil.

Based on the yield condition and equilibrium, the force H0 required to displace the plate can
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be derived and expressed as

(5.11) H0 = W
tan(β + φ)

1− tanφw tan(β + φ)
.

where W is the weight of soil above the slip surface. Instead of using the original equation

in the previous study [11] to calculate W , here it is estimated as

(5.12) W = γD2/(2 tan β) + γuD.

In Equation 5.11 and 5.12, the only unknown is β. Based on the principal of minimum effort,

β is evaluated by minimizing H, which is readily obtained by solving ∂H/∂β = 0

(5.13)

tan βopt =
D sinφ (tanφw cosφ− sinφ) +

√
cosφ(D tanφw + 2u) + sin(D − 2u tanφw)

D cosφ(cosφ tanφw + sinφ) + 2u

By taking β = βopt into Equation 5.11, the force H0 can be obtained

(5.14) H0 = H0(D, u, φ, φw, γ).

It is important to note that, as with the elastic stiffness factors kv and kh, the penetration

depth D and cutting displacement u in Equation 5.14 and 5.10 refer to the plastic vertical

and horizontal displacement (wp and up) but not the total displacement. This ensures that

purely elastic load increments do not result in expansion or contraction of the yield envelope.
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Figures 5.10 and 5.11 present the comparison between experimental and estimated nor-

malized loading curves for tests in dense and loose sand, respectively. In the computations,

the parameters are estimated as φw = 20.3◦ and φ = 38.5◦ for dense sand; φw = 15.5◦ and

φ = 30.7◦ for loose sand. These values of φw are determined as described in Section 5.3.1.3,

and the values of φ are estimated by simultaneously matching the calculated vertical and

horizontal force-displacement histories to the measured curves.

5.3.2. Mathematical formulation

With the defined features of elastic response, yield envelope, flow rule, and hardening rule,

the elastoplastic force-displacement matrix can be derived. As a loading increment is purely

elastic, the incremental force vector dF is related to incremental displacement vector du

with the relationship illustrated in Equation 5.5.

When the stress state is on the yield envelope (f(F, V0, H0) = 0) and the incremen-

tal loading causes plasticity, the force point remains on the yield envelope to satisfy the
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Figure 5.11. Estimated and experimental force-displacement histories for (a)
penetration tests; (b) cutting tests in loose sand.

consistency condition

(5.15) df =
∂f

∂F
dF +

∂f

∂V0
dV0 +

∂f

∂H0

dH0 = 0
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In the equation, the incremental force can be expressed as

(5.16) dF = De(du− dup)

where De is the elastic stiffness, and its expression is shown in Equation 5.5. The hardening

rules are

(5.17) dV0 =

(
∂V0
∂up

)T
dup =

∂V0
∂wp

dwp, dH0 =

(
∂H0

∂up

)T
dup =

∂H0

∂wp
dwp +

∂H0

∂up
dup

By taking Equations 5.16, 5.17 and the flow rule (dup = λ∂P
∂F

) into Equation 5.15, the

consistency condition becomes

(5.18) df =

(
∂f

∂F

)T
Dedu− λ

(
∂f

∂F

)T
De

∂P

∂F
+ λ

∂f

∂V0

(
∂V0
∂up

)T
∂P

∂F
+ λ

∂f

∂H0

(
∂H0

∂up

)T
∂P

∂F

Thus, the plastic multiplier λ can be calculated as a function of the imposed incremental

displacement

λ =
(∂f/∂F)TDedu

Hc −Ha

,

with Hc =

(
∂f

∂F

)T
De

∂P

∂F
, Ha =

∂f

∂V0

(
∂V0
∂up

)T
∂P

∂F
+

∂f

∂H0

(
∂H0

∂up

)T
∂P

∂F

(5.19)

The standard tangent modulus can be obtained by substituting Equation 5.19 back into

Equation 5.16

(5.20) dF = Depdu, with Dep = De −
Hc

Hc −Ha

De.
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Table 5.2. Parameters used in model

Parameters Explanation
B (m) Width of the object

γ (N/m3) Unit weight of sand
φ Friction angle of sand
φw Sand-plate interface friction angle
kv Elastic stiffness factor in vertical direction
kh Elastic stiffness factor in horizontal direction

β1, β3 Curvature factors for yield envelope
αi(i = 1, 2, 3) Factors for flow rule

5.3.3. Implementation

The semi-analytical model is implemented by using displacement control, which allows the

calculation of force-displacement history in the loading condition that the plate moves with

prescribed displacement/motion. The procedure is described as follows:

(1) The input data is initialized, which includes model parameters, initial conditions,

and magnitude of applied displacement paths. The required model parameters in this model

are summarized in Table 5.2. The initial condition refers to the force F, displacement u

and loading capacities V0, H0 at the start of the loading process. The applied displacement

paths are described by giving the vertical and horizontal displacement and the corresponding

number of steps for each path.

(2) For the nth displacement increment ∆un+1, the updated force is initially assumed to

be elastic. Therefore, FT
n+1 = Fn + De(u

p
n)∆un+1, where the superscript ‘T’ stands for a

trial state and subscript denotes the process step. In a certain step, the plastic displacement

is preserved as the previous values, up
n+1 = up

n. Thus, the elastic stiffness and loading

capacities are fixed, with values determined by up
n, i.e., De(u

p
n), V0(u

p
n) and H0(u

p
n). If

f(FT
n+1, V0, H0) < 0, the process at step n+ 1 is considered elastic.
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(3) If the above yield condition is violated for the trial state, the force state surpasses the

yield envelope. In this case, provided that yielding does not occur in the previous step, the

intersection of force path and yield envelope is found by using the Bisection method, where

the force is recorded as Fm. The portion of the load path inside the yield envelope is evaluated

by defining a quantity of κ = |Fm−F|/|F|. Then, the force and displacement increments are

calculated as κDe∆un+1 and κ∆un+1. After the updates, the force state is now on the yield

envelope. Based on the mathematical formulation in the previous section, the elastoplastic

stiffness matrix can be calculated. Accordingly, force increments are computed and updated.

(4) Steps (2)-(3) are repeated until the entire force-displacement history is obtained.

5.4. Model validation

Computational results have been obtained in various loading conditions by using the

developed model. To demonstrate model performance, results for three different plate tra-

jectories are presented, where Figure 5.12 shows the specified trajectories. For Case 1, the

plate penetrates into sand for 30 mm first and then moves in the direction with w/u = 2.

After that, it cuts the sand purely horizontally for 30 mm. For Cases 2 and 3, the first and

last paths are the same as those in Case 1, but the directions of the second path are different:

the ratio of w to u is 1 in Case 2 and 1/2 in Case 3.

5.4.1. Predictions in dense sand

Figure 5.13-5.15 compare the computed results and experimental data of tests in dense sand.

Overall, the model can capture the characteristics of the force-displacement history in the

process, reflected by clearly showing the turning points at the junctions of paths. However,

deficiencies do exist. The major one is that the local hardening and softening in forces cannot
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Figure 5.12. Trajectories of plate for case studies
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Figure 5.13. Comparison of experimental and computed results for Case 1 in
dense sand, where the three line types are used to depict the result of three
paths individually.

be predicted, which is indicated explicitly by the results of the second path. Additionally,

for the soil responses in path 2 and 3, the vertical force decreases first and then increases,

and the point at the transition is not predicted precisely.

5.4.2. Predictions in loose sand

The comparisons between the computed results and experimental data for tests in loose

sand are shown in Figure 5.16-5.18. It is observed that the computed result matches the
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Figure 5.14. Comparison of experimental and computed results for Case 2 in
dense sand.
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Figure 5.15. Comparison of experimental and computed results for Case 3 in
dense sand.

experimental curve well. Since the forces generally evolve without local fluctuations for

a plate moving loose sand, the model’s major deficiency in predicting the local hardening

and softening is not shown. Despite the excellent agreement, one may notice the mismatch

between the prediction and physical test data for the second path of Case 1. This mismatch

might be reduced by improving the flow rule.
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Figure 5.16. Comparison of experimental and computed results for Case 1 in
loose sand.
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Figure 5.17. Comparison of experimental and computed results for Case 2 in
loose sand.

5.5. Summary

This chapter presents a semi-analytical model for predicting the force-displacement re-

sponse as a plate performs large translational movements in sand. The model is developed

by first completing a unified analysis of experimental results. The model is implemented

with displacement control, generating the force-displacement histories for a plate moving
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Figure 5.18. Comparison of experimental and computed results for Case 3 in
loose sand.

along prescribed trajectories. Predictions are compared with experimental data to demon-

strate and evaluate the performance of the model. The main findings and conclusions are as

follows:

(1) Using normalization, it is found that the yield envelopes for the plate at various

penetration depths, in sand with differing density, can be unified. The size of the yield

envelope is controlled by the vertical and horizontal loading capacities, which expand with

plastic displacements and calculated by using analytical models. The plate’s plastic displace-

ments are determined by adopting a non-associated flow rule, which is proposed based on

the experimental data.

(2) By comparing with the experimental force-displacement histories, it is demonstrated

that the model can substantially predict the soil response as a plate moves translationally

in sand at both loose and dense state. However, the local hardening and softening of forces

appearing in dense sand cannot be captured by the current model.
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(3) The work mainly aims to develop a basic modeling framework for predicting soil

response as the movement of the plate is large, and the model certainly has considerable

potential to be improved, such as accommodating characterization of force-displacement

histories under more complex motions and loading conditions for various soil types.
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CHAPTER 6

Theoretical model: semi-analytical model for plate with rotational

movement

6.1. Introduction

Focus in the previous chapter was on developing a semi-analytical model that can pre-

dict the force-displacement response as a plate performs large translational movements in

sand. However, the prediction is achievable only when the plate remains vertical and no

rotational movement is involved. To overcome the limitations, an enhanced semi-analytical

model for predicting the force-displacement history as a plate moves along a large complex

(translational and rotational) trajectory is constructed in this chapter. The core concept of

this model is similar to that presented in Section 5.1, while differences do exist. This model

involves a new variable, i.e., the plate’s inclination angle throughout the motion, and thus

the yield envelopes, flow rule, and hardening laws need to be modified to accommodate it.

To do it in a generalized way, the moment M should be involved, which would require a 3D

yield envelope. For sake of simplicity, we do not establish the direct relationship between

M and the rotational increments but decompose a rotational increment to translational

displacements for reducing the model to 2D and calculating the force responses in V and H.

In this chapter, the model is demonstrated by first presenting a unified analysis of the

experimental results reported in Chapter 3 (Section 3.4) to extract important features. Then,

the numerical modeling framework is described, including the features, formulation, and
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implementation. Finally, the model is validated by comparing the predictions against the

results from experiments.

6.2. Analysis of experimental results: loading capacity of an inclined plate

Based on the experimental result for swipe and cutting tests in Chapter 3 (Figure 3.18),

the force path developed in the positive swipe and cutting test shows an envelope that is

similar to the yield envelope obtained from the tests using a vertical plate. Hence, the yield

envelope for an inclined plate is taken to be the force path, which is a key feature of the

enhanced semi-analytical model. Besides, the development of the vertical and horizontal

loading capacity was obtained from the penetration and positive cutting tests, respectively.

The experimental results will be analyzed and used to construct the hardening laws in the

semi-analytical model. The in-depth analysis and the determination of the yield envelope

and hardening laws are presented in the following sections.

6.2.1. Positive swipe test: normalized yield envelopes

The yield envelopes for plate inclined at various angles are illustrated in Figure 6.1(b).

They are obtained by managing the load paths of positive swipe tests performed at the

penetration depth D = 30 mm (presented in Section 3.4.2.1). It is observed that the yield

envelope rotates with the plate’s inclination angle α. More specifically, as α changes from

0◦ to 60◦, the orientation of the yield envelope β increases from 0◦ to 18◦, where β is defined

as the angle between the long-axis of the yield envelope (in the shape of semi-ellipse) and

the horizontal axis. This observation that the envelope rotations with rotation of the plate

is also manifested in a previous study by performing numerical tests [207].
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The normalization of the load paths takes three steps. As demonstrated in Figure 6.2(a),

the envelope is firstly rotated counterclockwise with an angle of β so that its long axis is

along the horizontal axis, and the obtained vertical and horizontal forces are denoted as V ′

and H ′. The next two steps are the same as the method used for normalizing the yield

envelopes of the vertical plate (described in Section 5.2.1), which are shifting the envelope

to make its starting point at the origin of the axes, and dividing the vertical and horizontal

force by maximum vertical force V0 and maximum horizontal force H0, respectively. By

using the method, the load paths in Figure 6.1(b) are normalized, which are presented in

Figure 6.2(b). Overall, the normalized yield envelopes are virtually identical, and the value

of V ′/V0 at the peak of H ′/H0 is about 0.3.

With substituting V ∗ by V ′ and H by H ′, the normalized yield envelopes can be described

by the same expression used for defining the yield envelopes of a vertical plate (Equation 5.6):

f =

(
H ′

H0

)β1
− β

β3/(β3−1)
3

β3 − 1

[
V ′

V0
−
(
V ′

V0

)β3]

V ′ = V cos β +H sin β + Vt0, H ′ = H cos β − V sin β

(6.1)

Similarly, in Equation 6.1, β1 and β3 can be varied to adjust the curvature of the fitting

curve and shift the peak to any desired normalized vertical load (0 < V ′/V0 < 1). Note that

Vt0 refers to the tension component of the maximum vertical force and its value is neglected

in this section.
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6.2.2. Positive swipe and cutting test: flow rule

The flow rule in this enhanced semi-analytical model is built on the basis of the flow rule

for the vertical plate (presented in Section 5.2.2). The new flow rule should capture the

experimental observations extracted from the positive swipe and cutting tests, which are

illustrated in Figure 6.3. According to the load paths of positive cutting tests (Figure 6.3(a)),

the incremental plastic displacement vector should be purely horizontal (∆wp = 0) at the

turning point of the load path, i.e., the point that V changes from decreasing to increasing.

At this point, the force ratios (H/V ) are found to be approximately the same as 1/ tanφw

for the cases with various α. Figure 6.3(b) shows the load paths of the positive swipe test

under the V ′−H ′ coordinate system (after rotation), which has two distinct features. When

H ′/V ′ = 0, the incremental plastic displacement vector is purely vertical (∆up = 0). At

the point that soil response enters plasticity (the experimental data becomes noisy), the
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incremental plastic displacement vector should be normal to the inclined plate, where the V ′

is found to be approximately the same for the cases with various α. To capture the above

features, the Equation defining the incremental plastic displacement ratio for a vertical plate

(Equation 5.8) is modified for describing that for an inclined plate, which is expressed as

(6.2)
dup
dwp

=


ηH(H ′) tan2 φ tan

[
π
2

(
H

V tanφw

)1.5]
H
V
< 1

tanφw

1
− tan(αV ′c/V

′)
H
V
≥ 1

tanφw

In Equation 6.2, η is the fitting parameter; H(H ′) is a Heaviside function which returns 0 or

1 when H ′ = 0 or H ′ > 0 respectively; φ is the friction angle of soil; φw is the friction angle

at the soil-plate interface; α represents the inclination angle of the plate; V ′c is the critical

vertical force at which the incremental plastic displacement vector is normal to plate.

6.2.3. Penetration and positive cutting test: hardening law

According to Equation 6.1, the size of the yield envelope is controlled by the maximum

vertical and horizontal force (V0 and H0) after the load path is rotated back. Similar to

the concept of vertical loading capacity in the semi-analytical model for a vertical plate

(Section 5.2.1), V0 is assumed as the sum of the maximum vertical force in compression Vc0

and in tension Vt0. From a physical viewpoint, Vc0 and Vt0 can be understood as the resultant

forces on the plate when the plate is penetrated and pulled out, respectively, at a certain

depth; H0 can be considered as the horizontal resistance generated from the cutting tests

for a plate that is ‘wished in place,’ i.e., the horizontal resistance is 0 at the start of cutting.

Based on the above analysis, the original force-displacement curves in the penetration and

cutting process (Figure 3.20 and 3.19) can be converted for studying the development of Vc0
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displacement; (b) development of maximum horizontal force H0 with the hor-
izontal displacement.

and H0, which are illustrated in Figure 6.4. The value of Vc0 is calculated as the resultant

force during the penetration process, and H0 is computed by subtracting the horizontal force

generated in the penetration from the total horizontal force. From the Vc0-w curves, the rate

of increase of Vc0 with respect to penetration depth decreases as the inclination angle of the

plate becomes larger, which is similar to the observation in Figure 3.20. From the H0-u

curves, at any same horizontal displacement u, H0 normally decreases with increasing the

inclination angle of the plate, even at the very beginning of the cutting process (u ≈ 0), and

the curves show more separation than those of H-u (Figure 3.19).

A more detailed analysis on the development of Vc0 is conducted. Based on the experi-

mental data presented in Figure 6.4(a), the ratio of the Vc0 for plate inclined at various α

to that for a vertical plate (i.e. V0α/V00) can be calculated for the entire penetration pro-

cess, which is illustrated in Figure 6.5(a). It indicates that the force ratio V0α/V00 generally

evolves with the penetration depth w linearly, and the relationship can be expressed by
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V0α/V00 = aw/B+ b. By using least-squares fitting, the parameters a and b can be obtained

for the plate inclined at different angles. Figure 6.5(b) shows how parameters a and b vary

with inclination of the plate α. When α = π/12 and π/6, parameter a is close to 0; from α

= π/6, it increases with α linearly. This relationship can be described by the equation

(6.3) a(α) = max(0, α− π

6
)/21− 0.0014

where max(0, x) is a function returning the larger value between 0 and x. The performance

of this equation is also shown in Figure 6.5(b). The parameter b clearly decreases with the

increase of α, and a linear function can express the relationship

(6.4) b(α) = −0.63α + 1.05

In this equation, −0.63 and 1.05 are the fitted parameters based on the least-square method.

6.3. Numerical modeling

This section describes the formulation of the enhanced semi-analytical model for pre-

dicting the load-displacement response of a plate moving translationally and rotationally.

The principal concepts adopted in the model are summarized as follows. At any condition

of a plate moving in soil, a yield envelope in V -H space will be established. Any changes

of load within this envelope will only result in elastic deformation. The elastic behavior is

linear, specified by a set of elastic constants. Load points touching the yield envelope can

result in plastic deformation, which is determined by using the non-associated flow rule. A

yield envelope is defined by its size and orientation. The size (V0, H0) of the yield envelope

varies as the plate is rotated to different angles, pushed into the soil, or moved horizontally
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further, and its orientation (β) changes with the inclination angle of the plate. Thus, the

hardening law is specified by three relationships: the dependence of V0 and H0 on the plastic

displacement increments; the dependence of β on inclination angle of the plate. The first two

relationships are established by combining analytical solutions, while the last is determined

through correlation based on the experimental data.

6.3.1. Features of model

6.3.1.1. Elastic response. The elastic relationship between the load increments (dV , dH)

and the corresponding elastic displacements (dwe, due) is

(6.5)

 dV

dH

 = 2B

 kv 0

0 kh


 dwe

due


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where B is the half-width of the plate, kv and kh are the elastic stiffness factors in the

vertical and horizontal direction of the plate system, and their values mainly depend on the

relative density of sand, the relative depths, and the inclination angle of the plate. For the

sake of simplicity, the influence of the plate inclination angle on kv and kh is not considered

in this study, and thus kv and kh (unit: kN/m2) are determined by: kv/(γB) = 13 +20D/B,

kh/(γB) = 40 + 50D/B, which is the same as that used for a vertical plate in loose sand.

Here the depth D refers to the plastic vertical displacement wp.

6.3.1.2. Generalized yield envelope. In Section 6.2.1 it was found that the experimental

yield envelopes can be described by the form

(6.6)

f =
(
H cosβ−V sinβ

H0

)β1
− β

β3/(β3−1)
3

β3−1

[
V cosβ+H sinβ+Vt0

V0
−
(
V cosβ+H sinβ+Vt0

V0

)β3]
where V0 and H0 is the maximum vertical and horizontal force after the original yield en-

velope is rotated back. Inside the yield envelope f < 0 the behavior is elastic, governed
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by Equation 6.5. For force points (V,H) lying on the yield envelope, f = 0, and the plate

behavior is elastoplastic. By using least-square method to fit the yield envelopes obtained

from positive swipe tests, the best fit parameter values were derived for an inclined plate

in sand: β1 = 0.90, β3 = 0.95, which are close to the values fitted for a vertical plate, i.e.,

β1 = 0.885, β3 = 1.005. When the plate’s inclination angle is 0, i.e., the plate is vertical,

the yield envelopes in the two models should be identical. Hence, to be consistent with the

Equation 5.6 as well as keep the generality of Equation for describing the yield envelope, the

parameters used for the vertical plate (in Equation 5.6) is adopted in this study. The fitting

performance is illustrated in Figure 6.6, which indicates that the fitting curve can represent

the experimental yield envelopes satisfactorily.

6.3.1.3. Flow rule. As presented in Section 6.2.2, the ratio of the incremental plastic

displacements can be described by the Equation 6.2. To make the flow rule in the case of

α = 0 consistent with the original flow rule for a vertical plate (Equation 5.9), the parameter η

in Equation 6.2 is set as 7. Based on the experimental data shown in Figure 6.3(b), variable

V ′c , referring to the critical vertical force at which the incremental plastic displacement

vector is normal to plate, is determined as 2.5. After deciding the parameters, the flow rule

is defined based on the ratio of the incremental plastic displacement without deriving the

explicit expression of P , which is expressed as

(6.7)

[
dup dwp

]
= λ


[

7sgn(H ′) tan2 φ tan

[
π
2

(
H

V tanφw

)1.5]
1

]
H
V
< 1

tanφw[
1 − tan(2.5α/V ′)

]
H
V
≥ 1

tanφw
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6.3.1.4. Hardening law. In this model, a yield envelope in V -H space is defined by its

size and orientation. The size of the yield envelope is controlled by the maximum vertical

and horizontal force (V0 and H0) after it is rotated back, and its orientation (β) changes with

the inclination angle of the plate. The methods for estimating these variables are discussed

below.

As discussed in Section 6.2.3, V0 is composed of the maximum vertical force in tension

Vt0 and that in compression Vc0. The former is approximated by Vt0 = tanφwγD
2K0, and

Vc0 is estimated by combining the experimental data and analytical method (described in

Section 5.3.1.4). Based on the experimental analysis on the penetration tests (presented in

Section 6.2.3), the development of an inclined plate’s vertical force can be evaluated as

(6.8) V0α = V00(aw/B + b)

In the equation, the parameter a and b are functions of α, expressed as Equation 6.3 and 6.4,

respectively; V00 is the maximum vertical force in compression for a vertical plate (i.e. α =

0◦), which can be determined by applying the analytical solution proposed by Durgunoglu

and Mitchell [204], as described in Section 5.3.1.4. By combining the analytical solution

with the experimental finding, Vc0 for an inclined plate can be computed, and its expression

can be simplified as Vc0 = Vc0(D/B, φ, φw, γ, α). Besides, as indicated in Figure 6.3(a), the

vertical forces increase with the horizontal forces linearly and the force ratios are nearly

constant after reaching the peak of H in the cutting process. Similar to the observation for

a vertical plate (presented in Section 5.3.1.4), the force ratio H/V is analyzed to be equal

to 1/ tanφw. Therefore, the development of maximum horizontal force has a contribution
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Figure 6.7. Estimated and experimental force-displacement histories of pene-
tration tests

on Vc0, i.e., ∆Vc0 = ∆H0 tanφw. With all above analysis, the evolution of the maximum

vertical force is expressed as

(6.9) V0 = V0(D/B, u, φ, φw, γ, α).

Figure 6.7 illustrates the comparison between the experimental force-displacement his-

tories in penetration tests and the estimated responses by using the above method. It is

observed that the estimation can match the test results well. In the computations, φw =

15.5◦ and φ = 30.7◦, which are the values determined in section 5.3.1.3 and section 5.3.1.4

for the loose sand (the same soil samples are used in this section). The same values will also

be used for estimating H0 in this section.
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Figure 6.8. Hardening law in H0: (a) assumed deformation mode in the ana-
lytical model for cutting by an inclined plate; (b) estimated and experimental
force-displacement histories in the positive cutting tests.

The method for calculating H0 is developed based on the analytical solution for evaluating

a vertical plate’s horizontal loading capacity (presented in Section 5.3.1.4). Figure 6.8(a)

shows the assumed deformation mode induced by an inclined plate in the cutting process,

which is similar to that for a vertical plate (illustrated in Figure 5.9(a)). All deformation

occurs along a single, straight slip surface that extends from the tip of the plate towards the

soil surface at some unknown inclination angle β. A straight line approximates the unknown

free surface, and potential volume change within the material is neglected. By using the

Mohr-Coulomb yield criterion, the force H required to displace the plate can be derived

based on force equilibrium, which is expressed as

(6.10) H = W
tan(βn + φ)

1 + tan(α− φw) tan(βn + φ)
.
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In this model, W is estimated as

(6.11) W = γ
(
D2/(2 tan βn) + uD +D2 tanα/2

)
.

Similarly, based on the principal of minimum effort, the optimal βn in Equation 6.10 is

evaluated by minimizing H through solving ∂H/∂βn = 0. Thus, the optimal force H (i.e.

the minimum H) can be obtained:

(6.12) H0 = H0(D, u, α, φ, φw, γ).

Using this equation, the development of H0 with the horizontal displacement u for the

plate inclined at different angles is estimated and compared with the experimental data, as

illustrated in Figure 6.8(b). The comparison clearly indicates that the analytical method

can calculate the force-displacement response reasonably.

The equation for estimating the orientation of the yield envelope β for an inclined plate

is developed based on experimental observations. Figure 6.9 shows the correlation between

the β and the inclination angle of the plate α, where the β is measured from Figure 6.1(b),

i.e., yield envelopes for plates inclined at various angles. It is found that a quadratic function

can describe the relationship between β and α

(6.13) β = 0.3α2 + 0.03α

where 0.3 and 0.03 are the fitting parameters.



161

0

0.2

0.4

0.6

0 0.5 1 1.5

O
ri

en
ta

ti
o

n
 o

f 
lo

ad
in

g 
su

rf
ac

e,
 β

Inclination angle of plate, α

20.3 0.03   

Figure 6.9. Correlation between the yield envelope’s orientation and the plate’s
inclination angle.

By adopting the above hardening laws, the yield envelope’s mobilization resulting from

translational and rotational movements can be determined.

6.3.2. Mathematical formulation

With the defined features of elastic response, yield envelope, flow rule, and hardening rule,

the elastoplastic force-displacement matrix can be derived. As a loading increment is purely

elastic, the incremental forces dF is related to incremental displacements du with the rela-

tionship illustrated in Equation 6.5.

When the stress state is on the yield envelope (f(F, V0, H0, β) = 0) and the incremen-

tal loading causes plasticity, the force point remains on the yield envelope to satisfy the

consistency condition

(6.14) df =
∂f

∂F
dF +

∂f

∂V0
dV0 +

∂f

∂H0

dH0 +
∂f

∂β
dβ = 0
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In the equation, the incremental force is expressed as

(6.15) dF = De(du− dup)

where De is the elastic stiffness, and its expression is shown in Equation 6.5. The hardening

of the internal variables is

dV0 =
∂V0
∂V00

(
∂V00
∂up

)T
dup +

(
∂V0
∂α

)
dα,

dH0 =

(
∂H0

∂up

)T
dup +

(
∂H0

∂α

)
dα,

dβ =
∂β

∂α
dα

(6.16)

By taking Equation 6.15, 6.16 and flow rule (dup = λ∂P
∂F

) into Equation 6.14, the consistency

condition becomes

df =

(
∂f

∂F

)T
Dedu− λ

(
∂f

∂F

)T
De

∂P

∂F
+ λ

∂f

∂V0

(
∂V0
∂up

)T
∂P

∂F
+ λ

∂f

∂H0

(
∂H0

∂up

)T
∂P

∂F

+
∂f

∂β

∂β

∂α
dα +

∂f

∂V0

∂V0
∂α

dα +
∂f

∂V0

∂H0

∂α
dα = 0

(6.17)

Thus, the plastic multiplier λ can be calculated as a function of the imposed incremental

displacement du and rotation angle dα:

λ =
1

Hc −Ha

((
∂f

∂F

)T
Dedu +

∂f

∂β

∂β

∂α
dα +

∂f

∂V0

∂V0
∂α

dα +
∂f

∂H0

∂H0

∂α
dα

)
,

with Hc =

(
∂f

∂F

)T
De

∂P

∂F
, Ha =

∂f

∂V0

(
∂V0
∂up

)T
∂P

∂F
+

∂f

∂H0

(
∂H0

∂up

)T
∂P

∂F

(6.18)
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The incremental forces can be obtained by substituting Equation 6.18 back into Equa-

tion 6.15:

dF = De

(
du− λ∂P

∂F

)
=

Ha

Ha −Hc

Dedu +
1

Ha −Hc

∂f

∂α
De

∂P

∂F
dα

= Dt
epdu + Dr

epdα

(6.19)

6.3.3. Implementation

The enhanced semi-analytical model is also implemented by using displacement control,

which allows the calculation of force-displacement history in the loading condition that the

plate moves along a large complex (translational and rotational) trajectory. The procedure

is similar to that used in the model for a vertical plate, and the details are described as

follows:

(1) Initializing input data, which includes model parameters, initial conditions, and the

magnitude of applied displacement paths. The required parameters used in the enhanced

model are summarized in Table 6.1. The initial condition refers to the force F, translational

displacement u, inclination angle of the plate α and loading capacities V0, H0 at the start

of the loading process. Besides, in this model, each applied path is described by giving the

translational displacement (vertical and horizontal displacement, u and w) and the rotational

angle of the plate, as well as the number of steps used to perform the movement. It should

be noted that the incremental translational movement has two components, i.e., the purely

translational displacement, dut and the translational displacement generated by the plate’s
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Figure 6.10. Schematic illustration of the translational displacement generated
from plate’s rotation.

Table 6.1. Parameters used in the enhanced semi-analytical model.

Parameters Explanation
B (m) Width of the object

γ (N/m3) Unit weight of sand
φ Friction angle of sand
φw Sand-plate interface friction angle
kv Elastic stiffness factor in vertical direction
kh Elastic stiffness factor in horizontal direction

β1, β3 Curvature factors for yield envelope

η, V
′
c Factors for flow rule

a, b Factors for estimating the hardening in V0

rotation, dur. The latter is illustrated in Figure 6.10, where dur and dwr is approximated

by wdα and −w tanαdα, respectively.

(2) For any given nth increment of displacement ∆un+1 and increment of rotational

angle ∆αn+1, the updated force is initially assumed to be elastic. Therefore, FT
n+1 = Fn +

De(u
p
n)∆un+1, where the superscript ‘T’ stands for a trial state and the subscript denotes

the process step. In a certain step, the plastic displacement is preserved as the previous

values, up
n+1 = up

n. Thus, the elastic stiffness is fixed as its values is completely determined

by up
n, while the internal variables V0, H0 and β is updated to V0(u

p
n, αn+1), H0(u

p
n, αn+1)
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and β(αn+1), respectively. If f(FT
n+1, V0, H0, β) < 0, the process at the step n+1 is considered

elastic and then update the corresponding force and displacement.

(3) If the above yield condition is violated for the trial state, the force state surpasses

the yield envelope. In this case, provided that yielding does not occur in the previous step,

the intersection of the force path and yield envelope is found by using the Bisection method,

where the force is recorded as Fm. The portion of the load path inside the yield envelope is

evaluated by defining a quantity κ = |Fm−F|/|F|. Then, the force and displacement incre-

ments are calculated as κDe∆un+1 and κ∆un+1. After the updates, the force state is now

on the yield envelope. Based on the mathematical formulation in the previous section, the

elastoplastic stiffness matrix can be calculated. Accordingly, force increments are computed

and updated.

(4) Steps (2)-(3) are repeated until the entire force-displacement history is obtained.

6.4. Model validation

Computational results have been obtained in various loading conditions using the en-

hanced semi-analytical model. Three cases for which the plate moves along the trajectory

composed of multiple complex paths are selected to demonstrate the model performance.

6.4.1. Case 1

Figure 6.11 (a) shows the specified plate’s trajectory in Case 1. The plate penetrates the

sand for 30 mm first, followed by a rotation of 10◦. Then, it moves in the direction with w/u

= 1/2. Finally, the movement combining translation and rotation is performed. It should

be noted that in experiments, the path that combines translation and rotation motion is

executed by setting the start and end point of the path and rotating the joint 5 of robot



166

(described in Section 2.3.2) at a constant speed around the intersection between the plate

and soil surface.

The comparisons between the prediction and experimental data for the Case 1 are illus-

trated in Figure 6.11(b) and (c). In general, the model can capture the characteristics of the

force-displacement history in the process, reflected by clearly showing the turning points at

the junctions of paths. However, deficiencies do exist. First, overall the horizontal force H

is underestimated, which is more notable after the plate is rotated. This is mainly because

the model fails to capture the rapid increase of H at the start of Path III in the experiment.

Second, a mismatch is observed on the prediction of Path II. The predicted V drops faster

than the experimental result, and the predicted H is larger. It is important to indicate

that the mismatch appears at the start of the path with a displacement of 1.5 mm, which

is actually a small portion of Path II. These deficiencies might result from the difference

between the performed trajectories in the numerical and physical test, and the details will

be discussed in the Section 6.4.3.

6.4.2. Case 2

In Case 2, the specified trajectory is more complex and composed of 6 continuous paths,

as illustrated in Figure 6.12(a). The plate first penetrates sand for 30 mm and moves

horizontally with a displacement of 10 mm. Then, the plate is rotated 6◦ and moved with

u = w = 3 mm simultaneously, followed by a pure rotation of 9◦. After that, it moves in

the direction with w/u = 1/2. Finally, another movement that combines translation and

rotation is performed.
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Figure 6.11. Case studies for the enhanced semi-analytical model in Case 1:
(a) the specified trajectory of plate; the comparison between the experimental
and computed results of (b) force path and (c) force-displacement histories.
Note that in (a) ‘pene’ represents ‘penetration,’ ‘T’ represents ‘translational
movement,’ ‘RT’ represents the combination of translational and rotational
movement; and the different line types in (b) are used to distinguish the results
generated from different paths.

Figure 6.12(b) and (c) shows the comparison between the computed and experimental

force path and force-displacement histories, respectively. It is demonstrated that the com-

puted result generally can match the experimental curve well. However, one may notice that

the predictions in V and H are lower than the test result at the start of path V, which is

similar to the observation in Path III of Case 1.

6.4.3. Case 3

As shown in Figure 6.13(a), the motions for Case 3 are the same as those in Case 2 except

the first two paths. In Case 3, the plate penetrates sand for 20 mm first and then moves with

a displacement of u = w = 10 mm.

Figure 6.13(b) and (c) shows the computed and experimental results in terms of force

path and force-displacement histories, respectively. Comparing the experimental results of
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Figure 6.12. Case studies for the enhanced semi-analytical model in Case 2:
(a) the specified trajectory of plate; the comparison between the experimental
and computed results of (b) force path and (c) force-displacement histories.

Case 3 and Case 2, even though displacement histories before reaching the same intermediate

point (at w = 30 mm and u = 10 mm) are different, the force developments are nearly

identical for the part where the performed paths are the same, i.e., path III – path VI.

This characteristic, the displacement history has little influence on the soil response, can

be captured by the semi-analytical model. Comparing the prediction with the experimental

result for the Case 3, it is observed that the enhanced semi-analytical model generally can

predict the complex force-displacement behavior in the process. At the same time, the major

deficiency is similar to that of Case 2, i.e., the predicted V and H are lower than the test

result at the start of path V.

6.4.4. Discussion on the case studies

The results of Case 1 - Case 3 indicate that the relatively poor match for all three cases

generally appears when the plate undergoes a transition between a translational movement

and a rotational movement, which might result from the difference between the performed
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Figure 6.13. Case studies for the enhanced semi-analytical model in Case 3: (a)
the performed trajectory of plate; the comparison between the experimental
and computed results of (b) force path and (c) force-displacement histories.

trajectories in simulation and test. The difference is caused by the deviation of the executed

robot’s path in the junction of a linear movement and joint movement. Figure 6.14 shows two

examples of the designed displacement paths (numerical test) and the executed ones (physical

test). As indicated in Figure 6.14(a), for the transition from linear to joint movement, the

robot’ TCP first moves purely horizontally and then executes a path with a larger curvature

than the designed one. This can cause V to decrease at a slower rate than predicted,

which is observed in Case 1 (Figure 6.11). Figure 6.14(b) indicates the transition from

joint to linear movement. Instead of moving along the designed path straightly, the robot

is executed to drift downward first and then moves along the linear path. The deflection

can lead to an increase of V and H, as observed in Case 2 and 3 (Figure 6.12 and 6.13).

It is acknowledged that the difference between the designed and executed path does not

completely account for the difference of the computed and experimental results but provides

a reasonable explanation.
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6.5. Summary

This chapter presents an enhanced semi-analytical model for predicting the force and

displacement response as a plate moves along a large complex (translational and rotational)

trajectory in loose sand. The model is developed by first completing a unified analysis

of experimental results reported in Chapter 3 (Section 3.4). Based on the analysis, the

numerical modeling framework, including the features, formulation, and implementation of

the model, is built. To demonstrate and evaluate the enhanced semi-analytical model’s

performance, the soil responses in three cases that the plate performs multiple continuous

complex paths are computed, and the predictions are compared against the experimental

results. The main findings and conclusions are as follows:

(1) The yield envelopes for a plate inclined at various angles can be unified with nor-

malization. At any condition, a yield envelope is defined by its size and orientation. The

yield envelope’s size is controlled by the maximum vertical and horizontal force and evolves

with plastic displacements and inclination angle of the plate, while its orientation changes
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with the inclination angle of the plate. The three variables (V0, H0, β) are calculated by

using a semi-analytical, an analytical, and an experimental method, respectively. The plate’s

plastic displacements are determined by adopting a non-associated flow rule, which is built

by enhancing the flow rule for a vertical plate with the capacity of capturing experimental

observations extracted from the positive swipe and cutting tests.

(2) The computed force-displacement histories of the model are compared against the

experimental data, demonstrating that the model can predict the soil response of a plate

performing both translational and rotational movement with reasonable accuracy.

(3) The work aims to develop a basic modeling framework for predicting soil response

when a plate moves along a translational and rotational trajectory. The proposed model is

preliminary and possesses limitations than can be improved in future work. For example,

the current model is developed only based on the test results obtained for loose sand. The

investigations on soils with different properties are needed to improve the model’s generality.

Besides, the model cannot predict the soil response under the unloading condition, and the

effect of the plate’s inclination on the elastic modulus has not been considered.
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CHAPTER 7

Conclusion

The thesis is concerned with developing efficient techniques for predicting forces and

deformations generated through soil-machine interaction. Specifically, a plasticity-based se-

quential kinematic model and a semi-analytical model (also known as macro-element model)

derived from the generalized yield envelopes in geotechnical engineering were formulated and

calibrated. The former can accurately predict soil responses, including soil deformation and

force-displacement histories, with affordable computational cost. The latter is capable of

generating force-displacement data in seconds to enable fast calculation for the purpose of

design optimization and control algorithm development. Both techniques were developed

based on experimental measurements for the most fundamental cases, including the particu-

lar cases of cutting and penetration. These measurements were completed with the essential

help of the newly built experimental system that enables automated and efficient tests in

SMI. In this final chapter, the principal conclusions of the work are summarized, and some

possible directions for future research are discussed.

7.1. Main findings

The main findings are organized in terms of the development of laboratory (1), the SKM

method (2-4), and the semi-analytical model (5-8):

(1) A new experimental system consisting of an industrial robot and a sand bed using

fluidization was developed. It enables automated and efficient experimental studies in SMI
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providing important data for the development of the theoretical models. In the system,

the fluidized bed is used to prepare sand specimens, which allows the quick and repeatable

preparation of a uniform sand bed with a broad range of relative density. The robot can move

and track objects’ movements and measure resistive forces with the accuracy required by

small-scale tests. In particular, tests involving multi-axial motions can be easily conducted

with the aid of the robot, which would otherwise require a complicated actuation and control

system.

(2) The progression of soil deformation in two fundamental SMI processes, cutting and

penetration, were investigated experimentally. For the cutting process, distinct soil responses

are observed in loose and dense sand. In terms of the force-displacement histories, the

force generally increases with the displacement in loose sand, while the force oscillates with

a relatively large amplitude during the cutting process in dense sand. For the evolution

of soil deformation in loose sand, a shear band sweeps over a small region first and then

remains stationary for a period of time at one position while some temporary sweeps appear

randomly. In dense sand, the shear band remains fixed for a long period of time until

rapid and repeated sweeps precede a jump forward to a new location. In the penetration

process, the evolution of soil deformation is investigated only on the sand at a dense state.

The deformation patterns featured by shear localization forming, breaking down, and fading

away are repeatedly observed in the process, and the force increases with the depth overall.

(3) The SKM model can quantitatively predict the progression of soil deformation under

biaxial compression in loose and dense sand. While the measured incremental deformations

indicate that the shear band takes place close to the peak stress ratio, the SKM model implies

that it can appear much earlier and continuously form at variable locations to produce the
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full observed evolution of soil deformation, i.e., soil deforms in a diffuse and non-homogeneous

mode at first, followed by the appearance of a distinct shear band.

(4) For the cutting process, the SKM model can capture the distinct responses of loose

and dense sand observed in experiments, including force-displacement histories and the evo-

lution of soil deformation. More importantly, the SKM model identifies and explains sand’s

deformation mechanism in the cutting process: continuous discontinuity (localized deforma-

tion) propagates over regions. As it propagates, the sand on the localized region is hardening

or softening, accompanying compaction or dilation.

(5) The experimental loading capacity for a vertical plate in loose and dense was mea-

sured. Through the experimental analysis, some critical features were extracted for devel-

oping the semi-analytical model. It was found that the elastic stiffness of the plate system

evolves with the relative penetration depth linearly. The V -H yield envelopes for the plate

at various penetration depths of sands with different densities can be unified. The yield en-

velope’s size is controlled by vertical and horizontal loading capacities, which are expanded

with plastic displacements. Additionally, the plate’s plastic displacements can be described

by a non-associated flow rule, which is derived based on experimental data.

(6) Based on the experimental analysis, a semi-analytical model inspired by the general-

ized yield envelopes in geotechnical engineering was formulated. The model can simulate the

process of a vertical plate moving in sand translationally and generate the force-displacement

response in seconds. By comparing with the experimental observations, it is demonstrated

that the model can substantially capture the response of sand at both loose and dense state.

(7) The experimental measurements were conducted to examine an inclined plate’s load-

ing capacity. It is found that the yield envelopes for a plate inclined at various angles can

be unified with normalization. At any condition, a generalized yield envelope can be defined
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by its size and orientation. The yield envelope’s size is controlled by the maximum vertical

and horizontal force, which evolves with plastic displacements and the inclination angle of

the plate. The orientation of the yield envelope changes with the plate’s inclination angle.

The plate’s plastic displacements can be described by a non-associated flow rule built by

enhancing the flow rule for a vertical plate. The enhancement refers to the added capacity

of capturing experimental observations extracted from the positive swipe and cutting tests.

(8) Based on the in-depth experimental analysis for an inclined plate’s loading capacity,

an enhanced semi-analytical model was built. This model can predict the force-displacement

response for a more complex loading scenario, i.e., a plate undergoing translational and

rotational movement with large displacement. The model’s prediction was compared with

the experimental data, showing that the model can reproduce the important features of the

observed behaviors.

7.2. Future directions

In general, this study focuses only on the case that a plate moves in dry sand without

unloading. The material type and configuration are only a small subset of the possibilities

encountered in SMI applications. This work aims to open an opportunity to start a compre-

hensive study in this field. Some future directions in terms of the SKM and semi-analytical

models are provided explicitly as follows.

7.2.1. SKM technique with enhanced kinematics and constitutive model

In Section 4.4, an SKM model for simulating the penetration process was developed, and the

model produces a prediction that can match the experimental results as a whole. However,

several shortcomings of the model are identified, such as prediction accuracy, generality, and
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stability. These shortcomings could be improved by expanding the SKM formulation to

include combined loading and enriched kinematics of sufficient complexity. For example, the

more advanced constitutive models that account for hardening and softening (e.g., Extended

Mohr-Coulomb model [189]) can be considered. One of the most critical tasks to achieve

the goal is to invent an effective method to estimate the energy dissipation rate within an

increment. Ideally, the estimation should be purely stress-independent. Future Efforts could

be devoted to using a fictitious flow rule [190] or hyperplastic method [191].

7.2.2. Macro-element model

Force-displacement results obtained in the tests that a vertical plate moves translationally

were compared with the prediction of the first semi-analytical model in Section 5.4. In

general, it was found that the model performed well, reproducing the important features

of the observed behavior in a satisfactory manner (both qualitatively and quantitatively).

However, the local hardening and softening of forces appearing in dense sand cannot be

captured by the model. Such an improvement might require deriving more complicated

hardening laws.

The enhanced semi-analytical model presented in Chapter 6 provides a basic modeling

framework for predicting soil response when a plate moves along a complex translational and

rotational trajectory. This basic model has considerable limitations that could be overcome

in future research. For example, the current model was developed based on the test results

obtained from loose sand. The investigations on soils with different properties are needed

to improve the model’s generality, which requires a more extensive series of experiments.

Additionally, the current model can only be used under the loading condition, which means

that the soil response generated from the plate’s retreat cannot be predicted. Another
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improvement could be made by considering the effect of the plate’s inclination on the elastic

modulus.

7.2.3. Other material types

This work focuses only on dry sand (frictional material). Looking further ahead, expansion

to fine-grained soil amenable to simplified constitutive modeling represents an interesting

and promising area of future work, one in which the model formulation may in fact become

simpler in many respects. While experimentally more difficult to investigate, fine-grained

materials such as clay may be easier to assess within the framework of the SKM technique,

especially on account of the fact that dissipation no longer depends on the stress state for a

pressure-independent yield condition. Moreover, simplifications in the semi-analytical model

most likely arise with respect to characterizing the yield surface and plastic flow rule.
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[186] J. Maciejewski and A. Jarz ȩ bowski, “Application of kinematically admissible solutions
to passive earth pressure problems,” International Journal of Geomechanics, vol. 4,
no. 2, pp. 127–136, 2004.

[187] M. ApS, “Mosek optimization toolbox for matlab,” User’s Guide and Reference Man-
ual, Version, vol. 4, 2019.

[188] V. Murthy, “Principles and practices of soil mechanics and foundation engineering,”
New York: Marcek Decker INC, 2002.

[189] D. M. Wood, Geotechnical modelling. CRC Press, 2014.



193

[190] A. Drescher and E. Detournay, “Limit load in translational failure mechanisms for
associative and non-associative materials,” Geotechnique, vol. 43, no. 3, pp. 443–456,
1993.

[191] G. T. Houlsby and A. M. Puzrin, Principles of hyperplasticity: an approach to plasticity
theory based on thermodynamic principles. Springer Science & Business Media, 2007.

[192] M. Cassidy, C. Gaudin, M. Randolph, P. Wong, D. Wang, and Y. Tian, “A plasticity
model to assess the keying of plate anchors,” Géotechnique, vol. 62, no. 9, p. 825, 2012.
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APPENDIX A

Strain measurement for observing localization using particle

image velocimetry

A.1. Introduction

Strain localization into zones, such as shear banding, is a fundamental phenomenon

commonly observed in soils, which can lead to global failure of geotechnical structures, such

as human-built embankments, footings, and retaining walls [208, 123]. The localization

might appear as single, multiple, or pattern of shear zones depending on both initial and

boundary conditions [121]. The zone of localization can be plane or curved, and both

shear and volumetric deformation can occur [122]. Knowledge of the pattern of shear zones

and distribution of shear and volumetric strain in the zones is vital for understanding the

mechanism of soil deformation and developing either theoretical or numerical models [123,

124, 125, 126, 127].

Different techniques have been used to visualize deformation in soils in various labora-

tory tests: colored layers and markers [133], X-rays [140, 141, 142], γ-rays [143], stereo-

photogrammetry [144, 121, 145], electrical capacitance tomography [146, 147], and digital

image correlation (DIC) or particle image velocimetry (PIV) [148, 149, 150, 151]. Among

these methods, PIV is an optical non-invasive technique, which is implemented by com-

paring successive pairs of deforming specimen’s digital photographs. The method enables
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the estimations of the displacements at user-defined discrete positions for each pair of pho-

tographs, and then the strains (i.e., gradients of the displacements) are generally determined

by differentiating the displacement field.

Many efforts have been devoted to improving the accuracy of the displacement estimation

in PIV/DIC [209, 210, 211, 212, 213, 214] to enhance the measurement of strain field.

However, the actual displacement field of the tested object cannot be perfectly restored due

to the unavoidable influence of noise. In instances where strains are directly computed by

differentiating the displacement field, the noises/errors might be even amplified. For ex-

ample, if the error of displacement is ±0.02 pixels (the universally accepted displacement

estimation accuracy of DIC [167]), and the subset size is 20 pixels, the error of strain calcu-

lated by forward difference is 0.2%. An error of this extent might hide the underlying strain

information and limit the observation of strain localization.

Rather than improving the estimation of displacements, the objective of this study is to

present a simple and effective technique to extract strain distribution from the displacement

field obtained by PIV. The main idea of the method is to use moving least square (MLS)

interpolants [170] to fit the displacement fields on local domains of the finite element mesh,

then compute the strains by taking derivatives of these interpolants. In this appendix, the

implementation of strain field measurement is described firstly, followed by a discussion

about the critical parameter selection in the technique. Then virtual tests and a physical

test involving strain localization are performed, and strain fields are calculated to validate

the effectiveness of the proposed method.
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A.2. Procedure of strain field measurement

This section illustrates the method and implementation for measuring the strain field,

including the estimation of the displacement field and the calculation of strains from the

estimated displacements at discrete positions.

A.2.1. Computation of displacement field

In a typical PIV-DIC analysis, a region of interest (ROI) is first defined within the initial

(“reference”) image of the model and populated with a mesh of subsets of user-defined

size. The displacement of these subsets in subsequent (“target”) images are found based on

their cross-correlation. The integer pixel displacements can be obtained from the calculation

of cross-correlation, and then subpixel displacements are determined by interpolating the

correlation peak.

In this study, the displacement field is estimated by using the GeoPIV-RG [214], which is

a free MATLAB-designed image analysis module for geotechnical and structural engineering

research. The overarching framework controlling the computation process is the reliability-

guided (RG) method proposed by Pan [215]. Each reference subset is allowed to deform

using a shape function describing first-order deformations in conjunction with image-intensity

interpolation techniques to improve the correlation between the reference and target subsets

via optimization [216]. An initial “seed” subset is first analyzed, and then the subsequent

computations are preconditioned using the results from the previously computed neighboring

subset that has the highest correlation. The reference image is updated when the correlation

coefficient for either the seed or one of the subsets contravenes user-defined thresholds. In

this way, the displacements of the user-defined subsets in the whole process are calculated.
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Figure A1. (a) Finite element mesh with a generic point m, and the local
support domain Ωm shaded; (b) configuration for calculating strains with tri-
angular element used in GeoPIV RG; (c) configuration for calculating strains
by MLS method. Note red points and black points indicate the positions at
which the strains and displacements are calculated, respectively.

It is demonstrated that the GeoPIV-RG allows improved deformation measurements for

geotechnical applications with the evidence that rigid-body displacements can be detected

to a precision of 0.001 px.

A.2.2. Calculation of strain field by using MLS interpolants

The main idea of this method is to use MLS interpolants [170] to fit the displacement fields

on local domains of the element mesh. The strains are then extracted by taking derivatives

of these interpolants. The details are described as follows.

To calculate the derivative at any point m (with coordinates xm) in the whole domain, a

local domain Ωm is defined with the origin at m and local coordinates x and y, as shown in

Figure A1(a). The radius of the domain is dm, and only nodes inside Ωm contribute to eval-

uation of the interpolation of the displacement field. The displacement field is approximated

by a polynomial function with order k:
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(A.1) u(x) ≈ û(x) =
k∑
j=1

pi(x)ai(x) = pT (x)a(x)

where p is a basis and pT = [1xy] for a linear basis in two dimensions. In MLS, the unknown

coefficients in a are determined by minimizing a function J , which sums up the weighted

error of squared displacement for all nodes inside the support domain:

(A.2) J(a(x)) =
n∑
i=1

W (x− xi)(ûi − ui)2 =
n∑
i=1

W (x− xi)(p
T (xi)a(x)− ui)2

where W is a weight function; i identifies the number of nodes in the local domain Ωm; ui

refers to the displacement at x = xi. Function J is minimized by differentiating it with

respect to the unknown coefficients a(x):

(A.3)
∂J

∂a
= 0

which leads to the following equation:

(A.4) A(x)a(x) = B(x)U(x)

where the matrix are given by

(A.5)

A(x) =
n∑
i=1

W (x− xi)(p(xi)p
T (xi)

B(x) = [W (x− x1)(p(x1) W (x− x2)(p(x2) ... W (x− xn)(p(xn)]

UT (x) = [u1 u2 ... un]
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The coefficients in a are determined as:

(A.6) a(x) = A−1(x)B(x)U(x)

Then, the derivatives, i.e. strains, are given by û,x = a2 and û,y = a3 (for the case of

a linear basis). The same procedure is adopted for calculating the strain at any point in

the full field to obtain the strain distribution. It is noted that the positions at which one

performs the strain calculation are not constrained by the grid/subsets set for estimating

displacements.

In the calculation, the weight function (W ) plays an important role. A properly con-

structed weight function, which can give unique solutions when determining the unknown

coefficients a, should have three features: (1) it has compact support, meaning that its mag-

nitude should be zero outside the support domain; (2) it should be positive for all nodes

within the support domain; (3) it has its maximum value at the selected point and de-

creases monotonically when moving outwards. There are various functions satisfying the

above properties [217, 218], and the cubic spline weight function described by Dolbow and

Belytschko [218] is used in this study:

(A.7) W (x− xi) ≡ W (r) =


2/3− 4r2 + 4r3 for r ≤ 1/2

4/3− 4r + 4r2 − 4r3/3 for 1/2 < r < 1

0 for r > 1

where r = di/dm, di = |x− xi|, and dm is the size of the local support domain, as shown in

Figure A1(a).
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A.2.3. Selection of the local support domain size

The size of the local support domain, dm, is a key factor influencing the calculation result.

A support domain with a large size contains more data points (nodal displacements) to

complete the local fitting. Thus, the influence of noise in the displacement field on the strain

calculation is weakened, and naturally, the smoothness of the strain field will be improved.

However, if the size is too large, the values of strain at neighboring positions tend to be

equal, resulting in an over-smoothed strain field.

To specifically show the influence of dm on the accuracy of strain calculation, sets of ar-

tificial images representing deformation with strain localization are employed and analyzed

with using various dm. The artificial images are used since they can be subjected to pre-

cisely prescribed deformations and avoid the problems induced by camera lens distortions

and camera-target movements [214]. As shown in Figure A2(a)-(b), the reference image

is generated in MATLAB by randomly projecting 20000 black dots on a white background

with a size of 1000× 1000 pixels (px). Then, the deformation of simple shear is imposed in

a zone at the mid of the image to create the deformed image. The width of the shear band

is 100 px, and the magnitude of the imposed shear strain (γxy) ranges from 0.25% to 5%. In

the analysis of the displacement field, the subset size (L) is set to be 25 px. For the generated

images, the minimum standard deviation of the subset intensities (σIs) is examined to be 31,

which satisfies the requirements on the contrast of subsets [214]. Based on the estimated

displacement field, the strains are calculated by using the MLS method with adopting vari-

ous dm. The positions performing the strain calculation are indicated schematically by the

red points in Figure A1(c), where the black points represent the center of subsets, at which

the displacements are estimated.
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The accuracy of the strain measurement is quantified by the normalized mean absolute

errors, NMAEX , calculated as NMAEX = MAE/X, where MAE is the mean absolute differ-

ence between the theoretical and calculated strains over the full field, and X is the magnitude

of the strain imposed in the localized zone. Figure A2(c) presents the change of NMAEγxy

with the size of the local support domain as different shear strains are imposed. For the

cases in which the shear strain is relatively large (γxy = 1%, 5%), NMAEγxy almost keeps

constant at first, and then increases monotonically with increaseing dm/L. When a small

shear strain is imposed (γxy = 0.25%, 0.5%, 0.75%), the NMAEγxy decreases firstly, followed

by an increase with the dm/L. Besides, the figure indicates that as the imposed shear strain

decreases, the dm/L generating the minimum NMAEγxy increases, which suggests that a

larger dm is preferred when the shear strain to be measured is small. Overall, it is illus-

trated that a proper local support domain size should be selected carefully for observing the

strain localization accurately in practice, and the above result can provide a reference on the

selection.

A.3. Experimental evaluation and results

In this section, virtual tests and a physical test are performed to verify the effectiveness

of the MLS method.

A.3.1. Virtual test

For performing virtual tests, a reference image with a size of 2000×1000 px is firstly generated

by projecting 40000 black dots on a white background, which is shown in Figure A3(a).

Then, the deformed image is created by imposing the deformation of simple shear and/or

compaction on a shear band with a width of 100 px (shown in Figure A3(b)). The angle
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Figure A2. Evaluation of the influence of local support domain size (dm) on
the calculation accuracy: (a) artificial image and grey shade indicates the
zone imposing strain localization; (b) imposed simple shear deformation in
the localized area; (c) normalized mean absolute errors of the calculated shear
strains with using different local support domain size.
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00
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35˚ 
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deformation

Figure A3. Artificial image and imposed deformations: (a) reference image
and the grey shade indicates the zone imposing strain localization; (b) simple
shear combined with compaction in the localized zone.

between the shear band and the horizontal is 35◦. For a pair of images, the strain field is

calculated by using both GeoPIV RG and MLS interpolants. The configurations adopted to

perform the calculations in the two methods are schematically described in Figure A1(b)-

(c). In this section, the full-field maximum shear stain (γmax) and volumetric strain (εv) are

evaluated to interpret the results.
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Figure A4. Normalized mean absolute error of (a) maximum shear strains
as only simple shear is imposed on the shear band with various magnitudes;
(b) volumetric strains as only compaction is imposed on the shear band with
different magnitudes.

To quantitatively compare the performance of the methods (MLS and the one used in

GeoPIV RG), test images representing two types of deformation are employed: (1) simple

shear is exclusively imposed on the shear band with various magnitudes, and (2) compaction

is induced at different magnitudes on the shear band without shear. Figure A4(a)-(b) show

the evolution of NMAEγxy and NMAEεv with the imposed γxy and εv, respectively. For both

cases, the NMAE of strains calculated by the MLS method is smaller than that measured by

GeoPIV RG. The smaller the imposed strain is, the bigger the difference of NMAE obtained

from the two methods, and more effective the MLS method is.

We also plot the calculated strain fields (Figure A5 and Figure A6) to show the perfor-

mance of the MLS method more intuitively. The strain fields are obtained from the test

images imposing shear strain of 0.57% and volumetric strain of 0.04% on the shear band.

For taking the influence of subset size into consideration, the displacement field is analyzed
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with using L = 25 px, 50 px, respectively. Based on each of the estimated displacement fields,

the strains are computed by the two methods. Figure A5 shows the calculated maximum

shear strain fields, where the grey lines indicate the boundaries of the preassigned shear

band. Comparing the strain fields obtained with using different subset sizes, the zone of

shear band is captured more precisely as L = 25 px, while the strain fields are smoother as

L = 50 px. Comparing Figure A5(a) with Figure A5(b), it is observed that the strain fields

computed by the MLS method are smoother, especially in the area where no shear strain is

imposed. The effectiveness of the MLS method is more pronounced in the measurement of

volumetric strain fields, which is illustrated in Figure A6. For the strain fields obtained from

GeoPIV RG (Figure A6(a)), a highly irregular strain distribution above the shear band is

observed when L = 25 px, and information of limited valuable is delivered. The irregularity

is alleviated for L = 50 px; however, the shape of the shear band is jagged and significantly

different from what is preassigned. Comparing Figure A6(b) with Figure A6(a), it is iden-

tified that the smoothness and regularity of the strain fields are greatly improved by using

the MLS method.

A.3.2. Physical test

To evaluate the effectiveness of the MLS method in practical observation, we conducted a

cutting test and calculated the incremental strain fields during the test by the two methods.

The test was performed on the silica sand, obtained from Ottawa, Illinois (supplied by U.S.

Silica Company). The particles are round in shape and range in size from 0.075 mm to

0.425 mm with a mean diameter of D50 = 0.19 mm. In the test, the sand bed was prepared

in a loose state with relative density Dr = 18% using fluidization [219]. After that, a plate

was pushed vertically into the sand at a depth of 27 mm. Then, it was moved horizontally
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Figure A5. Shear strain field calculated by using (a) GeoPIV RG; (b) MLS
method. Note: the imposed shear strain is 0.57%, and the volumetric strain
is 0.04%.
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Figure A6. Volumetric strain field calculated by using (a) GeoPIV RG; (b)
MLS method. Note: the imposed shear strain is 0.57%, and the volumetric
strain is 0.04%.
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Figure A7. At the cutting displacement of 1 mm, the incremental shear
strain field (top) and volumetric strain field (bottom) obtained by using (a)
GeoPIV RG; and (b) MLS method. Note: the incremental strains correspond
to the incremental displacement of 0.1 mm, and black block represents the
plate.

at a rate of 0.1 mm/s to cut the sand, and the pictures were taken per 0.1 s simultaneously

during the process.

We used the subset size of 25 px to analyze the displacement field. For the test pictures,

the minimum standard deviation of the subset intensities (σIs) is 25, satisfying the require-

ment on the contrast of subsets [214]. Figure A7(a) and (b) illustrate the incremental strain

fields obtained from GeoPIV RG and MLS method, respectively, which are plotted in pixel-

based space. It is noted that the incremental strain fields are produced with a displacement

of 0.1 mm when the cutting displacement u = 1 mm. From Figure A7(a), it is observed the

strain fields measured by GeoPIV RG, especially the volumetric strain field, are abnormal.

By contrast, the strain fields computed by the MLS method (show in Figure A7(b)) are more

rational as the abnormal patterns are alleviated, and the zone of strain localization can be

detected.
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A.4. Summary

This study presents a technique using MLS interpolants to calculate strain distribu-

tion from the displacements at discrete positions obtained by PIV. The implementation of

strain field measurement is described, and the influence of local support domain size on the

calculation is investigated. Additionally, virtual tests and a physical test involving strain lo-

calization were performed. Through measuring the strain fields of the tests, the effectiveness

of the MLS method is validated. The main conclusions are as follows:

(1) This technique mainly has three advantages: (1) the calculation process can be easily

implemented when the displacements at discrete positions are obtained; (2) the strain can

be calculated at arbitrary position in the full field, which means the positions for performing

the strain calculation are not constrained by the grid/subsets defined for estimating dis-

placements; (3) the local support domain size can be set arbitrarily, even vary at different

positions, which might be helpful for obtaining optimal results with respect to different cases.

(2) The local support domain size dm is a key factor influencing the calculation result.

As the imposed strains are different, the dm generating optimal estimation varies. The test

performed in this study indicates that the dm corresponding to the minimum NMAEγxy in-

creases with the decrease of the imposed shear strain, suggesting that a larger dm is preferred

when the shear strain to be measured is small. In practice, a proper local support domain

size should be selected carefully for observing the strain localization accurately.

(3) The proposed method is effective in measuring the strain field for observing strain

localization. Based on the results of the virtual tests and a physical test, it is demonstrated

that the MLS method can significantly improve the smoothness and regularity of the strain
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fields to obtain valuable information of strain localization, especially for the volumetric strain

field.
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