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ABSTRACT

Essays on Revenue Management

Mustafa Akan

This thesis encompasses the work on bid-price controls for network revenue manage-
ment and a dynamic model of revenue management with strategic consumers. The first
line of research studies the circumstances under which bid-price controls are optimal or
near optimal with minimal assumptions on the network topology and the stochastic struc-
ture of demand. In this general setting, in a discrete time model, I propose several novel
bid-price control mechanisms and study their properties, proving that optimal bid prices
form a martingale. To explore the martingale property further, I also consider a continu-
ous time, rate-based model of network revenue management and show how an e-optimal
bid-price control and the corresponding bookings can be characterized as a solution to
a Forward-Backward Stochastic Differential Equation (FBSDE). The analysis provides a
new methodological approach to study revenue management problems by defining them
as stochastic control problems and deriving the associated dual stochastic control prob-
lems. In the important special case of continuous information, machinery of FBSDE’s and

Ito calculus can be used to solve the network revenue management problem. Using the



FBSDE connection, Malliavin calculus and Monte Carlo methods for solving FBSDE’s
can be utilized to compute near optimal bid prices.

The second line of research incorporates the strategic consumer behavior in revenue
management. I consider a dynamic model of revenue management with strategic con-
sumers, where unlike in the classic revenue management literature, demand learning is
the underlying process that leads to arrivals. In this setting, consumers learn their true
valuations sequentially and a monopolist system manager tries to maximize her profits by
sequentially screening the consumers. I identify the conditions under which the system
manager can achieve the first-best solution. If these conditions are not satisfied, then the

optimal mechanism is a menu of expiring refund contracts.
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CHAPTER 1

Bid-Price Controls for Network Revenue Management (joint

with Baris Ata)

The defining feature of network revenue management is that the products being sold
consume the capacities of multiple resources. In this complex setting, bid-price controls
represent a popular and intuitively appealing approach to quantity-based revenue man-
agement. Such a control mechanism associates a threshold price (called a bid price) with
each resource dynamically over time, and a booking request is accepted if the following
two conditions are met: the remaining capacities of the various resources are adequate to
meet the request; and the revenue generated by accepting the request exceeds the sum of
the bid prices associated with the resources consumed. Bid-price controls are motivated
by the price interpretation of optimal dual variables in deterministic linear programming,
and a bid price is often described as the "opportunity cost" of consuming a resource’s
remaining capacity; see for example [10].

Bid-price controls are now widely used in practice, but their justification remains
incomplete. Chapter 3 of [60] summarizes the literature of network revenue management
through roughly 2003, including a thorough discussion of bid-price control mechanisms,
which began with [58] and [65]; also see [30] for an elaborate survey. Bid-price controls
continue to attract the attention of university and industry researchers, but we are not

aware of any recent work that bears upon the issues discussed in this paper. The initial
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impetus for our research was a comment by Robert Phillips several years ago, conjecturing
that optimal bid prices form a martingale. His conjecture was advanced in the context of
ongoing discussions with colleagues in the airline industry, some of whom asserted that
the bid prices associated with capacity of a flight leg tends to increase as the departure
date approaches, while others made the reverse claim.

An obvious impediment to proving this conjecture is the negative result by [59], who
showed by example that an optimal bid-price control mechanism need not exist. The
authors produced a 2-period counter example in which the optimal sequence of accept-
reject decisions cannot be achieved by means of the specific bid-price control mechanism
they propose. In this paper, we identify the circumstances under which bid-price controls
are optimal or near optimal. In particular, we report encouraging results regarding the
optimality properties of bid-price controls. These results are proved without making
any assumptions on the stochastic structure of demand; our model allows non-stationary
demands with an arbitrary dependence structure, including both inter-temporal and cross-
product dependencies which enables us to capture demand substitution across products
and over time.

As we shall see in Section[1.1] the controls in network revenue management problem (P)
are adapted and use all the information available at the time of decision making. Hence,
if we require bid prices to be predictable, that is, bid prices can depend on information
available only up to a point before the booking decisions are being made, there will be
an optimality gap in general. In other words, the bookings resulting from a predictable
bid-price control may not be optimal for the network revenue management problem in

general. Therefore, we first adopt a generous definition of bid-price controls and allow the
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policy parameters to be adapted, i.e. they can depend on all the information available at
the time of decision making. In this context, we identify a class of adapted generalized
bid-price controls, and show that there does exist an optimal control within that class, cf.
Theorem 1. Moreover, there exists an optimal control within that class such that the bid
prices form a martingale, cf. Theorem [2]

In the course of establishing Theorem 1, we see that bid-price controls implemented in
the ordinary sense, cf. [60], are not optimal in general even if they are adapted. As can be
seen from our formulation (P), cf. Section [1.1] the network revenue management problem
is a linear program and hence, its objective is piecewise linear and concave in the vector
of remaining capacities. Intuitively, the basic idea behind bid-price controls is that they
capture the displacement cost or the opportunity cost of capacity associated with booking
decisions. Taking a dynamic programming point of view, the system manager wishes
to assess how the value-to-go function changes as she makes booking decisions at each
decision point. If the value-to-go function was affine, then the bid-pricing approach in the
ordinary sense would work. However, at each decision point, the value-to-go function is a
piecewise linear and concave function because the network revenue management problem
is a linear program. Therefore, if the current capacity and remaining capacity after each
booking decision are on the same facet of the value-to-go function, then the bid-pricing
approach in the ordinary sense would work, but problems arise if they are on different
facets. Moreover, if the two capacity vectors lie on an edge, then the gradient of the
value-to-go function is not well defined. In these cases, it is not clear how to define and
implement bid-price controls. Thus, the bid-prices implemented in the ordinary sense

are not optimal in general even if they can depend on all the information available at
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the time of decision making. Nonetheless, we show in Theorem 1 that using bid-price in
conjunction with capacity usage limits gives rise to optimal bookings. The capacity usage
limit processes also address the concerns raised by [65] that without any explicit booking
limits, the bid-price control mechanisms would book more than optimal requests in case
of a burst in demand. Such capacity usage limits are typically used in practice as part
of bid-price systems for network revenue management in order to handle unanticipated
demand surges, cf. [49].

Consider the usual case where the incremental information arriving during a small time
window is also small. Then we expect intuitively that the extra latitude of adaptedness we
allow in formulating and applying bid-prices is not very significant so that the predictable
version of the bid-price control should be near optimal as the updating frequency of the
policy parameters increases. To explore this, we consider predictable generalized bid-price
controls in Section [I.3] whose parameters at a decision point are required to depend only
on the information available at a point strictly before decision making. While predictable
bid-price controls are sub-optimal in general, we construct a near-optimal one in Section
[1.3 under mild assumptions. To be specific, we show that the expected revenue resulting
from the proposed predictable bid-price control converges to the objective function value
of the network revenue management problem as the updating frequency of the bid-price
and the capacity usage limits increases. Moreover, the predictable bid prices we construct
form a martingale, too. The near optimality of the predictable bid-price controls shows
their robustness to small information distortions. In the same vein, martingale property

is also robust to informational distortions and still holds for predictable bid-prices.
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Bid-price controls are practically appealing because they are easy to implement. The
generalized bid-price controls we propose decompose the complex network revenue man-
agement problem across time. Nonetheless, they do not decompose decision making across
products. In particular, one needs to solve a linear program at each decision point. For-
tunately, we prove that there exists a bid-price control which uses only the bid prices
associated with various resources and decomposes decision making across products. Bet-
ter yet, we show that there exists a predictable such bid-price control which is near optimal
in the usual case when periods are small provided that either demand during each period
is small or the incremental information arriving during each period is small. The bid-
prices form a martingale in this case, too. Moreover, the bid-prices used at each decision
point are last updated in the previous period reflecting the way bid-prices are used in
practice. Moreover, the bid-price control we propose can be viewed as a perturbation of
those implemented in the ordinary sense. In particular, given bid prices, the two booking
mechanisms result in the same bookings except when the fare of a product is only slightly
larger than the sum of the bid prices of the resources that product uses, cf. . In that
case, the bid-price control we propose books only a fraction of demand while the ordinary
implementation suggests booking all demand.

In establishing the near optimality of the latter bid-price control, we consider an as-
ymptotic regime where the number of periods grow to infinity and period lengths tend to
zero, while the planning horizon [0, 7] and the underlying probabilistic primitives (cumula-
tive demand and fare processes) remain unchanged. We believe preserving the uncertainty
in the limit is necessary to maintain the key trade-offs in the network revenue manage-

ment problem and the novel feature of this asymptotic regime is that it does preserve
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the stochastic nature of demand unlike the asymptotic regimes considered previously in
the literature. Our analysis also provides bounds on the optimality gap associated with
predictable bid-price control we propose, which do vanish in this asymptotic regime, cf.
Corollaries 10l and 12l

To elaborate further on the practical significance these results, note that anyone using
bid-price controls in practice will update bid-prices less often than required for exact
optimality. Thus, if there existed an optimal bid-price control in the ordinary sense, the
practical significance of this would have been to provide rough assurance that by refreshing
policy parameters often enough, one could approach optimality. We believe that our
results do equally well in that regard. Moreover, our results provide the additional insight
that to assure good performance, bid-prices should either be used in conjunction with
capacity usage limits, cf. Theorems 1 and [5, or one must take additional care (if one uses
only bid prices in decision making) when the fare of a product only slightly exceeds the
sum of the bid prices of the resources it uses, in which case one should not book all the
demand contrary to the ordinary implementation of the bid-price controls.

Finally, our paper is the first to establish the martingale property of (near) optimal bid
prices. The martingale property provides us with the understanding that if the system
manager makes the optimal accept/reject decisions, a decrease in the option value of
capacity should be balanced by the increase in the opportunity cost of capacity. The
martingale representation of optimal bid-prices also leads to a promising connection to the
literature on the pricing of American options where one tries to pick the best martingale
to optimize a certain objective. This connection is more transparent if the capacity of

a resource in the network revenue management problem is thought of as an option that
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could be exercised in each period. The martingale property of (near) optimal bid prices
is further explored in Chapter 2 using a continuous-time rate based model of network

revenue management .

1.1. The model

We consider a network revenue management model consisting of K resources and
J products. In an airline setting, a resource corresponds to a flight leg and a product
corresponds to a particular itinerary. A primitive of our model is a K X J non-negative
capacity consumption matrix A, where the entry Ay; denotes the amount of resource k£
capacity consumed by one unit of product j. There are N periods to the terminal time.
The periods need not have equal length. To be more specific, the end of each period
is denoted by ¢, for n = 1,...,N; and we let tg = 0 and ty = T. In each period n,
first the demand during that period is realized, then the number of bookings for each
product is determined at time ¢,, so that the capacity constraints are not violated. Then
revenue resulting from the bookings is realized and the capacity vector is updated. The
booking vectors are continuousE] and the fares are set exogenously. The capacity not
utilized until the terminal time has no value. The objective is to determine the optimal
controls (booking decisions) in each period to maximize total expected revenue subject
to capacity constraints.

The evolution of information (or uncertainty) is described by the filtered complete
probability space (2, F,{F; : 0 <t < T}, P), where F; denotes the information available

at time ¢. The system manager observes the evolution of information continuously starting

IThat is, we may choose to fulfill any fraction of demand by allowing the booking vectors to take values
in ]R_{. The case with integrality requirements on booking controls can be analyzed using a similar
framework.
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at time tg = 0, although she exerts control at the end of each period, that is, at times
{t, :mn=1,...,N}. These decision times are exogenous but the time difference between
the decision times may be arbitrary as well as the number of decision times. To facilitate
the analysis to follow let I' = {t1,...,ty} denote the set of decision times where ¢, also
denotes the end of period n forn=1,...,N.

The cumulative demand is modelled as a non-decreasing, J-dimensional stochastic
process {D(t) : 0 < t < T} with finite mean, adapted to the underlying information
structure {F; : 0 <t < T'}, where D;(t) denotes the cumulative demand for product j up
to time ¢t. No assumption of the independence of demand across products or across time
is made; indeed, we allow for dependent demand. In our formulation, the system state
at decision time ¢, is described by a K-dimensional vector z(t,,) of remaining capacities;
x(t,) denotes the remaining capacity of resource k at time ¢,. The demand observed
by the system manager at time t,, is the J-dimensional vector D(t,) — D(t,_1), which
is the demand accumulated since the last decision time ¢,,_;, that is, during period n.
Upon observing demand realization D(t,,) — D(t,_1) during period n, the system manager
chooses a J-dimensional vector u(t,) of booking levels, where w;(,) denotes the booking
level for product j at decision time ¢,. Given the initial capacity vector x(ty) = C, and
the booking levels u(t,) for n = 1,..., N, the evolution of the system state (the capacity

process) is governed by the following system dynamics equation:

(1.1) x(ty) = x(t,_1) — Au(t,) for n=1,... N.

A booking vector u(t,) at decision time ¢, results in a revenue of f(t,) - u(t,), where

f(tn) is the exogenously set vector of fares at decision time t,. The process of fares is
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a bounded, non-negative, adapted (i.e. f(t) € F;, t € [0,T]) continuous-time stochastic
process, which need not be constant nor stationary, allowing us to model randomness
in product fares and incorporate the time value of money into the analysisﬂ The fare
process f is continuous-time stochastic process and we are concerned with its value only
at decision times t,, forn = 1,...,T. The fare and demand processes can be dependent as
well. Clearly, D, x, u, f are all stochastic processes, but their dependence on the sample
path will be suppressed for notational brevity. The objective is to choose adapted booking
controls u(t,) for n = 1,..., N to maximize total expected revenue subject to feasibility
constraints. That is, choose u(t,), which can depend on all the information F;, available
at time t,,, forn =1,..., N so as to

N

Maximize Z E[f(tn) - u(ts)]

n=1

subject to

z(ty) = C, (P)

where the first two constraints describe how capacity evolves over time and the last two
impose the capacity and demand restrictions on booking levels in each period. The
formulation (P) will be referred to as the network revenue management problem, and an
optimal control refers to the set of controls {u(t,) : n = 1,..., N} that maximizes the

2We allow constant and/or deterministic fares as special cases.
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N
expected revenues ZE[ f(tn) - u(t,)] while satisfying the constraints of (P). We denote
n=1

the optimal objective function value (that is, the maximum expected revenues that can

be generated in the network revenue management problem) by P*.

1.2. An Adapted Generalized Bid-Price Control and Its Optimality

In this subsection we introduce a class of adapted bid-price control mechanisms and
show that there exists an optimal bid-price control within that class. We also prove
that the optimal bid-prices form a martingale. The adapted bid-price control we propose
involves the pair of adapted vector valued stochastic processes (7, \); we will suppress the
dependence of m and A on the sample path for notational brevity. We allow 7 (¢,) and
A(t,) to depend on all the information F;, available at time t, for n = 1,..., N. Each
component of 7(t,) is associated with a particular resource and m(t,) is be interpreted
as the bid price for resource k at time ¢, for k = 1,..., K. Similarly, A\x(¢,) is associated
with resource k, and is interpreted as a capacity usage limit on resource k at decision
time t,,. The proposed bid-price control is executed as follows: At each decision time ¢,
the system manager first observes the demand D(t,) — D(t,,—1) for period n. Then, she

solves the following linear program denoted by (P(%,)) to determine the booking levels:

Max, (f(tn,) — A'm(t,)) - u+ n(Au — (1)) - e

(P(t,)) subject to
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where 17 > 0 is arbitrarily small and e is the K-dimensional vector of ones. This linear
program is lexicographic in the following sense. The system manager first sets n = 0
and solves (P(t,)). If there are multiple solutions, then she picks the one that maximizes
the second term in the objective. Ties can be broken arbitrarily. Ideally, the system
manager strives to choose a "maximal" solution that has Au = A(t,). Here, the constraint
Au < A(t,) creates "usage limits" or booking limits on the resources in some sense.
However, these limits differ from the booking limits in the literature in the sense that the
latter refers to the limits on the amount we can sell of each product, cf. [49].

Hereafter, we will refer to the process A as the capacity usage limit process and 7 as
the bid price process. The following theorem establishes the optimality of the adapted

bid-price controls and a constructive proof is provided in Appendix [A.T]

Theorem 1. There exists an optimal adapted bid-price control (mw,\). That is, the
booking controls u resulting from the adapted bid-price control (w, ) constitute an optimal

solution to the network revenue management problem (P).

Next, we further investigate the structural properties of the bid prices associated with
an optimal adapted bid-price control. The following theorem establishes the martingale

property of optimal adapted bid prices and it is proved in Appendix [A.T]

Theorem 2. There exists an optimal adapted bid-price control (w,\) such that the
optimal bid-price process {m(t,) : n = 1,..., N} is a martingale adapted to ({F;, : n =
1,...,N},P).

To elaborate further on the implications of the martingale property of bid-prices,

consider the two effects on the valuation of capacity in the network revenue management
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problem. The first effect is that the option value of capacity goes down as we get closer
to the terminal time. The second effect is that the opportunity cost of capacity goes up
as time advances and we sell capacity. Even though it is not obvious which one of these
two effects will dominate over time, the martingale property implies that if the system
manager makes the optimal booking decisions at each time point, then these two effects
will balance each other and the optimal adapted bid-prices, which can be thought as the
opportunity cost of capacity, remains constant in a stochastic sense. In other words, there
is no upward or downward trend for bid prices.

Capacity usage limit process A is essential for the optimality since it ensures that
we follow an optimal trajectory of remaining capacities. The capacity usage limits are
necessary for optimality only if there are multiple solutions to the network revenue man-
agement problem. This suggests that multiplicity of solutions can cause bid prices to be
non-optimal. Indeed, the capacity usage limit process A also addresses the concerns raised
by [65] that without any explicit booking limits, the bid-price control mechanisms would
book more than optimal requests in case of a burst in demand. Such permissible capacity
restrictions are typically used in practice as part of bid-price systems for network revenue
management in order to handle unanticipated demand surges, cf. [49].

The martingale property of optimal bid prices also leads to a notable connection to the
literature on the pricing of American options where one tries to pick the best martingale
to optimize a certain objective. This connection is more transparent if the capacity of
a resource in the network revenue management problem is thought of as an option that
could be exercised in each period. This relationship is further analyzed in the subsequent

section.
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Intuitively, if the amount of information flowing into the system during short period
is small, then the performance of adapted and predictable bid-price controls should be
close to each other. This point is illustrated in the next section by constructing a near
optimal bid-price control where the bid-price and capacity usage limit processes depend

only on the information at a point strictly before decision making.

1.3. Predictable Generalized Bid-Price Controls

In an adapted bid-price control, the bid-price and the capacity usage limit processes are
functions of the information available at the time of decision making. However, anyone
using bid-price controls in practice will update bid prices less often than required for
adaptedness. Thus, it is important from a practical standpoint to study bid prices that
are predictable, that is, they depend only on the information available strictly before
booking decisions.

Recall that the controls in the network revenue management problem (P) are adapted
and use all the information available at the time of decision making. Hence, if we restrict
bid prices to be predictable and use information only up to a point strictly before the
booking decisions are being made, there will be an optimality gap in general. That is, the
booking controls resulting from a predictable bid-price control may not be optimal for the
network revenue management problem (P) in general. Therefore, a natural direction is to
look for the "best" predictable bid-price control. Nevertheless, this a very broad question
as one could come up with a staggeringly complex array of predictable bid-price controls.
Therefore, we take a somewhat different approach and construct a predictable bid-price

control which is near optimal, cf. Theorem
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To facilitate our analysis in this section, we introduce the parametelﬂ h > 0 as the
time gap between the last time the bid-price and capacity usage limit vectors are updated
and the time at which the booking decisions are made. To be specific, the bid-price
and capacity usage limit vectors to be used at decision time ¢,, can depend only on the
information F;, _, available at time ¢, — h for n = 1,..., N. As a preliminary to the
construction of a near optimal predictable bid-price control, we impose further structure
on the information structure {F; : 0 < ¢t < T} by assuming that it is semi-continuous.

The following definition of a semi-continuous information structure is due to [36].

Definition 3. An information structure {F;, 0 <t < T} is semi-continuous if F; =
Fi— fort € (0,T], where F;_ is the information available just before t. Formally, F;_ is

the information generated by the collection of information sets {Fs : s < t}.

To add concreteness to the definition of semi-continuous information structures, con-
sider the following familiar demand processes, cf. [36]. First of all, the information
structure generated by the Poisson process is semi-continuous. Likewise, the information
structure generated by renewal processes, functionals of Brownian motion and any rate
based model of demand is semi-continuous. Hence, the demand process in our model can
be any of the above or any other demand process whose natural information structure is

semi-continuousd’

30ur results carry over to the setting where one introduces a collection of parameters {h,, :n=1,...,N};
one for each decision time.

4The role played by the semi-continuous information structures in the construction of the near optimal
predictable bid-price scheme is to ensure that all continuous-time martingales adapted to the information
structure are continuous almost surely for any fixed time ¢ € [0,7], cf. [36] and [23]. Notice, however,
that the continuous-time martingales adapted to semi-continuous information structures need not have
continuous sample paths.
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To facilitate our construction of a predictable bid-price control, fix an optimal adapted
bid-price control (w, A), where {7 (¢,) : n = 1,..., N} is a martingale, cf. Theorems 1
& [2l A natural approach for constructing a predictable bid-price control is to take the

conditional expectation of (7, \). Thus, for h >0 and n =1,..., N define

12) Fult) = Ble(t,) | Fiool.
(13) X(ta) = miin{B{A6,) B, C — 3 Malt)}-

By construction, the bid-price process 7,(t,,) and the capacity usage limit process Xh(tn)
are adapted to the information F;,_j available at time ¢,, — h. The following proposition
establishes the martingale property of the predictable bid-price control (7, Xh) for each

h > 0 and is proved in Appendix [A.2]

Proposition 4. For h > 0, the predictable bid-price process {my(t,) :n =1,...,N}

is a martingale adapted to ({Fi,—p:n=1,...,N},P).

The execution of the proposed predictable bid-price control is similar to that of an

adapted one, cf. Section [[.2l Namely, at each decision time ¢, for n = 1,..., N, the
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system manager solves the following linear program to determine the bookings.

max (f(tn) — Tn(tn)A) - u + n(Au — Mu(t,)) - €

u

subject to (Pr(tn))

As in the adapted case this linear program is lexicographic and the system manager prefers
a maximal solution. However, the bid-price vector 7(t,) and the capacity usage limit
vector Xh(tn) used in the linear program P (t,) at decision time ¢, are predictable since
they use information only up to time ¢, — h. The execution of the predictable bid-price
control (74, \,) using the set of linear programs Py (¢, ) results in a feasible control for the
network revenue management problem. (The feasibility of these controls will be shown in
Appendix ) One would also hope that for small values of h, the performance of the
proposed predictable bid-price control is close to that of the optimal adapted bid-price

control. Indeed, the following theorem establishes the near optimality of the predictable

bid-price control (75, Ay) constructed as in (1.2) and (1.3).

Theorem 5. The predictable bid-price control (%h,Xh) defined in — 18 near
optimal. That 1s, as h ™\, 0, the expected revenue generated by the bookings resulting
from (Tp,, Xh) converges to the expected revenue generated by the optimal adapted bid-price
control (mw, \), which, in turn, is equal to the optimal objective function value P* of the

network revenue management problem (P).
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The sequence of controls resulting from the predictable bid-price scheme are also close
to an optimal solution to the network revenue management problem (P) for small values
of h. That is, every cluster point of (7, Xh) is an optimal control for the network revenue
management problem (P). Recall that A > 0 is the difference between the last time the
bid-price and the permissible capacity vectors are updated and the time at which they
are actually used. One would hope that for small values of h, the performance of the
proposed predictable bid-price policy is close to that of the optimal adapted bid-price
scheme. Indeed, the following theorem establishes the near optimality of the predictable
bid-price scheme (7, Xh) constructed as in 1) and . It also shows that the sequence
of controls resulting from the predictable bid-price scheme are close to an optimal solution
to the network revenue management problem (P) for small values of h.

To be more precise, let U"(w) denote the set of optimal solutions to the linear program
Py(w,t,) forn =1,..., N and a realization w € Q; and let U"(w) = U} (w) x - - - x U (w) for
w € Q denote the set of solutions resulting from the predictable bid-price policy (7, Xh)
for h > 0. In particular, denote a generic element of U"(w) by u"(w). That is, for w € Q,

h > 0 and u"(w) € U"(w), we have the following representation:
uh(w) = (uh(wa tl)a s >uh(w7 tN)):

where u"(w, t,,) is any optimal solution to (Py(w,t,)) forn=1,..., N.

Then we consider the collection of the set of optimal controls {U"(w) : w € Q}pso
resulting from the collection of predictable bid-price policies { (7, Xh)} n>o and identify its
cluster (limit) points. To this end, we next provide a precise definition of a cluster point

of the predictable bid-price policies { (T, An) }rso-
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Definition 6. (u(w) : w € Q) is a cluster point of the sequence of predictable bid-price
controls {(mp, Xh)}h>0, if for every w € Q, there exists a sequence h,, \, 0 as m — oo and

uhm(w) € UM (w) for m > 1 such that

u" (W) — u(w) as m — oo.

For w € Q, the set of cluster points u(w) is denoted by U(w).

It is easy to see that U(w) is non-empty for each w € €2; and the following theorem

establishes the optimality of every cluster point u(w) € U(w) of {(Fn, An)tnso and is

proved in Appendix [A.2]

Theorem 7. The predictable bid-price scheme (%h,Xh) defined in — 1S near
optimal. That s, as h 0 :

a) The expected revenue generated by the bookings resulting from (7, Xh) converges to
the expected revenue generated by the optimal adapted bid-price scheme (w,\), which, in
turn, is equal to the objective function value of the network revenue management problem
(P).

b) Every cluster point of (%h,:\/h) 1s an optimal control for the network revenue man-

agement problem (P).

Theorem [5] sheds light on the significance of information for the performance of the
bid-price controls. In particular, Theorem [5] suggests that in the presence of resource
usage limits (capacity usage limit processes), the non-optimality of the predictable bid-

price controls in general results from the information gap and not from the network effect
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or the large replacement of capacity. The near optimality of the proposed predictable bid-
price control shows the robustness of the bid-price policies to small information distortions.
In the same vein, martingale representation is also robust to informational distortions and

still holds for predictable bid-prices.

1.4. A Class of Simple Predictable Bid-Price Controls

In this section, we introduce a class of simple bid-price controls, which only use bid-
prices associated with various resources for decision making, hence, are easy implement.
Moreover, bid-prices used in each period are updated in the previous period, i.e. they
are predictable. To be more specific, the bid-price control we propose involves a bid-price

process m, where  (¢,) depends only on the information F;, , available at time t,_; for

n—1
n=1,...,N, and a parameter ¢ > 0, and is executed as follows: At each decision time
t,, the system manager observes demand D (t,) — D (t,_1) for period n. Then, letting

AJ denote the j** column of the capacity consumption matrix A, she makes the booking

decisions for various products sequentially with respect to the product index j =1,...,J
as follows:

0 if f(t,) —mw(t,)A? <O,
(14)  wi(tn) =< D;(t,) — D; (ty_1) it fi(tn) — m(t,) AT > ¢,

L)X (D (1) = Dj (tn1)] i 0 < f(tn) — m(ta) AT <e,

[

provided there is enough capacity, i.e. u;(t,)A7 < @ (t,_1) — Si_1 w (t,) AL. Otherwise,
u; (t,) is scaled down as dictated by the remaining capacity. The reader may feel that the

order in which the booking decisions for various products are made is arbitrary, which is
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Figure 1.1. The bookings as a function of the difference f;(t,) — 7(t,)A’.

indeed the case. As shall seen in the proof of Theorem [9| our results are independent of
this ordering.

The bid-price control we propose can be seen as a perturbation of an ordinary bid-price
control, cf. [60]. In particular, for each product j =1, ..., J, the bookings in are the
same as those resulting from an ordinary bid-price control as long as f;(t,) — 7 (t,) A’ does
not fall in the interval (0,¢), in which case an ordinary bid-price control would dictate
booking all the demand, i.e. D;(t,) — D, (t,—1). In contrast, the bid-price control we

propose books

uj(tn) = htta) _EW(MA] [Dj (tn) — Dj (tn-1)] < Dj (tn) = Dj (tu-1) -

Figure displays u;(t,) as a function of the difference f;(t,) — m(t,)A7. Indeed, the
graph looks more and more like a step function as € tends to zero, which would result
from an ordinary bid-price control.

In what follows, we will view the set of decision points I' = {t1, ..., ¢y} as a decision to

be made as well. One can view these decisions as being made hierarchically. The system
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manager first chooses the parameter ¢ > 0 and a partition I' at time zero, followed by
the bid-prices to be used, which are updated dynamically over time. To be more specific,
we are interested in an asymptotic regime where the system manager makes decisions
more and more frequently, i.e. the number of period N tends to infinity while the period
lengths tend to zero. Nonetheless, the stochastic primitives of the problem and the planing
horizon remain unchanged. We will denote the revenues resulting from the bookings in
by Obj(m,e,T") to highlight its dependence on I',e and w. The following definition

is needed to state the main result of this section.

Definition 8. Given a stochastic process {Z (t): 0 <t <T} and a partition I' =
{to,t1,...,tn} of [0,T] withty =0 and ty = T, the p' variation of Z over the partition
I', denoted by V, (Z,T), is defined as followzﬂ:

N
Vo (Z,T) =) | Z(tn) = Z(tan)lP, P> 1.
n=1
The quadratic variation essentially captures the volatility of a stochastic process over

time. Next we state the key result of this section, from which Corollaries [10]and [12] follow.

Theorem 9. For ¢ > 0 and any partition I' = {to,t1,...,tx} of [0,T], there exists a
bid-price process m such that {n® (t,) :n=1,..., N} is a martingale adapted to ({F,_, :

n=1,...,N}P) with

0<7°(t,) <B for n=1,...,N.

%|.| is the sup norm in R”.
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Moreover, we have the following bound on the optimality gap:
C
(1.5) |0bj(7°,e,T) = P*| < ke + — [BV, (v, )" BV, (D, )],

forp > 1 and ¢ = p/(p—1), where B,C and k are constants depending only on the
capacity consumption matriz A, the upper bound F on the fare process and the expected

cumulative demand over the planning horizon.

The bound provided in Theorem @ reflects two sources of error: The first term
ke is a perturbation error, cf. proof of Theorem [9 while the second term is due to the
information gap between predictable versus adapted bid-price controls. Theorem [ makes
no assumptions on the primitives of the problem. That is, the various stochastic processes
and the underlying information structure is very general. Next, we consider two important
special cases. The first one assumes that demand over small periods is also small, which
corresponds to the mathematical statement that sample paths of the demand process are

continuous.

Corollary 10. If the demand process has continuous sample paths, then

2
(1.6) |0bj (7%, 6,T) — P| < ko + ’{;“3 VEV; (D, T).
Moreover, for every € > 0, one can choose a partition I'* fine enough such that
|Obj (7°,e, 1) — P*| - 0 as € — 0.

Specializing the bound (|1.5)) of Theorem |§| to this case yields the upper bound (1.6) in

terms of the quadratic variation Vs (D, T") of demand, which tends to zero as the partition



34

I' gets finer. The upper bound in equation (more generally the upper bound )
sheds light on how one should choose the decision points I' = {tg,¢1,...,tx}. To be more
specific, given an absolute error tolerance, one picks an € which determines the perturba-
tion error xke. The smaller the perturbation error is, the finer the corresponding partition
['* must be to respect the given error tolerance. Hence, the upper bound helps the
system manager trade-off the two sources of error by choices of £ and the corresponding
partition I'°. A similar trade-off can also be made in the context of Corollary [12], which
concerns the case of continuous information. Roughly speaking, an information structure
is continuous if the incremental information arriving over small periods is also small. The

formal definition is provided next.

Definition 11. An information structure {F;, t € R, } is said to be continuous if for

every event E, the posterior probability assessment P(E | F;) is continuous.

[36] proves that an information structure is continuos if and only if all stopping times
are predictable, which in turn is a equivalent to the statement that every continuous-time

martingale has continuous sample paths.

Corollary 12. If the information structure {F; : 0 <t < T} is continuous, then for

every € > 0, one can choose a partition I'* fine enough such that
|Obj (7%,e,1°) — P'| =0 as € — 0.

Combining the results of this section we conclude that in the usual case where periods
are small compared to the planning horizon, there exists a simple predictable bid-price

control which is near optimal if either the demand arriving during small periods is also
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small, or the incremental information arriving over small periods is small. These results
also generate the insight that one must take additional care when the fare of a product
exceeds the sum of the bid-prices of the resources it uses by a slight margin. In this case,
one should book only a fraction of the demand, contrary to the ordinary bid-price controls

which should dictate booking all demand.

1.5. A Special Case with Network Flow Structure

Although we have not imposed any integrality requirement on the bookings made
in our model of network revenue management, cf. Section [I.1} in practice the booking
vectors often should be integer valued. Moreover, the demand for products is typically not
continuous but integral. Therefore, in this section, we consider a formulation where such
integrality requirements are in place. In fact, the network revenue management problem
(P) introduced in Section corresponds to a continuous relaxation of the problem at
hand. Next, imposing additional restrictions on the capacity consumption matrix A and
assuming that the initial capacity vector C' and the demand realizations the cumulative
demand process D are integer valued, we show that in the continuous relaxation, bookings
made by a generalized bid-price scheme are actually integral, and thus optimal for the
formulation with integrality requirements.

To that end, first assume that the capacity consumption matrix has consecutive 1’s
in each column and 0’s everywhere else (the first and the last row are assumed to be
consecutive to each other). This special structure arises naturally in car rental and hotel
revenue management applications, cf. [15]. We first show that A is totally unimodular,

that is the determinant of each square submatrix of A is equal to 0, 1, or —1. The use of



36

totally unimodular matrices in integer programming is typical; an integer program with a
totally unimodular constraint matrix and integer right-hand side can be solved efficiently
as a linear program since the LP relaxation provide integer solutions. In the same vein,
total unimodularity of A will provide the key role in proving the integrality of bookings
by making the extreme points of the feasible region in the linear programs (P(¢,)) integer
valued. Under the consecutive 1’s assumption, there exists a unimodular transformationﬂ
that transforms A into a matrix with at most one 1 and one —1 in each column, cf. [64].
The totally unimodularity of A follows from the fact a matrix consisting of only 1, 0 and
—1 is totally unimodular if it has no more than two nonzero entries in each column and
the sum of the entries in a column that has two nonzero coefficients is zero. Assume
further that the initial capacity vector C' and the demand process D, are integer valued.

This implies that, the feasible region
F(z)={ueR]:Au<z, u<D(t,)} for n=1,...,N

is an integral polyhedron for integral z € R%, provided that it is non-empty, cf. [46].
A nonempty polyhedron F,(z) C RY is integral if and only if all of its extreme points
are integral. Particularly, since C' is integer valued, F3(C) is an integral polyhedron and
the bookings made in period 1 are integral as (P(¢1)) is a linear program with feasible
region F(C'). Then, the initial capacity vector at the beginning of period 2 would also be
integral since A consists only of 0’s and 1’s. Therefore, it can be shown inductively that
the bookings made by a generalized bid-price scheme (7, \) are actually integral, thus

optimal for the formulation with integrality requirements.

6A linear transformation y = Bz is unimodular if the determinant of the matrix B is 1 or —1.



37

Moreover, since matrices with one 1 and one —1 in each column are node-arc incidence
matrices, optimization problem (P(%,)) can be solved via network flow techniques for each
i € Z, which in turn makes the solution to (P(¢,)) quite efficient. Indeed, the network

flow structure arises naturally for many airlines as pointed out by [34].
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CHAPTER 2

Bid-Price Controls for Network Revenue Management:
Martingale Characterization of Optimal Bid Prices (joint with

Baris Ata)

The network revenue management problems arise naturally in airline, railway, cruise-
line and hotel revenue management, more generally, whenever, customers buy bundles of
resources under various terms and conditions. In such settings, bid-price controls represent
an intuitively appealing and powerful approach to quantity-based revenue management.
To be specific, given a network of resources, a bid-price control assigns a threshold price,
that is, a bid price, for each resource dynamically over time. Then, the decision to fulfill a
booking request is made based on the availability of various resources and whether or not
the revenue associated with the request exceeds the sum of the bid-prices of the resources
it uses. Bid-price controls simplify decision making in network revenue management by
reducing the number of parameters required for implementation (one bid price has to
be specified for each resource) since evaluating a booking request requires only a simple
comparison of the fare to the sum of the bid prices for the requested resources.

Bid-price controls are introduced by [68] and further analyzed by [65]. Williamson
computes the bid prices of various resources by means of mathematical programming
formulations and interprets the bid-price of a resource as the opportunity cost of using

one additional unit of the resource. This reflects the intuitive notion that a booking
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request should be accepted only if its fare exceeds the opportunity cost of the reduction
in resource capacities required to satisfy that request. Thus, bid prices retrieved from a
revenue management system may facilitate decision making in other areas of management
such as capacity planning or pricing.

[59] considers bid price controls in a discrete time model of network revenue manage-
ment, where the discretion is fine enough such that in each period at most one request
arrives. In this context, a bid-price control is implemented by specifying one bid price for
each resource (leg) for each time period and capacity vector, and the request is accepted
if the fare of the request is higher than the sum of the bid prices it uses. The authors
show that the optimal policy need not correspond to a bid-price control, and provide a
two-period counter example which shows that the bid-price policy as defined immediately
above may not result in optimal accept/deny decisions. The insight they provide for
why bid-price controls may not be optimal is that the bid price for a resource may not
correspond to the opportunity cost of using one additional unit of that resource due to
two reasons: First, selling one unit of capacity might be a large change in the capacity of
several resources at the same time if the remaining capacity is low and hence the interpre-
tation of the bid prices as the marginal value of one unit of additional capacity may not
be correct. Second, the revenues may depend on the remaining capacity in a nonlinear
way.

Despite this counter example, bid-price controls are widely used in practice, cf. [49],
as they provide a simple, yet powerful approach to quantity-based network revenue man-
agement. In this vein, researchers have worked on various practical heuristic methods to

derive bid-price controls. [10] proposed a new method based on approximate dynamic



40

programming. Their method computes adaptive and nonadditive bid prices based on
a linear programming approximation to the value function of a dynamic programming
formulation. The authors provide a comparison of their method and the bid-price con-
trol based on deterministic linear programming approach and show that their algorithm
results in higher revenues and more robust performance.

[61] revisits the network revenue management problem studied in [59] and proposes a
new method to compute bid prices. Topaloglu explicitly considers the temporal dynamics
of the customer arrivals and generates bid prices that depend on the remaining leg ca-
pacities. His method is based on relaxing certain capacity constraints that link decisions
for different flight legs by associating Lagrange multipliers with them. Then the problem
is decomposed by flight legs and one can concentrate on one flight leg at a time, which
simplifies the problem tremendously. Topaloglu also shows through a numerical study
that his method outperforms the standard heuristics significantly.

[63] follows a similar approach but uses a different relaxation of the capacity con-
straints which yields time-dependent prices. Their approach provides an upper bound on
the optimal objective value of the problem, which is tighter than the one obtained from
the so-called deterministic linear program. The authors also show that the bid prices they
propose are asymptotically optimal as leg capacities and demand grow proportionally to
infinity. Moreover, the authors discuss how to adopt their method to incorporate cancel-
lations. Finally, the authors demonstrate through numerical examples that their method
can improve on the existing methods. Another related paper is [I]. Adelman consid-

ers the dynamic programming formulation of the network revenue management problem.
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Then assuming an affine functional form for the value function and using the linear pro-
gramming representation of the dynamic programming formulation, the author computes
time-dependent (deterministic) bid prices. He also shows that his approach yields an up-
per bound tighter than the one obtained from the deterministic linear program. Both [1]
and [63] observe that their (approximate) method yields (deterministic) bid prices which
are decreasing over time.

Another paper related to ours is [38], where the author considers a stylized (determin-
istic) fluid model of a general dynamic pricing problem for selling a network of resources.
In Kleywegt’s model prices are chosen dynamically to sell products (or itineraries) to mul-
tiple customer classes over time. Kleywegt’s model is very general in terms of problem
primitives and allows order cancellations. Moreover, Kleywegt observes that his model
readily extends to incorporate probabilistic customer choice behavior. The author also
develops a solution method and tests it with some numerical examples. Among other
things, Kleywegt shows through an exact analysis that in his setting the opportunity cost
of capacity under an optimal policy remains constant, which is in line with the martin-
gale property of optimal bid prices in our setting. Indeed, looking more carefully at the
numerical examples of [1] and [63] reveals that the bid prices seem to be constant except
toward the end of planning horizon, which may be due to their approximate mode of
analysis.

[62] presents a stochastic approximation method to compute bid prices in network
revenue management problems by viewing the total expected revenue as a function of
bid prices and using sample path derivatives to identify a good set of bid prices. The

author demonstrates through numerical examples that the bid prices obtained by his
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method outperforms the ones by the standard methods especially when bid prices are not
computed frequently. [31] applies approximate dynamic programming ideas to revenue
management problems. [50] develops a novel diffusion approximation to the network
revenue management and advances a policy which is asymptotically optimal under the
so-called diffusion scaling.

In this chapter, we analyze a continuous-time, rate-based model of network revenue
management. Our main contribution is to prove e-optimality of a simple bid-price control.
The proposed bid-price control only uses bid-prices associated with various resources,
hence, it is easy to implement. In what follows, we also construct an optimal generalized
bid-price control which consists of a bid-price process and a capacity usage limit process,
where the bid-price process forms a martingale. Although the generalized bid-price control
we introduce here resembles the bid-price control of the previous chapter, it does give rise
to new insights in this setting.

We provide further insights and implications of the martingale property of the (near)
optimal bid prices, which become more transparent in our continuous-time model. Al-
though the martingale property is primarily a theoretical contribution, it has surprising
implications. For instance, exploiting the martingale property one can connect the opti-
mal bid prices to Forward-Backward Stochastic Differential Equations (FBSDE). Given
that there are readily available numerical methods for computing solutions FBSDESs, one
may borrow that machinery to compute bid prices. Thus, this connection sets the stage

up for a novel and analytically sound computational approach and is explored in Chapter

3.
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Our analysis also sheds light on the non-optimality of bid-price controls defined in the
classical sense, providing the new insight that the reason for potential non-optimality is
not only the discreteness in demand but also the degeneracy or multiplicity of solutions,
which will be elaborated on in Section 2.4l Although the bid prices defined in the classical
sense may not be optimal in general, we provide some hypotheses guaranteeing their op-
timality (and e-optimality). Unfortunately, identifying simple conditions on the problem
primitives under which these hypotheses can be verified does not seem easy. Nevertheless,
we feel that these hypotheses bring out the key step in proving such optimality results
and help elucidate potential issues with the classical bid-price controls and why they fail
to be optimal. In other words, our results provide further understanding of bid-price con-
trols, their characterization and limitations, and the role they play in designing capacity
allocation schemes in network revenue management problems.

From a methodological perspective, our analysis builds on the convex analysis frame-
work of [55] and the duality results of [11]. [11] develops a new approach to problems
of stochastic optimal control using convex duality. In particular, [11] defines the dual
problems in stochastic optimal control and the coextremality conditions associated with
the dual optima by applying general methods of convex analysis introduced by [51], [52],
[53] and [54]. Bismut also provides results on the existence of optimal solutions for a
general class of convex stochastic control problems, which include the stochastic control
problems studied in this paper. This paper also illustrates the utility of stochastic duality
techniques and their applicability in the revenue management context.

The rest of the chapter is structured as follows: Section[2.I]presents the model. Precise

definition of several bid-price controls are introduced in Section [2.2 A dual formulation
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to the network revenue management problem and the associated coextremality conditions
are provided in Section An optimal generalized bid-price mechanism is defined in
Section . There, we also provide sufficient conditions for the existence of (near) optimal
bid-price controls in the classical sense. In Section [2.5, we discuss a perturbed network
revenue management and its dual, based on which we also define an e-optimal bid-price
control. In Section some concluding remarks are provided along with future research
directions. The proofs, derivations and auxiliary results are relegated to Appendices

through throughout the chapter. A summary of [11] is provided in Appendix

2.1. The Model

We analyze a continuous-time, rate-based model of network revenue management.
There are K resources and J products. In an airline setting a resource is a flight leg
and a product is a specific itinerary. A primitive of our model is a K X J non-negative
capacity consumption matrix A, where Aj; denotes the amount of resource & capacity
consumed by one unit of product j. The j** column of A is denoted by A’. The definition
of a product contains all terms and conditions associated with the purchase. Thus, there
may be more than one product that use the same amount of each resource but differ
in price, purchase restrictions etc. Therefore, in practice, the number of products will
be large compared to the number of resources. In our model, at each point in time the
system manager observes the demand rate and chooses the corresponding booking rate
for each product. The booking rates for the products translate into consumption rates for
the resources through the capacity consumption matrix A. The objective is to maximize

expected revenues over the time horizon [0, T'] subject to capacity and demand constraints.
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Uncertainty is modeled by a given complete probability space (€2, F,P), and the evolu-
tion of information is modeled through the increasing collection {F;, ¢t € R, } of complete
sub-o-fields of F. In particular, F; represents the information available to the system
manager at time t. All stochastic processes to appear will be adapted to the filtration
{Fi, t € R;}. We assume that {F;, t € R, } is right-continuous and has no time dis-
continuity as in [11I]. An information structure that has no time discontinuity is also
referred to as a quasi-continuous information structure in [36], which also proves that the
natural filtrations of most of the commonly encountered processes are quasi-continuous,
including the natural filtrations generated by the Poisson process and Brownian motion.
As a matter of fact, [12] extends the framework and results in [11] to the more general
setting of the control of semi-martingales where the quasi-continuity assumption is also
dropped.

The demand for the various products is generated by the J-dimensional demand rate
process {d(w,t) : (w,t) € Qx[0,T]}. In particular, d;(w, t) is the rate at which demand for
product j arrives at the system at time ¢ along the sample path w. Then, the cumulative
demand observed by the system manager for product j over the interval [t1, t5] is

to
/ dj(w, s)ds,

t1

if sample path w € € is realized. The following are the only two assumptions we make
on the demand rate process: We assume that the demand rate process {d(w,?) : (w,t) €
2 x [0,T]} is bounded and adapted to the filtration {F; : 0 <t < T'}. In particular, we
allow for non-stationary demand with an arbitrary dependence structure, including both

inter-temporal and cross-product dependencies.
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As the system evolves, the system manager exerts control on the system by selecting
a nonnegative vector of booking rates at each point in time. That is, for each w € €2 and
0 <t < T, the system manager chooses the J-dimensional vector of booking rates, denoted
by u(w,t). In particular, u;(w,t) denotes the booking rate for product j at time ¢ along
the sample path w for j = 1,...,J. Then, under the control {u(w,t) : (w,t) € Q x [0,T]},

the cumulative bookings for product j up to time ¢ along sample path w is given by

(2.1) Uj(w,t):/o uj(w, s)ds.

The system state at time ¢ € [0, 7] for the realization w is the K-dimensional vector of
remaining capacities denoted by x(w,t). The component xj(w,t) denotes the remaining
capacity for resource k = 1,..., K at time ¢. Given a control {u(w,t) : (w,t) € Qx[0,T]},

the system state evolves according to the following system dynamics equation
(2.2) zr(w,t) = C — AU(w, t) for (w,t) € Q x [0,T],

where C' is the initial capacity vector and U(w,t) is the vector of cumulative bookings
up to time ¢ whose j* component is given by . We use the shorthand notation z
to denote the stochastic process {x(w,t) : (w,t) €  x [0,7]}. Similarly, v denotes the
booking rate process {u(w,t) : (w,t) € Q x [0,T]}.

A booking rate process u is feasible only if it satisfies demand and capacity restrictions.
The demand restriction on bookings is that for each (w,t) € Q x [0, 7], the booking rate
for each product should be less than or equal to the demand rate for that product. The
capacity restriction on bookings is that the remaining capacity for each resource at the

terminal time 7" should be nonnegative almost surely.
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A booking rate vector u(w,t) at time t given a sample path w results in an instanta-
neous revenue rate of f(w,t)-u(w,t), where f(w,t) is the exogenously set vector of fares.
The process of fares {f(w,t) : (w,t) € Q x [0,7T]} is bounded, non-negative and adapted
to the information structure {F;, t € R;}. The fare process can be non-stationary and
arbitrarily correlated with the demand process, which, in turn, allows us to model depen-
dencies between the fare and demand process and potentially capture demand substitution
across products and over time.

The objective is to choose a booking rate process u so as to maximize expected revenue
subject to the demand and capacity restrictions. That is, choose booking rate vector

u(w, t) for each (w,t) € Q x [0,7] so as to

T

maximize E /f(w,t)-u(w,t) dt
0

subject to

r(w,t) = C — AU(w, t), (w,t) € Q x[0,T], (Peont)
Ulw,t) = /u(w,s)ds, (w,t) € Qx1[0,T],
0 <u(w,t) <d(w,t), (w,t)eQx]0,T],

r(w, T) >0, we,

where the first and second constraints describe how capacity evolves over time, and
the third and fourth constraints are the demand and capacity restrictions, respectively.
Throughout the rest of the paper we will refer to the formulation (P.,,;) as the network

revenue management problem.
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As an aside, since the fare process can be an arbitrary adapted stochastic process,
the formulation (P.,,;) of the network revenue management problem subsumes possible

discounted formulations.

2.2. Bid-Price Control Definitions and Summary of Results

In our setting, a bid-price process is a K-dimensional, non-negative stochastic process
m = {m(w,t) : (w,t) € Q x [0,T]}, where m(w,t) denotes the bid-price, or the shadow
price, associated with resource k at time ¢ along the sample path w. Next, we introduce
three closely related definitions of bid-price controls, which will be used in subsequent

sections.

Definition 13. (Bid-Price Control): Given a bid-price process m = {m(w,t) : (w,t) €

Qx[0,T]} and a booking function ¢ : R3 — Ry, the pair (7, ¢) is called a bid-price control,

where the corresponding booking rates for each product j = 1,...,J are determined as
follows:
(2.3) uj(w,t) = ¢(r(w, ) A7, fi(w,t), dj(w,t)) for (w,t) € Q x [0,T].

Given a bid-price control (7, ¢), for each product j and each (w,t), the booking func-
tion ¢ compares the fare f;(w,t) with the sum of the bid prices for the resources used by
product j, 7(w,t) A7, and dictates how much of the demand rate d;(w, t) to book. Our def-
inition allows for non-linear booking functions. In particular, it may not result in a "bang-
bang" booking process; u is called a bang-bang booking process if u;(w,t) € {0, d;(w,t)}
for almost all (w,t) € @ x [0,7] and j = 1,...,J. In this sense, our definition of a bid-

price control is more generous than the classical definition; and the latter can be viewed
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as a special case of ours. In particular, the booking decisions under a bid-price control in
the classical sense necessarily result in a bang-bang booking process. The next definition

introduces the bid-price control in the classical sense in our setting.

Definition 14. (Classical Bid-Price Control) For each bid-price process , there cor-
responds a classical bid-price control denoted by m, which dictates the following booking
rates for each product j =1,...,J and (w,t) € Q x [0,T]:

dj(w,t) if fi(w,t) > m(w, t)A,
uj(w,t) =
0 otherwise.

One can view a classical bid-price control 7 as a specific bid-price control (, ¢) where

¢(2) = 231(,55y for z € RY, from which it follows that
dj(w,t) if fj(w,t) > m(w,t)A7,

(2.4) o(m(w, ) A, fi(w,1), dj(w,t)) =
0 otherwise.

A bid-price control (7, ¢) is called optimal if the booking rates resulting form (7, ¢), cf.
, constitute an optimal solution to the network revenue management problem (P o).
Given € > 0, a bid-price control (7¢, ¢°) is called e-optimal if the revenues associated with
the resulting booking process u° is within € of the optimal objective value of the network
revenue management problem (P o).

An important virtue of bid-price controls is that they offer a tractable solution for
a complex problem of allocating a network of resources to a large number of products.
Bid-price controls simplify the control in network revenue management by reducing the

number of parameters required for implementation (one bid price is specified for each
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resource.) In addition, a bid-price control decomposes the problem across time, sample
paths and products. That is, given a bid-price control (7, ¢), at each point in time and for
every sample path, the booking rates are determined only as a function of the current bid-
prices, fares and demand rates without having to account for the future impact of current
decisions. Moreover, the booking decisions for each product can be made in isolation,
independently of the booking decisions for other products.

Next, we consider a simple example to illustrate the classical bid-price controls. This
example is indeed the continuous-time, rate-based version of the counter example provided
by [59].

Example 1. There are two resources and three products with the associated capacity

consumption matrix

A=
011

The planning horizon is [0, 2]. Each resource has initial capacity of one, that is, C' = (1, 1)’.
There is no uncertainty or non-stationarity in product fares. In particular, the vector of

product fares is given by

£ = (250, 250, 500)’.

The only uncertainty is in the demand rate process. The evolution of uncertainty is
suitably represented by an information tree in Figure 2.1 The terminal nodes of the
tree correspond to specific sample paths. The intermediate set of nodes represent the
resolved uncertainty by time ¢ = 1. On each arc of the information tree displayed is the
corresponding demand rate vector. There are six sample paths and the probability of each

sample path is also displayed in Figure from which one can deduce the probabilities
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of various events. In particular, during [0,1] we will see demand for only one type of

product (at rate 1). The probability of having demand for product 3 is 0.4; for product 1

it is 0.3 and for product 2 it is 0.3. On the other hand, during [1, 2], we see either demand

for product 3 (at rate 1) with probability 0.8 or no demand with probability 0.2. To be

more specific, the demand rate process displayed in Figure is given as follows:

d(wl, t)

(1,1), t <2

(L,0), t<1,

(L, 1), t>1,

(0,1), t<1,

(1,1, t>1,
\

(17 ]‘)/7 t S ]‘7
d(WQ,t) =
(0,0), t>1,
(1,0), t<1,
d(W4,t) =
(0,0), t>1,
(07 ]‘)/’ t S 17
d(w6,t) =
(0,0), t>1.

\

It is easy to see that the optimal solution is to book only product 3, while denying all

other requests. This results in the expected revenue of 440. Formally, the solution is given

as follows:

u(wy, t)

u(ws, t) = u(ws,t) =

(0707 ]->/7 t S 17

(0,0,0)', t>1,
\

(0,0,0), t<1,

(0,0,1), t>1,
\

(07 07 O)’? t S ]"

(0,0,0), t> 1.
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As an aside, this solution corresponds to the optimal solution of the Talluri-van Ryzin
example, which also books only product 3 and results in expected revenue of 440.

Consider the following classical bid-price control: 7(wi,t) = 7(wa,t) = (250, 250)’,

and
( (
(251,150), <1, (251,150Y, ¢ <1,
m(ws, 1) = and 7(wy,t) =
(312.5,187.5), > 1, (5,0, t>1,
\ \
( (
(150,251), t<1, (150,251), t <1,
m(ws,t) = and 7(wg, t) =
(187.5,312.5), > 1, 0,57, t>1.
\ \

Observe that the classical bid-price control 7 results in the optimal bookings given in
([2.5)-(2.7), and hence yields expected revenue of 440. It is also easy to check that the
bid-price process m forms a martingale. Also note the choice of the optimal bid-price
control is not unique. Once can easily come up with other optimal classical bid prices.
The bid-price control given immediately above shows that the classical bid-price con-
trols are indeed optimal for this particular example. Thus, it sheds light onto reasons
for non-optimality in the Talluri-van Ryzin example. As pointed out earlier in the liter-
ature, the non-optimality stems from discreteness, and, in particular, from the fact that
each booking consumes a large fraction of remaining capacity. In contrast, in our setting
the bookings at each point in time consumes only an infinitesimal amount of capacity.
We also allow frequent (indeed continuous) updating of bid prices. These allow the bid-
price controls to perform optimally. Therefore, in addition to discreteness of the problem,
infrequent updating of bid prices may be another reason for non-optimality of classical

bid-price controls.
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@ orot 30 @, 0.32
No demang @, 0.08
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1
@5 0.24
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Figure 2.1. Evolution of uncertainty in Example 1.

Although the classical bid-price controls are optimal for the example immediately
above, we next present an example where no classical bid price control can be optimal.
Indeed, we show a stronger result that no bang-bang control can be optimal.

Example 2. We have a single resource and two products. As in the earlier example

the fares are constant. In particular, we have
C=1, A=[1,1] and f = (100,200)".

The planning horizon is [0, 1]. The underlying probability space (£, F,P) is defined as
follows: © = [0,1] and F is the collection of Borel subsets of [0, 1] (suitably completed).
Let 7 be a random variable defined on (2, F) with strictly positive density g on [0, 1].

Then P is the probability measure induced by ¢; and each sample path can be thought of
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as a particular realization of 7. Demand for the two products is given as follows:

2 ift<T, 0 ift<m,
dl (t) = and dg(t) =

0 if t>r, 1 if t>r7.
The information F; available at time ¢ is the o-algebra generated by {d(s) : 0 < s <t}
suitably completed with the null sets of F.
In this setting, we prove that no classical bid-price control = adapted to {F;, ¢t > 0} can
be optimal. First, observe that the revenue management problem (P,,,;) has a pathwise
solution in this example, which is given as follows:

1 ift<r, 0 ift<r,
uy(t) = and  wus(t) =

0 if t>r, 1 if t> 7.
In particular, the optimal revenue is 200 — 1007 along each sample path which results in
the expected revenue of

1
200 — 100E[7] = 200 — 100/g(s)ds.

0

We argue by contradiction to conclude that no classical bid-price control can be optimal.
Suppose that there exists an optimal bid-price control 7. First, note that under 7 we must

have

T

(2.8) /2 1y <1ydt = 7 almost surely.

0
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That is, we must book exactly half of the requests for product 1. Suppose (2.8)) does not

hold. Then, with positive probability we have at least one of the following;:

T

(2.9) /21{7r(t)<1}d75 < 7,
0

T

(2.10) /21{ﬂ-(t)<1}dt > T.
0

If we have (2.9) with positive probability, then for those sample paths the total revenue

is given by

/200 1{7r(t)§1}dt + 200(1 - 7') < 200 — 1007.
0

Thus, if (2.9) arises with positive probability, then the expected revenues under = will be
strictly less than 200 — 100E(7], the optimal objective. Similarly, if (2.10) happens with
positive probability, then the revenue along such a sample path is

T T

/200 1{7r(t) gl}dt +200 |1 — /2 1{7r(t)§ 1}dt < 200 — 1007.
0 0

Thus, the expected revenue is strictly less than 200—100E[7] in this case too, contradicting
optimality. Therefore, we must have (2.8)). That is, almost surely

T

(2.11) /2 1{ﬂ-(t)§1}dt =T.
0

Then since 7 has a strictly positive density on [0, 1] and both sides are absolutely contin-

uous functions of 7, we conclude by differentiating both sides of (2.11]) with respect to 7
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that for almost every ¢ and sample path

Lrw<y = ;.
2
which clearly is a contradiction. Thus, no classical bid-price control can be optimal.

As this example shows no classical bid-price control can achieve optimal bookings in
general. In this specific example, if we impose the upper bound of 1 on the capacity
consumption rate and use the bid price of m = 1 at all times, then the resulting bookings
will be optimal. Next, we show that this idea works in great generality. That is, using
bid prices in conjunction with limits on capacity consumption rates results in optimal
bookings. To this end, the next definition introduces a generalized bid-price control along
the lines of Chapter 1. In our setting, a generalized bid-price control involves a pair of
stochastic processes (m, A), where 7 is a bid-price process and A = {\(w,t) : (w,t) €
Q2 x [0,T]} is a K-dimensional, nonnegative stochastic process; we will refer to A as the

capacity usage limit process.

Definition 15. (Generalized Bid-Price Control) Given a bid-price process m and a
capacity usage limit process A, the pair (w, \) is called a generalized bid-price control. For

each (w,t) € Q x [0,T], the booking rate vector u(w,t) corresponding to (mw, \) is given by
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the solution to the following linear program: Choose booking rate vector u so as to

mazimize (f(w,t) — A'm(w,t)) - u+n(Au — MNw, 1)) - e
(P(w,t)) subject to
Au < AMNw, 1),

0 <u<dw,t),
where n > 0 is arbitrarily small and e is the K-dimensional vector of ones.

As before, mi(w, t) is the bid-price or the shadow price for resource k at time ¢ along
the sample path w. Similarly, \x(w,t) is associated with resource k, and will be used
as an upper bound on the consumption rate of resource k at time ¢ along the sample
path w. The linear program (P(w,t)) is lexicographic in the following sense. The system
manager first solves (P(w,t)) by setting 7 = 0. In the case of multiple optimal solutions,
she selects the one that maximizes (Au — A(w,t)) - e. For concreteness, tie breaking is
done as follows in case of multiple such solutions. The potential choices of basis matrices
are numbered up-front. For each (w,t), the optimal solutions are characterized by the
extreme points, each of which corresponds to a basis matrix. In case of multiple optimal
solutions, the system manager picks the (extreme) optimal solution which corresponds
to the basis matrix with the lowest index. Ideally, the system manager tries to choose a
"maximal" booking rate u that has Au = A(w,t). A generalized bid-price control (m, \)
is said to be optimal if the booking rate process u resulting from its execution is optimal
for the network revenue management problem (P.y,:). As will be seen below (cf. Proof

of Theorem , if 7 and A are chosen optimally, then the bookings under (m, \) satisfy
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Au = ANw, t) for a.e. (w,t). In particular, the capacity usage limit process A ensures that
the system state x follows an optimal trajectory, which is crucial for optimality because
of potential issues due to degeneracy or multiplicity of solutions, cf. Section [2.4]

As pointed out earlier, it is easy to see that setting

m(w,t) =1 and A w,t) =1 for (w,t) € N x[0,2]

results in optimal bookings in Example 2.

In what follows, we first show that there exists an optimal generalized bid-price control
(7, A) for the network revenue management problem. We also show that the optimal bid-
price process 7 forms a martingale. Second, we identify some sufficient conditions under
which an optimal bid-price control in the classical sense exists. Although, identifying
simpler conditions on the problem primitives under which these sufficient conditions can
be verified does not seem easy, they bring out the key step in proving such results. Third,
by the help of a perturbed version of the network revenue management problem, we
construct an e-optimal bid-price control (7€, ¢°) for each £ > 0, where the associated
bid-price process 7° forms a martingale. The bid-price control (7€, ¢°) can be viewed as a
perturbation of the classical bid-price control corresponding to the bid-price process 7°. In
particular, it does not involve any capacity usage limits, and hence, is easier to implement.
Finally, we show that for small values of e, the booking process u° corresponding to
the bid-price control (7%, ¢°) is close to an optimal booking process for (P.yn:). These
results are proved without making any assumptions on the stochastic structure of demand
and fare processes, allowing non-stationary demand and fare processes with an arbitrary

dependence structure, including both inter-temporal and cross-product dependencies.
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To facilitate our analysis of bid-price controls, in the next section we present a sto-
chastic control problem that is dual to the network revenue management problem (P,,,;)

in the sense of [11].

2.3. Dual Network Revenue Management Problem

In this section we present the dual problem formulation (D,,,;) of the network revenue
management problem (P,,,;) laid out in Section , and the coextremality results between
the two formulations. The dual problem associated with the network revenue management
problem (P, ) is obtained using the stochastic duality theory of [11]. [11] develops a new
approach to problems of stochastic optimal control using convex duality, which enables
us to express the network revenue management problem in an equivalent way but in a
completely different context. In particular, [11] defines the dual problems in stochastic
optimal control and the coextremality conditions associated with the dual optima by
applying general methods of convex analysis introduced by [51], [52], [53] and [54]. A
summary of [11] is provided in Appendix

Following [11] the dual problem of control associated with the network revenue man-
agement problem (P..,;) can be stated as follows (see Appendix for its derivation):
Choose a K-dimensional, square integrable, random vector yy € Fy and a K-dimensional,

square-integrable martingale M, which is null at zero, stopped at time T" and adapted to
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the filtration {F;, t € Ry}, so as to

T
minimize B / (. ) - [F(w,1) — ylw, ) AT dE + C - go(w)
0
subject to (Deont)

y(w,t) = yo(w) + M(w,t), (w,t)€Qx][0,T],

y(w,T) >0, we,

where [z]* = (max{0, 2}, ..., max{0, z;})" for z € R’.

In the dual problem formulation, y is the dual state variable. The value of the state
variable y at time zero is given by yy, € Fy, which is constant if there is no randomness
at time zero. The dual state vector y(w,t) can be interpreted as the shadow price for
or the value assigned to the resources at time ¢ along the sample path w. Then the
objective of the dual problem formulation can be interpreted as the value attributed to
the network of resources by a given choice of the shadow price process. Thus, the dual
problem formulation has the following interpretation: The system manager chooses the
shadow price process y, which is a non-negative martingale, so as to minimize the expected
value she attributes to her network of resources.

In dual problem formulation (D), M is a predictive term, null at zero, or the
best estimate at time ¢ of the unresolved uncertainty. M is a term that integrates the
information on environmental factors. That is, it contains the relevant information from
the future and serves the purpose of integrating into the dual variable y this necessary

information.
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A remarkable feature of the dual problem is that the dual state variable y can have
jumps, corresponding to the jumps of M. To elaborate on this, consider the setting where
the information is revealed continuously over time. In particular, consider a stopping time
7 which is defined as the first time an event happens. Under a continuous information
structure this event is foretellable by a sequence of events. Intuitively, no event takes us
by surprise under a continuous information structure. As put by [23], "We are forewarned
by a succession of precursory signs, of the exact time the phenomenon will occur"; see
[36] for a precise definition of a continuous information structure.

An equivalent characterization of continuous information structures is that all mar-
tingales have continuous sample paths, cf. [36]. Moreover, the martingale term M of
the dual problem formulation (D) will have jumps only if the information arrives dis-
continuously, say, because of unpredictable changes in the business environment, political
situation etc. in which case the value of the resources reflected by the shadow prices has
to be adjusted abruptly, in a discontinuous manner. That is, the new information can
significantly increase or decrease the bid prices. Hence, continuity of M under a contin-
uous information structure is the reflection of the continuos flow of information into the
system.

To elaborate further, suppose that any martingale, and hence the optimal bid-prices
can be represented as a stochastic integral with respect to a given Brownian motion w
plus a martingale M that is orthogonal to w. Then, loosely speaking w contains the short
term uncertainties and M is a prediction of the long-term uncertainties. The interpre-
tation of the martingale term M is intuitively appealing since it enables us to express

formally the distinction in the decision making process between continuous information
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processing which is done on a routine basis and discontinuous information processing done
by reassessing the predictions.

The dual problem (D) and the primal problem (P.,,;) are closely linked to each
other. Above all, the objective function values of (Pyn:) and (Do) are equal. Moreover,
any optimal primal solution and any optimal dual solution satisfy a set of coextremality
conditions, which are necessary and sufficient conditions for optimality. The following
proposition summarizes the duality results between the two formulations that are relevant

for our purposes; its proof is given in Appendix

Proposition 16. The network revenue management problem (P.on), that is, the pri-
mal problem, and the dual problem (Dioni) have the same optimal objective value. More-
over, letting u be a feasible control for (P.on:) with the corresponding state trajectory x,
and (yo, M) be a feasible control for (Deon:) with the corresponding state trajectory y, the
controls u and (yo, M) are optimal for (Peont) and (Deont), respectively, if and only if they

satisfy the coextremality conditions and given below:
(2.12) y(w,T) - z(w,T) =0, a.e weQ,

and for j =1,...,J and almost all (w,t) € Q x [0,T] with d;(w,t) > 0,

if uj(w,t) =0, then y(w,t)A7 — f;(w,t) >0,
(2.13) if 0<uj(w,t)<dj(w,t), then y(w,t)A7 — fi(w,t) =0,
if uj(w,t) = dj(w,t), then y(w,t)A7 — f;(w,t) <O0.
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The following corollary is immediate from Proposition and it provides an upper

bound on the objective function value of the network revenue management problem

(Pcont) .

Corollary 17. For any non-negative, square integrable martingale y adapted to the
filtration {F;, t € R, },

T

B | [ dlw.t): [£w.0) = ylw. )4 e+ C - ole)

0

provides an upper bound on the objective function value of the network revenue manage-

ment problem (Peont ).

2.4. An Optimal Generalized Bid-Price Control

In this section we show the existence of an optimal generalized bid-price control (, \)
defined as in Section such that the optimal bid-price process {m(w,t) : (w,t) € Q x
[0,7]} forms a martingale. Recall that a generalized bid-price policy (m, ) is said to
be optimal if the booking rate process {u(w,t) : (w,t) € Q x [0,T]} resulting from the
execution of (7, \) is optimal for the network revenue management problem (Py), cf.

Section The following theorem is the main result of this section and is proved in
Appendix

Theorem 18. There exists an optimal generalized bid-price control (w, \) such that
the optimal bid-price process {m(w,t) : (w,t) € Qx [0,T]} is a martingale adapted to {F; :
te[0,7]}.
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As can be seen from the proof of Theorem[18] we construct an optimal generalized bid-
price control (7, A) by using an optimal state trajectory y for the dual problem (D) as
the bid-price process w. To elaborate on its connection to the classical bid-price controls,

fix (w,t) € Q x [0,7] and suppose that
filw,t) # m(w,t)AT for j=1,...,J.

Then it can be seen from the coextremality conditions (D.1]) and (2.13)) that the booking

rate vector u(w,t) is uniquely determined by the bid-price vector 7(w,t) as follows: For

(2.14) wy(o.t) = dj(w,t) if fij(w,t) > m(w,t)Al,

0 it fi(w,t) < m(w,t)A
Our construction of the generalized bid-price control (7, A) will choose the capacity
usage limit process A(w,t) = Au(w,t) in this case, and the optimal generalized bid-price
control results in the same booking decisions as a classical bid-price control would, cf.
(2.14). Moreover, arguing heuristically, one can simply set = 0 and A(w,t) = oo, in
which case the execution of the generalized bid-price control reduces to a classical bid-price

control, because the problem (P(w,t)) decomposes across products.
Differences may arise, though, when f;(w,t) = m(w,t)A’ for some products and the
capacity usage limit vector A\(w,t) can be crucial in separating an optimal booking rate
from a non-optimal one. In this sense, the need for a capacity usage limit process A for

optimality is linked to the multiplicity of optimal solutions u to (P.y:) associated with
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a given optimal dual solution y to (D). Recall that one reason cited for the non-
optimality of the classical bid-price controls is the discreteness of demand and bookings,
cf. [59]. In contrast, our analysis suggests that discreteness may not be the only reason for
non-optimality as we avoid it by adapting a rate-based model, or a stochastic fluid model.
Rather, the reason for potential non-optimality of the classical bid-price controls in our
setting seems to be the multiplicity or degeneracy which arises when f;(w,t) = m(w,t)A?
for some product j = 1,...,J over a non-negligible set of (w,?).

In the next subsection, we explore conditions under which an optimal primal solution
u is uniquely characterized by a given bid-price process m and propose some hypotheses

that guarantee optimality or near-optimality of the classical bid-price controls.

2.4.1. Sufficient Conditions for Existence of Optimal Classical Bid-Price Con-

trols

In this subsection we identify conditions under which classical bid-prices are optimal.
In particular, we introduce a series of hypotheses which we will relate to the existence
of optimal classical bid-price controls. The strict complementary slackness condition

introduced in the next definition is key to the optimality of the classical bid-price controls.

Definition 19. A solution u to the network revenue management problem (Peon;) and
a K-dimensional, non-negative process z = {z(w,t) : (w,t) € Q x [0,T]} are said to
satisfy strict complementary slackness condition for (w,t) € Q x [0,T] if exactly one of
the following is true for (w,t) and j=1,...,J:

(1) uj(w,t) =0 and z(w,t)A7 > f;(w,1),

(2) uj(w,t) >0 and z(w,t) A7 < fi(w,t).
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Then the following hypotheses provide sufficient conditions for the optimality and e-
optimality of the classical bid-price controls; and Proposition [20states the rather obvious
consequences of the hypotheses.

Hypothesis 1 There exists a bang-bang solution u to the network revenue manage-
ment problem (P.on:) and a dual solution y to (D.ons) that satisfy the strict complementary
slackness condition for a.e. (w,t) € Q x [0,T].

Hypothesis 2 For every € > 0, there exists a bang-bang solution u® to the network
revenue management problem (P.pn) and a dual solution y° to (Deoni) such that u® and
y° satisfy the strict complementary slackness condition except for a set of dP ®dt measure

e > 0.

Proposition 20. The following hold:

a) If Hypothesis 1 is true, then there exists an optimal classical bid-price control such
that the associated bid-price process forms a martingale adapted to the filtration {F,
teR,}.

b) If Hypothesis 2 is true, then for every € > 0, there exists an e-optimal classical

bid-price control such that the associated bid-price process forms a martingale adapted to

the filtration {F;, t € R, }.

Example 3. We have a single resource and two products. The fares are constant. In
particular, we have

C=3, A=][1,1], and f = (100,200)"
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The planning horizon is [0, 4]. There is no uncertainty in the environment. Demands for

the two products are given as follows:

1 ift<2, 0 ift<2,
dl(t) = and d1<t) =

0 otherwise, 1 otherwise.

It is clear by inspection that the optimal solution books half of class 1 requests and all
class 2 requests, resulting in optimal revenue of 500. Neither hypothesis 1 nor hypothesis
2 are satisfied in this example. Note that the unique solution to the dual problem is
m(t) = 100 for 0 < ¢t < 4, which is easy to see since additional capacity results in booking
more demand for product 1. That is, the shadow price of the resource is 1. Restricting
attention to bang-bang solutions of the primal problem (as required by the hypothesis),
it is clear that the Lebesgue measure of the set ' = {t € [0,1] : u1(t) = 0} under any
optimal solution must be 0.5. Thus, for ¢t € F, we have u;(t) = 0 and 7(t) < f; so that
the strict complementary slackness conditions are violated with measure 0.5. Of course,
an interesting open question is that whether one can impose additional assumptions on
problem primitives to rule out such examples, which is left as a topic for future research.

A sufficient condition for Hypothesis 1 to be true is that there exists an optimal state
trajectory y for the dual network revenue management problem (D) such that the

measure of the set

E={(w,t):y(w,t)A? — fj(w,t) =0 for some j =1,...,J}

is zero dP ® dt. In that case, every optimal solution u to (P.yn) is necessarily bang-

bang since it should satisfy the coextremality conditions with y. This, in turn, would
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require the solution to the network revenue management problem (P.y,;) to be unique
since otherwise taking convex combinations of distinct bang-bang optimal solutions would
produce optimal solutions that are not bang-bang. However, calling for a unique bang-
bang solution to (P..,¢) might be a strong assumption that would be hard to satisfy.
Admittedly, verifying the hypotheses stated immediately above for a general class of
problems is not easy, and it remains an open question for future research to identify
conditions on the problem primitives that will make these hypotheses true. Nonetheless,
these hypotheses bring out multiplicity of solutions and strict complementary slackness as
the key issues in proving the existence of optimal bid-price controls in the classical sense.
In the next section, we pursue an alternative path and construct an e-optimal bid-
price control for any given € > 0. To this end, we introduce a perturbed version of the
network revenue management problem. The perturbed problem for € > 0, in turn, gives
rise to an e-optimal bid price control, which can be viewed as a perturbation of a classical
bid-price control. The perturbation results in a strictly concave problem which has a
unique solution. This is a form of regularization that gives the strict complementarity
needed to ensure that the optimal primal solution can be derived directly from the dual

problem.

2.5. An e-Optimal Bid-Price Control

In this section, we introduce a perturbed version of the network revenue management
problem (P.y,;) and its dual. Then we derive the coextremality conditions between the
two formulations, which eventually gives rise to an e-optimal bid-price control. For each

e > 0, the perturbed problem (P¢) can be stated as follows: Choose a booking rate vector
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u(w, t) for each (w,t) € Q x [0,T] so as to

" L
maximize E / F(w,8) - u(w, t) — 5215j(w,t) W, )] dt

subject to 0 j

(w0, ) = C — AU(w, ), (w,1) € Q x 0,7, (P?)

Ulw,t) = /u(w,s)ds, (w,t) € Q x[0,T],
0 <u(w,t) <dw,t), (w,t)eQx][0,T],

r(w,T) >0, weQ,
where €;(w, ) is defined as follows: For j =1,...,J and (w,t) € Q x [0,T7, let

m if dj(w,t) > 0,

(2.15) gj(w,t) =
€ otherwise.

The perturbed problem (P¢) is the same as the network revenue management problem
(Peont), except for the quadratic term in its objective, which makes it a strictly concave
problem. Thus, the perturbed problem (P¢) has a unique solution. Consequently, by this
simple perturbation we avoid the issues of multiplicity of the solution or degeneracy issues
encountered earlier, which in turn leads to an easy characterization of the solution to the
perturbed problem (P¢) in terms of the optimal shadow price process derived from its
dual formulation.

The dual problem (Df) of the perturbed network revenue management problem (P¢)

can be stated as follows (see Appendix for its derivation): Choose a K-dimensional,
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square integrable, random vector y, € Fy and a K-dimensional, square-integrable mar-

tingale M, which is null at zero, stopped at time 7', and adapted to the filtration {F;,

t € R.}, so as to

T
minimize B /gs(f(w,t)—y(w,t)A,d(w,t))dt—i—C-yg(w)
0

subject to
y(w, ) = go(w) + M(w,1), (w,1) € Q% [0,7],

y(w,T) >0, weQ,

where g.(z,d) = ijl he(zj,d;) and for j =1,...,J, h. is given by

0 if Zj < 0,
(2.16) hg(zj, dj) = zid; — %dj if Zj > €,
2242 .
]2£j if 0< zj < E.

(D)

As pointed out earlier, the difference between (P¢) and (P, ) is that (P°) has the

strictly concave term —1 ijl gj(w, t)uj(w, t) in its objective function in addition to the

revenue term f(w,t) - u(w,t), which makes (P¢) a strictly concave problem. As a result,

there is a unique optimal solution u* for (P¢), cf. Proposition 22| which can be determined

through the coextremality conditions between (P¢) and (Df), cf. Proposition [21]

The following proposition summarizes the duality results between the two formulations

that are relevant for our purposes; its proof is given in Appendix [B.5]
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Proposition 21. The perturbed primal problem (P¢) and its dual (D*) have the same
optimal objective value. Moreover, letting u® be a feasible control for (P¢) with the cor-
responding state trajectory x=, and (y§, M¢) be a feasible control for (D*) with the corre-
sponding state trajectory y°, the controls u® and (y§, M*) are optimal for (P¢) and (D?),

respectively, if and only if they satisfy the following coextremality conditions and

given below:
(2.17) Y (w,T)-2%5(w,T) =0, ae we,
and for j =1,...,J and almost all (w,t) € Q x [0,T] with dj(w,t) > 0,

if ui(w,t) =0, then fj(w,t) — y°(w,t)A7 <0,
(2.18) if u§(w,t) = dj(w, 1), then fij(w,t) — y°(w,t)A7 > e,

if 0<uf(w,t) <dj(w,t), then Mdj(w,t) = uf(w, ).

One would expect that for small values of ¢ the objective value of the perturbed prob-
lem (P?) is close to that of the network revenue management problem (P..,;). Building
on this intuition, we next construct a bid-price control (7, ¢°) which is e-optimal for the
network revenue management problem (P.,,;) for ¢ > 0. To facilitate our construction,
fix an optimal state trajectory y° for the perturbed dual problem (Df) for each £ > 0.

Then, for € > 0, let 7° = y* and

0 it f; <z,
(219) ¢E(Zj7fj7dj> = dj if fj > zj +€’

fi—z; )
szjdj if Zj Sf] SZj—f—S.
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It follows from Definition cf. (2.3), that for each ¢ > 0, the bookings under the

bid-price control (¢, ¢°) are given as follows.

0 if fi(w,t) — 7 (w, ) A7 <0,
(2.20) uj(w,t) = ¢ dj(w,t) it fi(w,t) — n(w, t)AT > ¢,

Lle=m@A g 4) i 0 < fi(w,t) — 5 (w, ) AT < &

€

for (w,t) € 2 x[0,T] and j =1,...,J. The following proposition states the optimality of
the control u® given in (2.20]) for the perturbed problem (P¢) and is proved in Appendix

B.5l

Proposition 22. For each € > 0, the booking control {u®(w,t) : (w,t) € Q x [0,T]}

given in is the unique optimal control for the perturbed problem (P¢).

One would hope that for small values of ¢ > 0, the performance of the bid-price
control (7¢, ¢%) is close to the optimal objective value of (P.,,:). Indeed, the following
theorem establishes the e-optimality of the bid-price control (7%, ¢°). It also shows that
the booking controls u° resulting from the bid-price controls { (7, ¢°) : € > 0} are close to
an optimal solution to the network revenue management problem (P,,,;) for small values
of . Viewing the booking controls u° for € > 0 as an element of L2, the space of square
integrable functions on © x [0,77], it is easy to see that the controls u® for ¢ > 0 are
uniformly bounded in L?. Thus, it follows from Alaoglu’s Theorem, cf. [28], that the
collection of booking controls {u® : € > 0} is weak* compact. Defining U as the collection
of weak limit points of the sequences of booking controls {u®* : n > 1} where ¢, \, 0 as
n — oo, the following theorem establishes the optimality of every weak limit v € U, and

its proof is given in Appendix [B.5
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Theorem 23. The collection of bid-price controls {(n¢, ¢°) : € > 0} and the associated
booking controls {u® : € > 0} satisfy the following:
a) For each € > 0, the bid-price process 7 is a non-negative martingale.

b) For each £ > 0, the bid-price control (¢, ¢°) is ke-optimal, where

(2.21) o = i /OTE[dj(w,mdt.

¢) Every weak limit uw € U of the booking controls {u® : € > 0} as e \, 0 is an optimal

booking control for the network revenue management problem (P.ou).

For e > 0 and product j = 1,...,J, the bid-price control (¢, ¢°) behaves in the same
way as a classical bid-price control as long as f;(w,t) — 7°(w,t)A? does not fall in the
interval (0, ), in which case a classical bid-price control would dictate booking all of the

demand. In contrast, the bid-price control (7€, ¢°) results in a booking rate of

fi(w,t) — 7 (w, t)AI
€

dj((.d, t) < dj(w, t)

Figure [2.2| displays u5(w, ) as a function of the difference f;(w,t) — 7°(w,t)A’. The slope
of the line segment in the middle of the figure is d;(w, ) /e, and as € N\ 0, the graph looks
more and more like a step function, corresponding to a bang-bang control, which would

result from a classical bid-price control.

2.6. Discussion

We consider a continuous-time model of network revenue management. First, we prove

that there exists an optimal generalized bid-price control, where the bid-price process
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U (w,1)

d (0,1

£ f(@D-mwn 4

Figure 2.2. The bookings corresponding to the e-optimal bid-price control (7%, ¢°)

forms a martingale. A generalized bid-price control consists of a bid-price process and
a capacity usage limit process, which creates limits on the instantaneous capacity usage
rate of the resources. We also identify sufficient conditions under which an optimal bid-
price control in the classical sense exists. Although identifying simpler conditions on
the problem primitives under which these sufficient conditions can be verified does not
seem easy, they still bring out the key step in proving such results. Next, we analyze a
perturbed version of the network revenue management problem and its dual, using which
we construct an e-optimal bid-price control. The bid-price process associated with the
e-optimal bid-price control forms a martingale, too. Finally, we show that every weak*
limit of the sequence of booking processes resulting from the e-optimal bid-price controls
as € \, 0 is an optimal solution to the network revenue management problem.
Connection to Forward-Backward Stochastic Differential Equations (FBS-
DEs). In Chapter 3, we will show that through another perturbation, the optimal primal

and dual state trajectories can be expressed as a solution to a FBSDE; see [29] and the
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references therein for an overview of FBSDEs. This intriguing connection is useful in two
regards: First, the numerical methods for solving FBSDEs can be adapted to our setting
to compute (near) optimal bid prices; see, for example, [41] and [27] for PDE methods
and [13] and [9] for Monte-Carlo methods for solving FBSDEs. Indeed, the latter studies
report encouraging results for solving FBSDEs in high dimensions. Second, the question
of whether there exists an e-optimal bid-price control in the classical sense can equiva-
lently be stated as a question of the existence of a solution to a FBSDE; see Chapter 3
for further discussion.

Connection to Dynamic Programming. Recall that the stochastic primitives
of our model are very general, allowing an arbitrary dependence structure both across
time and across products. In particular, the underlying demand process need not be a
Markovian process. [22] notes that "... Bellman equation approach is essentially limited
to Markovian systems." Therefore, analyzing the network revenue management problem
(Peont) under general probabilistic assumptions by dynamic programming does not seem to
be a viable approach. Thus, we adopt the convex analysis approach of [11]. Nonetheless,
[11] formally derives a connection between his approach and the dynamic programming
approach for controlled Ito processes, and shows formally (under various technical as-
sumptions) that the optimal dual state variable equals the gradient of the value function
obtained by dynamic programming along the optimal trajectory. Even if we look at the
restrictive version of the network revenue management problem, which is Markovian, the
state space constraints prevents us from making such a connection. Nonetheless, we in-

tuitively expect in a Markovian setting that the optimal bid prices (or shadow prices)
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derived from the dual problem correspond to (generalized) gradients of the value function
obtained from the dynamic programming formulation.

Practical insights and implementation issues. Although we study a stylized
rate-based model, or a stochastic fluid model, the insights we provide carry over to more
practical settings. For instance, one can model the demand for various products as a
multidimensional, doubly-stochastic Poisson process, where the intensity of the Poisson
process is given by a constant multiple of the demand rate process {d(w,t) : (w,t) €
Q x [0, 7]} of Section [2.1] For such systems with high initial capacity and high demand,
the model introduced in Section is a good approximation. Indeed, it is the so-called
associated fluid model. It is important, however, to point out that our fluid model is a
stochastic fluid model, and it captures all key trade-offs faced by the system manager
unlike most fluid models considered in the literature which are deterministic models.
Moreover, viewing our rate-based network revenue management model as a fluid model
of a more practical system and using its solution, one can propose near optimal policies.
To elaborate further, one can implement the e-optimal bid-price controls proposed in the
preceding sections in a practical setting as follows. At every point in time, given the
e-optimal bid prices 7¢ for our rate based model, a request for product j is accepted if
fi > 7 A + ¢, and it is rejected if f; < 7° A7, while the system manager flips a coin with
success probability (f; — A7) /e to decide when 0 < f; — m°A? < e. That is, she accepts
the request with probability (f; —7°A7) /e and rejects it with probability 1 — (f; — 7 A7) /e
when 0 < f; — A7 < e. Moreover, as updating the bid-prices continuously may not be
practical, one could use a discrete review policy with sufficiently small review periods.

We conjecture that such policies can be shown to be near optimal for systems with large
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capacity and high demand. Although we provide no proof of these assertions, the literature
on large call centers and their analysis via fluid models make these claims plausible; see
for example [7] and [8].

The martingale representation of optimal bid-prices also leads to a connection to the
literature on the pricing of American options where one tries to pick the best martingale
to optimize a certain objective; see for example [56], [3], and [35]. Indeed, the dual net-
work revenue management problem (D,,,;) corresponds to picking the best non-negative
martingale to minimize a certain objective.

Finally, answering the question of when a (near) optimal bid-price control in the
classical sense exists remains a future research direction. Hypotheses 1-3 give sufficient
conditions under which an optimal bid-price control in the classical sense exists. Although
Proposition 20| sheds some light on the existence of optimal classical bid-price controls,
determining conditions on problem primitives that render Hypotheses 1-3 true remains

an open problem.
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CHAPTER 3

Bid-Price Controls for Network Revenue Management:
Connection to the Forward-Backward Stochastic Differential

Equations (joint with Barig Ata)

In this chapter, we discuss the connection of the continuous-time network revenue
management problem to the theory of (generalized) forward-backward stochastic differ-
ential equations (FBSDE); see [29] and the references therein. Our ultimate objective in
this chapter is to relate the optimal primal and dual state trajectories to the solution of
a forward-backward stochastic differential equation. To be more specific, we show how
an e-optimal bid-price control and the corresponding solution to the continuous-time net-
work revenue management problem can be characterized as a solution to a (generalized)
FBSDE. The connection of e-optimal bid prices to FBSDEs is insightful in two regards:
First, the numerical methods for solving FBSDEs can be adapted in our setting to com-
pute bid prices. Second, the question of whether there exists an e-optimal TvR bid-price
control can equivalently be stated as a question of existence of a solution to a FBSDE.

To facilitate this connection, we next introduce yet another perturbation of the con-
tinuous time network revenue management problem and the corresponding dual problem.
As a preliminary, first define R(§) = 6T.JFD/&?, where F and D are upper bounds on

the fare and demand rate processes, respectively. Next, for § > 0 and z € R, define 14(2)
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as

0 if z>9,
(3.1) Vs(z) = ,
RO if 2 <4,

Then, for ¢,§ > 0, the perturbed problem (P%?) can be stated as follows: Choose the
booking rate vector u(w,t) for each (w,t) € Q x [0,7T] so as to

T

maximize B / (f(w,t)-u(w,t)—%Zej(w,t) u?(w,t)) dt

0

T K
- B [ vplantont) d
o k=1
subject to
z(w,t) =C — AU(w,t), (w,t) € x[0,T], (P=9)

Ulw,t) = /u(w,s)ds, (w,t) € Qx[0,T],
0 <u(w,t) <d(w,t), (w,t)eQx]0,T],

where ¢;(w, t) is defined by for (w,t) € 2 x[0,T] and j=1,...,J.

In the perturbed problem (P%°), the term %4 in the objective is a strictly convex cost
function on the state variable xj, for k = 1,..., K. For capacity levels below 9, 15 results
in a quadratic cost term, whereas no cost is incurred when the capacity of a resource is
greater than or equal to 4, cf. . Although we do not have a hard constraint imposing
the non-negativity of the remaining capacity at any time in the planning horizon, notice

that ¢5(z) /" oo for z < 0 as § \, 0. Our definition of R() simply ensures that the
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function 14(-) results in sufficiently large penalty so as to ensure that the resulting state
trajectory is non-negative. Indeed, it will be shown that for given ¢ > 0 and § > 0,
any optimal booking rate control that solves (P*) would almost surely have nonnegative
capacity for each resource at the end of planning horizon, cf. Proposition

The following definitions are needed to introduce the dual problem associated with

(P=%): For 6 > 0 and 2z € R¥ let £°(2) = Zle € (z1), where for k=1,..., K,

if
(3:2) & (2) = oo Bt

22 .
ﬁg’“%—ézk if z, <O0.

Then, the dual formulation (D) associated with (P*°) is stated as follows (see Appendix
for its derivation): Choose a K-dimensional, square integrable, random vector yo € Fo,
a K-dimensional, square integrable stochastic process {y(w,t) : (w,t) € Q x [0,T]} and
a K-dimensional, square integrable martingale M, which is null at zero and stopped at

time T, and adapted to the filtration {F;, t € R, }, so as to

mmm%EQ7MUWM—M%ﬂAM%m+?@MOWH%WmW>
subject to 0

est) = ofe) + [ i) + M), (o) € 2% 0.T), (D>5)
Jeort) S0, (w.1) € QX [0,T),

y(w, T) =0, weQ,

where g.(z,d) = 327_, h.(z;,d;) and h.(-) is given by (2.16). The following proposition

j=1

establishes the non-negativity of the dual state trajectories and is proved in Appendix [C|
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Proposition 24. Every feasible dual state trajectoryy for the perturbed problem (DF?°)

is non-negative for a.e. (w,t) € Q x [0,T].

One difference between the perturbed problem (D) and the perturbed dual problem
(D?) of Chapter 2 is that we choose y, the rate of change or drift of the dual state variable
y, and incur the infinitesimal cost rate of & (y(w,t)) at (w,t) € Q x [0,7]. Another
important difference is that, any feasible dual state trajectory y for (D) is equal to zero

at time T for a.e. w € €2, whereas the optimal dual state trajectory y° for (D?) satisfies
Y (w,T) 2%(w, T) =0, w e Q,

where 2° is the primal state trajectory associated with an optimal solution u® for (P¢).
The following proposition summarizes the duality results between the formulations

(P=°) and (D) that are relevant for our purposes, and its proof is given in Appendix .

Proposition 25. The perturbed primal problem (P*°) and its dual (D¥°) have the
same optimal objective value. Moreover, letting us° be a feasible control for (P=*) with the
corresponding state trajectory x°°, and (yg’ﬁ, {ys’a, M¢9) be a feasible control for (D*°) with
the corresponding state trajectory y=°, the controls u®° and (yg’é,yg’é,M %) are optimal
for (P°) and (D), respectively, if and only if they satisfy the following coextremality
conditions and (34): Fork=1,...,K and almost all (w,t) € Q x [0,T7,

(3.3)

U@, ) =0 if 2 (w,t) >0 and 37" (w,t) = RO) (@ (w,t) — 8) if 2% (w,t) <6,
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and for j =1,...,J and almost all (w,t) € Q x [0,T] with dj(w,t) > 0,

if uS(w,t) =0, then fi(w,t) — y=*(w, 1) A7 <0,

(3.4) if uj"s(w,t) =d;(w,1), then fj(w,t) —y=°(w,t)AI > ¢,

if 0<us®(w,t) < dj(w,t), then LDVCDN G0 1) — 420 (1),

Next, we define the bid-price control (759, ¢*°) for the continuous-time network rev-
enue management problem for €, > 0. To facilitate our construction, fix an optimal state
trajectory y=° for the perturbed dual problem (D) for each £, > 0. Then, for €, > 0,
let 7% = =9, and ¢™° = ¢° as defined in . Note that 75° = y*9 is a valid bid-price
process, cf. Proposition Then the bookings under the bid-price control (7, ¢5’5) are

given as follows, cf. (2.3)).

0 it fi(w,t) — 7w, t)A7 <0,

(35)  u(w,t) =1 d;(w,t) it f(w,t) — 70 (w, ) AT > e,

i (w,t) =m0 (w,t) AT dj((/.),t) if 0< fj(w7t) _ 7T5,5(w’t)Aj <e,

€

for (w,t) € Q@ x[0,7] and j = 1,...,J. The following proposition states the optimality

of the control u5° for the perturbed problem (P%), and it is proved in Appendix .

Proposition 26. For each €,5 > 0, the control {u¥°(w,t) : (w,t) € Q x [0,T]} given
m is the unique optimal control for the perturbed problem (P%°). Moreover, for

£,0 > 0, u® is feasible for (Peont)-

For small values of €, > 0, one would hope that expected revenue generated by u*?° is
close to optimal objective value of (P.y,:). Indeed, the following theorem establishes the

e-optimality of the bid-price control (77, ¢*). We define U as the collection of weak
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limits of the booking controls {u° : £,§ > 0} as £,6 \, 0, that is, U is the collection of
weak limit points of the sequences of booking controls {u®"% : n > 1} where &, d,, \, 0 as
n — oo. Then, the next theorem also establishes the optimality of every weak limit u € u
for the continuous-time network revenue management problem (P.y,:), and its proof is

given in Appendix [C|

Theorem 27. The collection of bid-price processes {(7°,¢™°) : €,8 > 0} and the
associated booking controls {u®? : €,0 > 0} satisfy the following:

a) For each resource k = 1,..., K and ¢,6 > 0, the bid-price process WZ’5 1S a non-
negative supermartingale adapted to the filtration {F, : t € [0,T]} with WZ’(S(W,T) =0 for
a.e. w € ), whereas 7TZ’6 stopped at the first time the capacity of resource k drops below
18 a martingale.

b) Fore,8 > 0, the bid-price control (=%, ¢°) is (ke + pd)-optimal, where r is given

by and

KJF

3.6 = — .
( ) mka{Akj : Akj > O}

¢) Every weak limit u € U of the booking controls {u=% : £,6 > 0} as ,6 \, 0 is an

optimal control for the continuous-time network revenue management problem (P.on ).

The next proposition shows how the dual state trajectory y*° associated with an e-
optimal bid-price control (75, ¢ ’5) and the corresponding solution to the continuous-time
network revenue management problem can be characterized as the solution to a (gener-
alized) Forward-Backward Stochastic Differential Equation. The generalized Forward-

Backward Differential Equation defined in (3.7))-(3.9) is obtained by coupling the system
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dynamics equations governing primal-dual state trajectories of solutions to (P°) and
(D) with the coextremality conditions stated in Proposition [25 that characterize an

optimal primal-dual solution pair. The proof of Proposition [2§is given in Appendix [C]

Proposition 28. Fore,§ > 0, stochastic processes °° and y*° correspond to optimal
state trajectories for the primal problem (P%°) and the dual problem (D) if and only if

(2%°,y=°, M) jointly solve the following (generalized) FBSDE: For (w,t) € Q2 x[0,T], and

kE=1,... K,
J
(3.7) dry = — Z Akj¢€76(y<wvt)Aja fj(w>t)= dj((")?t)) dt,
j=1
(3.8) dyy = V5(xp(w, 1)) dt + dMj,
(3.9) z,(0) = Cy and yi(w,T) =0,

where M is a K-dimensional martingale, null at zero, stopped at time T" and adapted to

the filtration {F;, t € R, }, and

R(O)(xp, —08) if xp <6
(3.10) () = (0)(xx — ) if <9,
0 if xp>90.

Moreover, given a solution (z5°,y*°, M) to the (generalized) FBSDE, the corresponding

optimal booking control u=° for (P*°) is uniquely determined by the coextremality condi-

The backward stochastic differential equations were first introduced by [47] and [26];
and is by now well studied. Forward-backward differential equations arise naturally in

contingent claim valuation problems in mathematical finance. Solving the FBSDE as in
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— requires the coupling of the forward equation (3.7]) with the backward equation
(3.9)), which leads to a circular dependence.

The FBSDEs received considerable attention in recent years; see for example [48], [29]
and the references therein. There are two main methods for the study of FBSDEs: The
first one is purely probabilistic, and the main idea is to use Ito’s formula and contrac-
tion mapping arguments to obtain local existence and uniqueness. The second method
concerns a "four-steps scheme" (see [41] and [27]). The latter is a sort of combina-
tion of the methods of semi-linear partial differential equations and probability theory.
In general, numerical solutions to FBSDE’s can be obtained via several approximation
schemes, see [25], [4], [5], [L7] and [42] and the references therein. Clearly, one can adopt
these techniques to compute e-optimal bid prices for the continuous-time network revenue
management problem. The connection to FBSDEs also sheds light on the question of the
optimality of TvR bid-price controls.

Existence of c-optimal bid-price controls. Replacing the booking function ° in
the generalized FBSDE in - by the booking function ¢, where ¢(2) = z311.,>.,3,

gives rise to the following FBSDE: For (w,t) € 2 x [0,7], and k =1,..., K,

J
(3.11) drg = — | > Akidi(w, D) 1ig wysyiwnary | dt,
j=1
(3.12) dyy, = by(zx(w, 1)) dt + dMy,
(3.13) z,(0) = Cr and y(w,T) =0,

where M is a K-dimensional martingale, null at zero, stopped at time 7" and adapted to

the filtration {F;, t € R, }. The next proposition shows that we can state the question of
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existence of an e-optimal TvR bid-price control as a question of existence to a FBSDE.

The proof of Proposition [29]is given in Appendix [C]

Proposition 29. For ¢ > 0, if (x,y, M) jointly solve the FBSDE defined in -

, then the TvR bid-price control with bid-price process m = vy is pd-optimal.

3.1. The Continuous Information Case

In this subsection, we introduce an additional assumption on the underlying informa-
tion structure, which enables us to reach sharper conclusions. Namely, we assume that the
information structure {F;, t € R, } is continuous. An information structure is continuous
if the posterior probability of any event is updated in a continuous manner. To be more

precise, we next present the definition of a continuous information structure due to [36].

Definition 30. The information structure {F;, t € R, } (already assumed to be right
continuous) is said to be continuous if for every event E € F, the posterior probability

assessment P(E | F;) has a continuous modification.

Examples of continuous information structures include the filtration generated by a
continuous process having the strong Markov property. Thus, the information structure
generated by a diffusion process is continuous. The canonical example of a continuous
information structure is the one generated by a Brownian motion. The next proposition
states the equivalent characterizations of continuous information structures and is proved

in [36].

Proposition 31. The following statements are equivalent:

(i) The information structure {F;, t € Ry} is continuous.
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(ii) Every martingale on (Q, F,P) adapted to {F;, t € Ry} has a continuous modifi-
cation.

(111) All stopping times are predictable.

Consider a stopping time 7 which is defined as the first time an event happens. Then
this event is foretellable by a sequence of events except possibly on a set of probability
zero, if 7 is a predictable stopping time. Therefore it follows from Proposition [31] that
under a continuous information structure no event can take us by surprise. That is, as
put by [23], "we are forewarned by a succession of precursory signs, of the exact time the
phenomenon will occur". Also, recall that the martingale term M in the dual problem of
control contains the relevant information from future and serves the purpose of integrating
into the dual variable y this necessary information. Principally, the information may arrive
discontinuously because of unpredictable changes in the business environment, political
situation etc. In these circumstances, the system manager should revise his predictions so
as to take into account the new information that became available. This new information
is incorporated exactly through the term dM. Then, the new information can significantly
increase or decrease the bid prices which reflect the marginal value of resources. Hence,
the continuity of M under a continuous information structure is the reflection of the
continuous flow of information into the system.

To elaborate further, suppose that any martingale, and hence the optimal bid-prices,
can be represented as a stochastic integral with respect to a given Brownian motion w plus
a martingale M that is orthogonal to w in the sense of [11]. Then, loosely speaking, w
contains the short term uncertainties and M is a prediction of the long-term uncertainties.

The interpretation of the martingale term M is intuitively appealing since it enables us
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to express formally the distinction in the decision making process between continuous
information processing which is done on a routine basis and discontinuous information

processing which is done by reassessing the predictions.

3.1.1. FBSDE’s Under Continuous Information

Taking the canonical continuous information structure generated by a Brownian motion

as the underlying information structure, every martingale on this space is an Ito integral

and the generalized FBSDE in (3.7)-(3.9) reduces to

J

(314) dxk = - ZAkj¢a75(y(wat)Aj7fj(w7t)adj(w7t)) dtv
j=1

(3.15) dye = y(zp(w, 1)) dt + Z, - dw,

(3.16) z,(0) = Cr and yx(w,T) =0,

where w represents an m-dimensional Brownian motion which generates the underlying

information structure, and Z; is an m-dimensional adapted stochastic process.

3.2. FBSDEs under general information structures

Under general information structures, the martingale multiplicity of the informa-
tion structure leads to a representation similar to the one in continuous information
case, cf. Section . To that end, let M? denote the space of square integrable mar-
tingales on (£, F,IP) which are null at zero. A collection of orthogonal martingales
M = (My,...,My) adapted to {F;, t € R,} is an orthogonal basis with multiplicity
N(M?) < oo for M? if any square integrable martingale in M? can be expressed as a

stochastic integral with respect to M, cf. Chapter 4 of [37].
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The path breaking work of [39] shows the existence of an orthogonal basis of martin-
gales M = (M, ..., My) for M?, where the multiplicity N(M?) of M? represents the
dimension of uncertainty which could be resolved at any one time. A direct consequence
of this martingale representation technique is that the (general) FBSDE (3.7)-(3.9) can

now be written as

J

(317) dl’k = — Z Akj¢€75(y(wa t)Ajv fj (wa t)a dj (wa t)) dt>
j=1

(3.18) dyr = Vs(zp(w, t)) dt + 0, - dM,

(3.19) 21(0) = Cy and yx(w,T) =0,

where M is the orthogonal martingale basis and 6y, is an N (M?)-dimensional predictable
process. Then, the problem of solving for an e-optimal bid-price control reduces to the

one of looking for the process 0, for k=1,..., K.

3.3. Discussion

By the help of a perturbation of the continuous-time network revenue management
problem (P.y,:), we write a (generalized) FBSDE whose solution gives us an optimal
primal trajectory and an e-optimal bid-price process. The e-optimal bid-price process
associated with resource k = 1,..., K forms a supermartingale and is equal to zero at
the terminal time, whereas the bid-price process stopped at the first time the capacity of
resource k drops below ¢ is a martingale. The connection between the network revenue
management problem and the FBSDE’s may lead to new insights and a novel computa-

tional approach.
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We also discuss in Section [3.1], the special case of continuous information. Under con-
tinuous information structures, no event is a "surprise" and the optimal bid-prices are
continuous martingales. An important continuous information structure is the one gener-
ated by the Brownian motion, under which all continuous martingales can be expressed
as Ito integrals. This, in turn enables us to employ Ito calculus and the machinery of

FBSDE’s. References for several numerical studies are also provided in Section
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CHAPTER 4

Revenue Management by Sequential Screening (joint with Barig

Ata and James D. Dana, Jr.)

Most models of revenue management consider dynamic demand — consumers arrive
and sequentially choose whether or not to purchase. While this is a reasonable assumption
for many non-durable consumer goods, for durable goods, or services that are purchased in
advance, such as travel and lodging, consumers often choose both when and whether or not
to purchase. This paper considers a revenue management model with strategic consumers,
that is, consumers who are forward-looking and choose when to buy. We assume all
consumers ‘arrive’ at the very beginning, but demand is nevertheless dynamic because we
assume that consumers learn their valuations at different times. While consumers learn
their valuations sequentially, the firm cannot observe when consumers learn their demands
or what they are willing to pay when they learn those demands and so consumers are free
to purchase at any time, including both before and after they learn their valuations.

Revenue management has two important elements. The first is dynamic capacity con-
trol, which is valuable when the total demand is uncertain. The second is price discrimi-
nation, which is valuable when consumers are heterogeneous and have private information
about their demands. This chapter considers only this second element.

Our firm chooses its pricing policy to maximize its expected profit given knowledge of

the distribution of consumer demands, but without knowing which consumer is which. We
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formulate the firm’s optimal pricing policy as a mechanism design problem. In particular,
we look for the profit maximizing direct-revelation pricing policy. While direct revelation
mechanisms are not used in practice, because direct-revelation mechanisms are always
optimal, they represent the theoretical benchmark against which all other pricing policies
should be compared. After analyzing the direct revelation mechanism we demonstrate
that it can be implemented using a menu of simple contingent contracts.

We find that the optimal pricing policy induces all consumers to make their purchases
at the very beginning, before they learn their valuations, but allows consumers to cancel
and claim a refund after they learn their valuations. Partially refundable sales are a
commonly used pricing practice by airlines, hotels, theaters, and restaurants. Airlines,
for example, often offer fully refundable, partially refundable, and non-refundable tickets.
Moreover, the availability of these refund options changes over time. Lower priced, non-
refundable tickets may be available only in advance, while higher-priced, refundable tickets
are often available until the day of departure. Partially refundable, or equivalently, options
contracts are also used by large manufacturers to purchase electric power. These contracts
reduce the risk faced by manufacturers, but also allow electricity suppliers to extract
more of the surplus from the manufacturers because the exercise prices in the options are
typically less distortionary than electricity spot prices.

Our model generalizes the work of [19] who considered the optimal pricing policy
when heterogeneous consumers learn about their demand at the same time. As in their
work, the optimal pricing policy induces all consumers to make their purchases at the
very beginning, before they learn their valuations, but allows consumers to cancel and

claim a refund after they learn their valuations and the firm varies the size of the refund
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that it offers consumers in order to extract more surplus. However, we show that the firm
does even better when it varies both the length of time that they are refundable as well
as the size of the refund.

Offering refundable purchases, or equivalent option contracts, allows the firm to ex-
tract more total surplus from consumers and to better discriminate among them. When
consumers are ex ante homogeneous, the firm charges each consumer a premium equal
to marginal cost if they take the good, and a flat fee equal to their expected consumer
surplus whether or not they take the good. This contract extracts all the surplus from
consumers and is more profitable than the optimal spot price. When consumers are ex
ante heterogeneous the firm can do better by offering a menu of contracts. Consumers
vary in the ex ante distribution of their valuations and the point in time when they learn
their valuation. By varying when the cost of taking the good (or the return price) and the
point in time when consumers must make their final consumption decision, the firm can
extract more surplus than if it offers a single contract. Indeed, under some assumptions
on the demand distribution the firm can extract the entire consumer surplus even when
consumers are heterogeneous.

We consider a variety of distributional assumptions for consumers’ valuations. When
consumers who learn their valuations later have higher valuations, in the sense of first order
stochastic dominance, then the optimal pricing policy gives the highest value consumer
the longest time to exercise the option and a refund price equal to marginal cost, or
equivalently the longest time to claim a refund and a refund price equal to marginal cost.
This induces the efficient consumption for this consumer. If the first best is feasible,

lower valuation consumers purchase tickets that become non-refundable sooner, and the



94

price paid is increasing in consumers’ expected valuations, but the refund price is always
equal to marginal cost. If the first best is not feasible, then lower valuation consumers
still purchase tickets which become non-refundable sooner and the refund price is higher
than marginal cost, at least for some consumers. Intuitively, offering a higher refund is
more attractive to low valuation consumers than high valuation consumers because they
exercise the option more often. So the firm can increase the refund price, and increase the
original purchase price by a nearly offsetting amount, and make the contract less attractive
to the highest valuation consumer, who will never be able to exercise that option because
they will not learn their valuations in time.

When consumers who learn later have more dispersed valuations, that is, their dis-
tribution is a mean preserving spread of the distribution of valuations for all consumers
who learn earlier, we show that the first best is always achievable. That is, consumers
with less dispersed valuations purchase tickets that become non-refundable sooner, and
the price paid is increasing in the variance of consumers’ valuations, but the refund price
is always equal to marginal cost.

Other papers in the economics literature have looked at pricing when consumers learn
their valuations over time. [18] considers a monopolist with commitment power who
chooses whether to sell to consumers at a uniform price before or after they have learned
their demand. In a related paper, [24] considers a monopolist without commitment
who intentionally creates a shortage of capacity to create a buying frenzy in the spot
market and to induce buyers to purchase early, before they know their valuations. [21]
considers a competitive model in which heterogeneous consumers divide their purchases

between advanced sales, when they may not yet know their demands, and spot market
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sales, after their valuations have been realized. [33] consider a monopolist who sells to
heterogeneous consumers, some of whom purchase early before they know their departure
time preferences and some of whom purchase late after they learn their preferences. Like
[19], [21] and [33] assume consumers learn their valuations at the same time. (See also
[43], [32]).

Some papers in the operations management literature have considered optimal pricing
and capacity controls when heterogeneous consumers purchase in an exogenously given,
sequential order. [40] considers a setting where the consumers have either high or low
valuations, which are known and observable. Consumers with low valuations arrive in the
first period, while the consumers with high valuations arrive in the second period. There
is aggregate uncertainty, and a system manager chooses how much capacity to reserve for
the consumers with high valuations. [40] characterizes the optimal policy as a booking
limit policy. [14] and [20] provide extensions of Littlewood’s result to n customer classes,
characterizing the optimal capacity control policy by nested booking limits. There are
extensions of this capacity control models in various different directions in the operations
literature. [60] provides an extensive review of that literature. Although most papers in
the operations management literature ignore the strategic consumer behavior, modeling
consumer behavior received some attention in recent years; see [57] for a review.

The rest of the chapter is structured as follows: Section presents the model. The
mechanism design problem is introduced in Section [4.1.1] where we also present the nec-
essary and sufficient conditions for implementing the first-best solution. We consider a
variety of distributional assumptions for consumers’ valuations in Sections [4.2H4.4 We

first consider the case where the consumer valuations increase over time in the sense of
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First Order Stochastic Dominance in Section [4.2] Section investigates the case with
the consumer valuations exhibiting "reversed" First Order Stochastic Dominance. We an-
alyze the situation where the valuations become more dispersed over time, i.e. the case of
mean preserving spread, in Section 4.4 Some concluding remarks are provided in Section
[ 4.5 The technical and lengthy proofs are relegated to Appendices. Chapter [5] establishes
a revelation principle for our setting in continuous time. Appendix establishes some
technical results regarding the mechanism design problem. Appendix consists of the
lengthy and technical proofs in the First Order Stochastic Dominance case. Finally, the
technical Appendix is dedicated to the derivation of the dual problems associated

with convex dynamic control problems that arise in the analysis.

4.1. The Model

We assume that consumers are heterogeneous and that their types are continuously
distributed on [0, #] with a strictly positive density function h () and cumulative distrib-
ution function H (¢). That is, h () represents the relative frequency of type ¢ consumers
in the population. Consumers learn their type at time zero. The type t determines the
probability distribution of their valuations as well as the time at which they learn their
valuations. Without loss of generality, we assume that type ¢ consumer privately learns
her realized valuation at time t. The valuation of a type ¢ consumer is distributed ac-
cording to the probability density function g (v,t) on the interval [v,7]. Let f (v,t) be the
joint distribution of types and valuations. Clearly, it follows that

f (v, 1)
ht)

/ f(v,t)dvdt =1, h(t):/f(v,t)dv, and g (v,t) =



97

We also assume that each unit of the good costs the monopolist ¢ and that both the
consumers and the monopolist are risk neutral, and the consumption takes place at time

t.

4.1.1. Mechanism Design Problem

In this section, we consider the profit maximizing incentive-compatible direct-revelation
mechanisms for the monopolist. The revelation principle established in Chapter [5| proves
that there is no loss of generality in assuming that the monopolist should structure his
incentive system so that all consumers will be willing to reveal all of their information to
him honestly. This result generalizes the revelation principle of [45] to continuous-time
communication games, and is of interest on its own right. It also implies that in the
optimal incentive-compatible direct-revelation mechanism, contracting takes place after
the consumer privately learn their type but before they know their valuations perfectly,
i.e. consumers are asked to report their type at time zero. Since the monopolist can do
no better than the maximally centralized communication system in which, at every stage,
each individual confidentially reports all his private information to a central mediator, a
type t consumer is asked to report her realized valuation at time ¢, the exact moment she
learns her valuation. Then, for each pair of reports of valuation v and type ¢, let y (v, t) be
the probability that the monopolist delivers the good, and let x (v,t) denote the payment

to the monopolist.
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The monopolist’s mechanism design problem can be stated as follows: Choose pay-

ments

{z(v,t): t€10,7], v e v}

and delivery probabilities

so as to

{y(v,t): t€[0,%, ve v}

maximize/t f(,t) [z (v,t) — cy (v, t)] dvdt

subject to

/v [vy (v, t) — 2 (v,t)] g (v, t) dv >0 for t € [0, 1], (IR)

vy (v,t) — z (v,t) > vy (V' t) —x (V' t) for v,0" € [v,v] and t € [0,7]  (IC))

/”U [vy (v, t) —x (v, )] g (v, t) dv

> / [mz}x {vy (W', ') — 2z (V' t)}] g (v,t)dv for t' > t, (ICy)

/U [vy (v,t) —x (v, t)] g (v,t) dv

> HlE/iX/ [oy (V', ') — 2 (V1) g (v, t) dv for t' < t, (ICy)

0<y(v,t)<1lforte|0,t{] and v € [v,7]. (F)



99

The first set of constraints are the individual rationality, or participation, constraints.
These constraints are imposed to guarantee that the firm gives every consumer nonneg-
ative expected surplus. Note that there is no ex-post individual rationality constraint,
i.e. the ex-post utility vy (v,t) — x (v,t) of type t with a realized valuation v could be
negative. For example, the consumer might purchase a ticket to attend a meeting but
not be eligible for a full refund if she later realizes that she will not be able to attend the
meeting.

The second set of constraints, (IC;), are the incentive compatibility constraints with
respect to the consumers’ realized valuations. These are imposed to guarantee that every
consumer, conditional on reporting their type at time zero truthfully, finds it optimal to
report her realized valuation truthfully at time ¢.

The third set of constraints, (ICy) and (IC), are the global incentive compatibility
constraints with respect to the reports of consumers’ types. Note that there is a distinction
between "upward" deviations and "downward" deviations because when a type ¢ consumer
reports a lower type, i.e., t’ < t, she will be asked to report her valuation before see knows
her true valuation, while if the consumer reports a higher type, i.e., ¢ > t, she will be
asked to report her valuation after she knows her true valuation. (IC,) guarantees that
no consumer finds it profitable to deviate “upwards”. If a type ¢t consumer pretends to
be type t’ > t, she will be asked to report her valuation at time ¢’ and she will report the
valuation that maximizes her ex-post surplus. Thus, the expected surplus that a type ¢
consumer gets by pretending to be type ' > t is given by the right hand side of (ICy),
which should be less than or equal to the ex-ante surplus that a type ¢ consumer gets by

reporting her type and subsequently her valuation truthfully.
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Similarly, (ICy) is imposed to guarantee that no consumer finds it profitable to deviate
"downwards". In this case, type t consumer reports the valuation that maximizes her
expected surplus given that she already reported her type as ¢’ < t. Hence, (ICy) imposes
the restriction that ex-ante surplus that a type ¢ consumer gets by reporting her type and
subsequently her valuation truthfully is larger than the expected surplus she will obtain
by pretending to be type t’ < t and subsequently choosing her best report for valuation.

The final set of constraints, denoted by (F), require the delivery rule y to be feasible.
The following lemma characterizes how the consumers report their valuation if they do

not report their types truthfully at time zero and its proof is provided in the Appendix.

Lemma 32. (i) If a type t consumer reports her type as t' >t at time zero, then for
any mechanism that satisfies the constraint (IC;), when she reports her valuation at time

t', it is optimal for her to report her true valuation, that is,
v € argmax {vy (v, ') —z (v, )}

(i) If a type t consumer reports her type as t' < t at time zero, then for any mechanism
that satisfies (IC;), when she reports her valuation, it is optimal for her to report her

expected valuation at time t', that is,

v

E,; [v] € arg mﬁx/ [y (V', ) —x (v, ¢)] g (v, t) do,

v

where

E, [v]:/vvg(v,t)dv for t€[0,1].
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Lemma (32| follows from (IC;) constraints and proves that if type ¢ consumer deviates
upward and pretends to be a higher type ¢’ > ¢, she will report her true valuation at time
t', which she already learned at time ¢. On the other hand, if type ¢ consumer pretends
to be a lower type t' < t, she will report her best prediction of her valuation at time ¢,
namely her expected valuation E; [v], since she does not know her true valuation yet.

Using Lemma , we can simplify (IC) and (ICy) and the monopolist’s problem be-
comes: Choose the payments {m (v,t) : t €[0,t], v € [v, E]} and the delivery probabilities

{y(v,t): t€[0,7], v € v,7]} soas to

maximize / F 0,8 [ (0,8) — ey (v, 8)] dudt

subject to

/v [vy (v,t) — z (v, t)] g (v, t) dv >0 for t € [0, 1], (IR)

vy (v,t) —z (v,t) > vy (V' t) — 2 (V' t) for v, € [, 0] and t € [0,¢]  (ICy)

/v [vy (v,t) —x (v,t)] g (v,t) dv

> /v vy (v, t") — z (v,t)] g (v,t)dv for t' > t, (ICo)

/U wy (0.4) — 2 (v,1)] g (0, ) dv

> / "oy (B o] ) — & (B [o] )] g (0,8) o for ¢ <, (ICo)

0<y(v,t) <1lforte|0,f] and v € [v,7]. (F)

Ignoring the incentive compatibility constraints, (IC;), (IC), and (ICy), it is easy to

see that the optimal solution to the monopolist’s problem is to set for all types y (v,t) = 1
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if v > ¢ and y(v,t) = 0 if v < ¢ while extracting all of the expected surplus from the

consumers, that is, the monopolist chooses the payments z (v, t) such that

/U [vy (v, t) —x (v, t)] g (v,t)dv = 0 for all ¢.

In other words, ignoring the incentive compatibility constraints, the monopolist allocates
the good efficiently (i.e., y (v,t) =1 if v > c and y (v,t) = 0 if v < ¢) and extracts all of
the expected surplus from the consumers.

A solution to the mechanism design problem {x (v,t),y(v,t):t € [0,%], v € [v,7]}
implements the first-best solution if it

(7) has efficient allocation of the good (y (v,t) =1if v > cand y (v,t) =0 if v < ¢),

(i1) extracts all the expected surplus from the consumers, i.e.

/U [vy (v, t) —x (v, )] g (v,t)dv =0 for all ¢,

(ii1) satisfies the incentive compatibility constraints (IC;), (ICy) and (IC).

The next proposition characterizes the conditions under which a monopolist can imple-
ment the first-best solution; and its proof is given in the Appendix. We introduce the fol-
lowing notation as an aid in the statement of the next proposition: Define B, [v — ¢;v > (]

as the expected surplus above the marginal cost of a type ¢ consumer, i.e.

v

Et[U—C;UZC]—/ (v—2c)g(v,t)dv for te€[0,1].
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Proposition 33. The monopolist can implement the first-best solution if and only if

the following two conditions hold: Fort € [0,1],

Condition 1 Evlv—cv>c >E v—co>cl fort >t
( ; ; ,

and for types t such that E; [v] > ¢,

Condition 2 Eylv—civ>c >E: Jv—c| for t' <t.
( ) [v—¢; ] [v—c] f

Proposition [33| makes it clear that the monopolist is better off when consumers learn
their preferences sequentially. Specifically, when Conditions 1 and 2 hold, the monopolist
is able to implement the unconstrained first-best. On the other hand, when the consumers
learn their valuations at the same time, the monopolist cannot exploit the differences in
learning times to screen consumers. In particular, the only setting when the monopolist
can implement the first-best in [19] is the degenerate case that all the consumers have
the same expected surplus from obtaining the good, i.e. B, [v — ¢;v > ¢| does not depend
on t.

Hin_

Condition 1 of Proposition |33| is satisfied whenever the valuations of consumers
crease" as t increases. In that case, the higher types are more willing to pay for the
good and they get the good with a higher probability while the deviation of the lower
types to higher ones are deferred by the fact that their willingness to pay for the good
is less. Condition 2 is satisfied when the expected valuations of different types are not
too different or if the loss in the expected surplus due to reporting her valuation before

the true realization is relatively large. For instance, if v > ¢ (this is the case when ¢ = 0

and v > 0), then the expected surplus of a consumer is not affected by the timing of her
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report of her valuation and in this case Conditions 1 and 2 cannot both hold except in
the degenerate case when E; [v] is independent of ¢.

If Conditions 1 and 2 of Proposition [33] are satisfied, then the first-best solution can
be implemented using the following menu of expiring refund contracts: For a report of
type t € [0,¢] at time zero, charge E; [v — ¢;v > ¢] + ¢ for the ticket with a refund of
c if the ticket is returned until time ¢. Since the refund is ¢ for the returned tickets,
only consumers with valuations higher than the cost will fly, which makes the allocation

efficient. Moreover, the expected utility of all the consumers is equal to zero since

/v [vy (v,t) — x (v,t)] g (v,t) dv

= /vvg(v,t)dv—(1—G(Cyt))(Et[U—C§UZC]+C)

—G (e, t) By [v — ;v > (]

If Condition 1 of Proposition [33is satisfied, no type ¢ would want to purchase the ticket
designed for a higher type ¢’ > t. Similarly, if Condition 2 of Proposition [33|is satisfied,
no type t would want to purchase the ticket designed for a lower type t' < t since the
refund of the ticket for type t’ expires at time t’, while type ¢ consumer is still uncertain
about her valuation for the ticket.

Next, we consider the optimal mechanism when Conditions 1 and 2 of Proposition

are not satisfied. Define u (v,t) = vy (v,t) — x (v,t) to be the consumer’s ex post surplus
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after she truthfully reports his type ¢ and then his realized valuation v. Also define

to be the expected surplus of a consumer of type ¢ at time zero. We make the technical
assumption that U is of bounded variation, which is true for a very broad class of func-
tions. Letting G (+,t) denote the cumulative probability distribution of the valuations of
type t, we assume that it changes smoothly across types. That is, the partial derivative
G (v,t) /Ot exists for all v and t.

The next lemma establishes that for any optimal mechanism, when the consumer
draws a greater valuation, he receives the good with a greater probability and has a
greater consumer surplus. The proof of the lemma is standard in the mechanism design

literature and therefore is skipped.

Lemma 34. The incentive compatibility constraint (IC;) is satisfied if and only if

(i) Ou (v,t) JOv =y (v,t),

(ii) y (v,t) is non-decreasing in v.

In the next section, we analyze the case in which the types’ valuations can be ordered
using first order stochastic dominance, where Condition 1 of Proposition is readily

satisfied.

4.2. First order stochastic dominance

In this section, we focus attention on the case when the consumers’ valuation increase

with their type in the sense of first order stochastic dominance (FSD), which is the natural
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assumption in many settings. For example, in an airline context, business travellers often
have higher valuations than the leisure travellers and they typically learn their realized
valuation after the leisure types. The formal definition of first order stochastic dominance

in the context of our model is as follows.

Definition 35. Type t is "higher" than type t' if G (v,t) < G (v,t’) for allv. The type
space [0,t] is ordered by first order stochastic dominance if t > t' implies that t is higher

than t' for all t,t’ € [0,1].

Under first order stochastic dominance, Condition 1 of Proposition [33]is satisfied. To

see this, first notice that, for a given t, we can write

Et[v—c;UZC]:/U(v—c)g(v,t)dv—(@—c)—/UG(v,t)dv,

where the second equality is obtained using integration by parts. Then, for any t' > ¢, we
have

Ey[v—cv>c—Ei[v—cv>( —/ |G (v,t) — G (v,t')] dv > 0,

since G (v,t') < G (v,t) for all v by FSD.

If Condition 2 of Proposition [33]is also satisfied, then it is easy to see that the optimal
solution to the mechanism design problem is given by U (t) = 0 for all ¢ and y (v,t) =1
if v > ¢ and 0 otherwise; and appropriate payment schemes are as described earlier.

However, if Condition 2 of Proposition [33] is violated, that is, if

Eilv—oc >Eolv—cv >,
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then for those types t such that E; [v] > ¢ and
Eilv—c >Eoglv—cv>c,

it is profitable to deviate at time zero and pretend that they are type zero.

This implies that the firm cannot extract all the surplus and implement the efficient
allocation without violating the incentive compatibility constraints. Therefore, we next
consider the case in which the type space is ordered with respect to first order stochastic
dominance and Condition 2 of Proposition [33] is violated.

In what follows, we first consider a relaxed version of the monopolist’s problem and
show that its optimal solution indeed satisfies all the constraints of the original problem.
Hence, it is optimal for the original problem as well. As an intermediate step, we first prove
that the expected surplus U (t) of type ¢ is nondecreasing under FSD. Subsequently, a key
step in our approach is to establish that without loss of optimality, we can restrict attention
to solutions of the form y (v,t) € {0,1}, cf. Proposition which in turn corresponds
to refund contracts. We then characterize the best refund contract, cf. Proposition (39,
Finally, we show that the refund contract characterized in Proposition [39)is indeed optimal
for the monopolist’s screening problem.

Building on Lemma the following proposition characterizes the expected surplus

function U, which facilitates our analysis. The proof of Proposition[36is given in Appendix

D.2l
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Proposition 36. Under FSD, without loss of generality, the objective function can be

written as:

/t f (v, t)]x(v,t) — cy (v, t)] dvdt =

/tf(v,t)(v—c)y(v,t)dvdt—U(O)—/Ot(l—H(t))dU(t).

Moreover, the payments {x (v,t) : t €10,%], v € [u, @]} are non-negative and if the incen-

tive compatibility constraint (ICy) is satisfied, then U is nondecreasing and satisfies

0G (v,t)

.
o

(4.1) 0<U (t) S—/Uy(v,t)

Using Proposition [36, we next consider the following relaxed version of the monopo-

list’s problem (P!

relaxed

): Choose the delivery probabilities

{y(v,t): t€[0,4], ve v}
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so as to

maximize/t fw,t)[(v—rc)y(v,t)] dvdt — U (0) — /0 (1—H(t))dU (t)

subject to

/U vy (0,8) — 2 (v,8)] g (v, £) dv > 0 for £ € [0,7], (IR)
y (1) = & gz D and y (,1) is non-decreasing in v, (iC))
0<U (1) < —/vy(v,t) %dv, (ICo)
Ul(t) > max {EtEU] y (B [v], 1) — 2 (B [v] , )} . (ICqi0bat)
0<y(v,t)<1forte0,7 and v € [v,7]. (F)

The relaxed problem (P}

relazeq) differs from the original mechanism design problem in

several ways. First of all, the incentive compatibility constraints (IC;) are replaced by
their local counterparts (fét), which are equivalent by Lemma . Moreover, the incentive
compatibility constraints regarding "upward" deviations (ICy) are ignored, except for the
local constraints (i(vjo), which were derived from Proposition , cf. equation (4.1). The
incentive compatibility constraints (ICy) regarding "downward" deviations are rewritten
as (ICgepar). The individual rationality (IR) and feasibility (F') constraints are the same
as those in the original mechanism design problem.

For the remainder of this section, we make the standard assumption that the monotone
hazard rate condition holds on the valuation space, that is, (1 — G (v,t)) /g (v,t) is non-

increasing in v.
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A key quantity for our analysis is the virtual surplus function ¢ (v, t) defined as

(1— H (£)) 9G (v,t) /0t

¢ (v,t) =v—c+ 10 g0

The virtual surplus function ¢ (v, t) is similar to the one defined by [44] for one-dimensional
non-linear pricing problems. The first part of ¢ (v, t) corresponds to the social surplus of a
type t consumer with valuation v from consuming one unit of the good, whereas the second
part is the distortion due to inducing truth-telling for a type ¢ consumer with valuation
v. In addition to the hazard rate (1 — H (t)) /h (t) as in the standard one-dimensional
non-linear pricing problems, the second term also includes an "informativeness measure"
(0G (v,t) /Ot) /g (v,t), which represents how informative the type of the consumer is re-
garding his valuation. The distortions increase with the informativeness measure since
it is more difficult for the monopolist (i.e. more information rent has to be given to the
consumer) in order to prevent marginally different consumers from pretending to be a
type t consumer with valuation v. Throughout the remainder of this section, we assume
that ¢ (v,t) is increasing in v for a given ¢ and increasing in ¢ for a given v. Intuitively,
this implies that the revenue contribution of a consumer taking into account the incentive
constraints is increasing in valuation and type.

The following proposition partially characterizes the optimal solution to the relaxed

problem, and its proof is given in Appendix

Proposition 37. Under FSD, there exists an optimal solution to the relaxed problem

(Pr

relaxed

) such that y(v,t) € {0,1}. Moreover, for t € [0,t], there exists a cut off k (t)

such that y (v,t) = 1 if and only if v > k(t).
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The following corollary of Proposition will be instrumental in characterizing the

optimal contract and is proved in Appendix [D.2]

Corollary 38. Given an optimal solution to the relaxed problem (P: ) as in Propo-

relaxed
sition |37 such that y(v,t) € {0,1} with corresponding cutoffs {k (t) : 0 < t < t}, we have
for all t € ]0,t] that

max {E; [v]y (B [v],¢) — = (B [v], ¢)}

t'<t

=E, [v]

max {U(t’)—/kv (v—k(t'))g(v,t')dv—k(zﬁ’)}.

t'e{ry(E¢[v],7)=1} )

Corollary |38 tells that if a type ¢ were to pretend to be a lower type, than it is in his
best interest to choose a type ¢ such that reporting his expected valuation of E; [v] at
time t', type t will be able to obtain the good with probability one, i.e. E; [v] > k (¢') cf.
Proposition [37] in which case the payment to the monopolist would be

x (B o], ¢") = U (t) —/k:t/) (v—k({)g(v,t')dv—Fk(t).
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Using Corollary , we rewrite the constraint (IC, ) of the formulation (P}

relaxed

) and

as follows: Choose the delivery proba-

define the relaxed problem formulation (P2, ;)

bilities {y (v,t) : t € [0,7], v € [v,7]} so as to

maximize/t f(,t)[(v—rc)y(v,t)]dvdt —U (0) — /0 (1—H(t))dU (t)

subject to

/v vy (0,8) — 2 (v,8)] g (v, £) dv > 0 for £ € [0,7], (IR)
y (o) = & gz D and y (v,1) is non-decreasing in v, (iCy)
0<U (1) < —/Uy(v,t) %dv, (ICo)
U B>

e  Av@) - [ 0o k@)g@ i k@] (Cum)

t'e{r:y(Be[v],7)=1, <t} )

0<y(v,t)<lforte|0,¢ and v € [v,7]. (R)

The next proposition characterizes the optimal solution to the problem (P%,, .,

) and
is proved in Appendix [D.2]

Proposition 39. There exists an optimal solution to relazed problem (P24

), which
is characterized by the cut-off points {k (t) : 0 <t <t} such that the allocation y satisfies
y(v,t) =1 forv > k(t) and y(v,t) = 0 otherwise. Moreover, for that optimal solution,
the global incentive compatibility constraint (ICyupa) binds for the highest type t only, who

1s indifferent between her contract and the contract choice of the lowest type, i.e.

U (t) = Eg [v] — B [max {v,k (0)}].
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The optimal solution is further characterized by two thresholds t1,ty with 0 < ty <t and

0 <t1 <ty such that U (t) =0 fort <ty and U (t) > 0 otherwise. To be more specific,

U’(t):—/ OGWH) by for > 1,

while U' (t) = 0 for t < to. Finally, the optimal cutoff points {k (t):0 <t <t} are
characterized as follows: Fort > ty, k(t) > ¢ and k (t) is nonincreasing and is the unique

solution of ¢ (k(t),t) =0, where

(1—H ()G (v,t) /ot
h(t) g(v,t)

o(v,t)=(v—c)+

Similarly, k (t) is nonincreasing with k(t) > ¢ for t < ty. In particular, k(0) > ¢ with

k(t) (strictly) decreasing for t < ty, while k (t) = ¢ for t € (t1,t3).

Given the cutoff points {k () : 0 < ¢ < ¢} characterized in Proposition 39, the transfer

payments can be written as follows:

o (0.1) = z(t) if v<k(t),
z(t) if v>k(t),

where T (t) = z (t) + k (t). Note that the expected surplus of type ¢ consumer can be

written as

(4.2) U(t) = —z (t) +/kv (1— G (v,1))dv.
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Then, since U (t) = 0 for t € [0, t5], we write

z(t) = / (1 -G (v,t))dv fort <t,.
k(t)

For t > t5, we write the following by taking the derivatives of both sides of (4.2]).

(4.3) J () = U (t)_%it)( _G(k(t)’t))_/v 0G (v, 1)

dv,

Therefore, we can calculate z (t) for t > ¢, from (4.3]) and the boundary condition that

z(ty) = /k:t ) (1 — G (v,tq)) dv.

Having characterized z (t), we write T (t) = z(t) + k(¢) for t € [0,¢], and interpret
{(Z(t),k(t)): 0 <t <t} asamenu of expiring refund contracts where type t is charged
the initial price T (¢) and is offered a refund of & (¢) if he chooses not to consume the good
or use the service before time ¢. In other words, the refund k (¢) is only good before time
t.

The following proposition establishes the optimality of this refund contract for the

monopolist’s original screening problem introduced in Section

Proposition 40. The menu of refund contracts {(Z (t),k (t)) : 0 <t <t} character-
ized immediately above is an optimal mechanism for the screening problem of the monop-

olist presented in Section [{.1]

Proof of Proposition 40| Since the cutoff points {k (t) : 0 < ¢ < {} are optimal for

(P7

relaxed

) and (P2

Zelazeq) 18 more relaxed than the original screening problem of the mo-

nopolist, if the menu of refund contracts {(Z (¢),k (¢)) : 0 < ¢t < ¢} satisfy the constraints
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of the original problem, then it is an optimal mechanism for the screening problem of the
monopolist.

We check whether the constraints of the screening problem of the monopolist is satis-
fied by the menu of refund contracts {(z (t),k (t)) : 0 < ¢ < t}. Since U (t) > 0 for all ¢,
cf. Proposition 39 individual rationality (IR) constraints are satisfied. The feasibility (F)
constraints are readily satisfied. Moreover, from Lemma (fét) constraint of (P2, )
and the incentive compatibility constraint (IC;) of the original problem are equivalent and
hence (IC;) of the original problem are satisfied. Since the incentive compatibility con-
straints (ICy) regarding "downward" deviations were rewritten as (ICyopar) in (P2,,.00)

and the cutoff points {k (¢) : 0 <t < ¢} are optimal for (P? ), the refund contracts

relaxed

{@@),k@):0<t <t}

satisfy (ICy) of the original screening problem.
What remains is to show that the refund contracts {(7 (¢),k (¢)) : 0 < ¢ < t} satisfy
(ICq). We first prove that any type t € [ty,] does not find it profitable to pretend to be

some higher type t' > t. To that end, let U (¢,t') denote the expected utility of type ¢ by
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pretending to be type t' > t. We have

Ut t) = /U [vy (v, t') — 2z (v,t)] g (v,t) dv

T E(t")
_ / [w—Z )] gv,t)dv+ / [~z (t)] g (v,t)dv
k(t) v

T E(t")
- / v — (@ () + k()] g (v, ) dv + / [~z ()] g (v, 1) dv

(") v

(4.4) = —z(t)+ /k” [v—Fk(t)] g (v,t)dv.

()

Hence, taking the derivative of both sides of equation (4.2), we obtain

aU(af)___dgaq__dk@q(l
o dt’ dt’

(4.5) Gk, 1).

From Proposition k' (t) <0 for t > ty5. Then,

oU(Lt) _ _da(t) dk(t)
ot - dt’ dt/

YOG (v, t)
— U () + / ),

(1=G(k(),1),

< 0,
where the first inequality is obtained using equation (4.5)), &’ (¢) < 0 and the fact that

I=Gk(),1) =2 (A =G k(t),1),
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which is due to FSD. The equality in the second step follows from taking the derivatives

of both sides of the equation

v

(4.6) Ut) = —z(t) +/ (1— G (0,1)) dv.

k(t)

Finally, the third line is true since from Proposition [36], we have

U/ <tl> S _/ Md’v

Then, by integrating both sides of the inequality,

/

oU 8(2,15) <0,

and hence, we obtain U (¢,t') < U (t). This proves that any type t € [t2,t] does not find
it profitable to pretend to be type some type t’ > t.

Since tp does not find the deviation to some type t' € [to, ] profitable and since

U (t3) = 0, FSD implies that any type ¢ € [0,%5] does not want to pretend to be type

t' € [to,t] as well. To see this, note that

ou (t,t) ’ i 09 (v,1)
T /k(t’) (v—Fk(t)) oy dv,

8G(17,t)_/” 0G (v,t)

= (U —k (t )) ot ) ot d’U,
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and

Uttt =2+ [ - k@lgwod
k(')
is increasing in ¢ for a given ¢'. Hence, to conclude the argument that (ICy) is satisfied by
the refund contract {(Z (t),k(¢)) : 0 <t < t}, we show that any type ¢ € [0, 3] does not

want to pretend to be type ¢’ € (t,t3). To be more specific,

Utt) = —o(t)+ / () o~k (#)] g (v, 1) dov.
—z (¥ ' v—Fk(t] gv,t)dv,
< 2O+ [ k@)
— U
= 0,

which completes the proof that (ICy) is satisfied.

Hence, the menu of refund contracts {(Z (¢),k (t)) : 0 < ¢t < ¢} is a feasible mechanism
for the screening problem of the monopolist presented in Section which also proves
its optimality. H

The next proposition investigates how the optimal initial price {Z (¢) : 0 <t <}

changes over time and is proved in Appendix [D.2

Proposition 41. The optimal menu of refund contracts {(Z (t) ,k (t)) : 0 < t <t} has
the following properties: The optimal price path {Z (t) : 0 <t <t} is continuous except
for an upward jump at time ty. Moreover, the optimal initial price T (t) is constant for

t < t; and is strictly increasing with rate T (t) = — fj v%dv fort € (t1,t2). Then, the
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price has an upward jump at ty and is strictly decreasing with rate @ (t) = k' (t) G (k (t) ,t)

for t € [ta, t] while T (t) > T (t) for all t < ts.

Proposition [41] characterizes the optimal menu of expiring refund contracts. Illustra-
tive optimal price and refund paths are given in Figures and [4.2] where the specific
shape of the curve would depend on the distribution functions G (v, t) and H ().

Although the optimal initial price is decreasing for t > t5 as can be seen from Proposi-
tion[dl]and Figure[d.2] the "effective" price T (t)—G (k (t) ,t) k (t) , defined as the expected
transfer from the consumer to the monopolist, is increasing since the rate of change of

the effective price is

T (0 - G k00K 0~ g 0,0k (0 + 0D k)
= = ot owo+ 0

The effective price is clearly increasing for ¢ < ¢;, since the refund size and the likelihood
of exercising the refund is decreasing while the initial price remains constant. Similarly,
for t € [t1,t5], the initial price is increasing whereas the refund size is constant and the

likelihood if exercising the refund is decreasing.

4.3. First order stochastic dominance reversed

In this section, we focus on the case that the types who learn their valuation early have
a higher valuation in the sense of first order stochastic dominance (FSD). For instance,

in an airline context, business travellers often have higher valuations than some tourists
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r(t)

Figure 4.1. Optimal refund size as a function of time.

p(t)

Figure 4.2. Optimal initial price as a function of time.

who might try to purchase the ticket at the last minute. The formal definition of the

"reversed" first order stochastic dominance in the context of our model is as follows.

Definition 42. The type space [0,1] is ordered by "reversed" FSD if for any t > t,

G (v,t) > G (v,t") for allv.

Condition 1 of Proposition [33is violated in this case, and hence, first-best solution can-

not be achieved. Nonetheless, it is easy to characterize the optimal mechanism, which can



121

again be implemented by a menu of expiring refund contracts. The following proposition

characterizes the optimal mechanism in this case.

Proposition 43. Under "reversed" FSD, there exists cut-off points {k (t) : 0 < t < t}
such that the optimal allocation y satisfies y (v,t) = 1 for v > k(t) and y(v,t) = 0
otherwise. The expected utility function U is nonincreasing and satisfies

U'(t):—/ de fort e [0,1].
k(t)

Finally, the optimal cutoff points {k (t) : 0 <t <t} are characterized as follows: k (t) is

the unique solution of v (k (t),t) = 0, where

H (t) 9G (v,t) /ot
h(t) g(v,t)

w<v7t) = (’U —C) -
The payments are then given as follows: Fort € [0,1],

z(t) if v<k(t),
F(t) if v>k(t),

with@ (t) =z (t) + k (t) and

g@):/: (v— k() g (v.t)dv—U (1),

()

Proof. By definition, we have

G(v,t+h)—G(v,t)
h

0G (v.1) /0t = lim > 0.
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As in Proposition [36, we can prove that without loss of optimality, the objective of the
monopolist can be written as

(A7) /tf .0 @ =y, ) dodt U 0+ [ H @)U,

To see this, note that using integration by parts

/th(t) Utydt={UMHM®}iZ— [ H®AU@)=U @)~ | H(t)dU ().
0 0.4 0.4

Then consider the problem:

maximize /t P @y ndu U@+ [ H@aUE

subject to

U’(t)g—/ y(v,t)%dv for t € [0,7],

0<y(v,t)<1lfortel0t and v € [v,7],

ignoring the global IC constraints.

We prove that in an optimal solution, it should be that

U () = —/vy(v,t)%du.

We argue by contradiction. Suppose not. Let U, y denote an optimal solution to the

relaxed problem stated immediately above with the property that

U't) < —/vy(v,t)de
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for some interval |71, Ts]. Suppose we decrease U (0) by the amount

/ [—U’ (t)+/vvy(v,t)%dv dt.

At the same time, we keep the allocation y and U’ () for t € [0,¢]\ [T1, 72] the same, while

setting

U’(t)_—/vy(v,t)%dv

for t € [11,72]. Let U be the modified expected utility function. That is, the modified

expected utility function U is defined as follows using the original utility function U: Let

U0) = U(O)—/T2 [—U'(t)+/vy(v,t>%dv dt,
Ut) = U (t) fort €0,t]\[r1,72],

U't) = —/ y(v,t)%dv for t € [11,72].

Then, U (t) > U (t) for t < 75 and U (t) = U (t) for ¢t > 5. The change in the objective

function resulting from the modified expected utility function U is

2 v oG (v, t
/ H (t) {—U’ (1) +/ y (v, 1) wdv dt
1 v ot
which is strictly positive. Thus, the objective improves. Hence, we have
v G (v, t
U'(t) = —/ y (v, t) #dv for all ¢t.

Since

U’(t):—/ y(v,t)wdvgo for all ¢,
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it is optimal to have U (¢) = 0, in which case using (4.7)) the optimal y can be found by

solving the following problem: Choose the allocation y so as to

maximize / f(v,t) (v, t)y (v, t)dvdt

subject to
0<y(vi) <1,
where
H (t)0G (v,t) /Ot
Vot) = (v —c) - THICWD/

h(t) g(vt)
Then, y satisfies y (v,t) = 1 forv > k (t) and y (v, t) = 0 otherwise where k (t) is the unique
solution of ¢ (k(¢),t) = 0. Then, it is easy to check that (IC;) constraints are satisfied
using the payments x characterized in the statement of Proposition Moreover, we can
show that the proposed solution satisfies the constraints (ICy) and (ICy) in a way similar
to the analysis in the proof of Proposition [40, which concludes the proof of Proposition
43 m

When the types who learn their valuation early have a higher valuation, the firm can-
not use the learning dynamics to separate the types. Indeed, in the reversed first order
stochastic dominance case, the firm can never implement the first-best solution. The rea-
son is that the types who learn early can always choose to wait to make their purchase and
the monopolist cannot deter them from doing so since they make consumption decisions
when they know their demand if they wait to purchase.

Since 0G (v,t) /Ot > 0 due to reversed first order stochastic dominance, k (t) > ¢ for

all ¢, and hence all types are rationed except type zero who has the highest valuation
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distribution. The expected utility of the consumers decrease over and the latest type to
learn his valuation gets zero expected surplus. The first component of the virtual surplus
function v (v,t) is again the social surplus of a type t consumer with valuation v from
consuming one unit of the good, while the second part is the distortion due to inducing
truth-telling for a type ¢ consumer with valuation v. The rate H (¢) /h (t) in the second
component of ¢ (v, t) differs from the hazard rate (1 — H (t)) /h (t) of the standard one-
dimensional non-linear pricing problems since one unit of the informational rent supplied
to type t, has to be supplied to all the lower types as opposed to all the higher types as
in the virtual surplus function ¢ (v,t) of Section [4.2]

The following corollary shows that the optimal mechanism can be implemented via a

menu of expiring refund contracts.

Corollary 44. Under reversed first order stochastic dominance, the menu of expiring
refund contracts {(Z (t) ,k (t)) : 0 <t <t} with T (t) and k (t) as in Proposition |4 is an
optimal mechanism for the screening problem of the monopolist presented in Section [{.1].

Moreover, since OG (v,t) /Ot > 0, it is easy to see that

CH@®)0G (k (1), 1) for
e R IO R

that is, all types are rationed again and the allocation of type zero is efficient, i.e. k (0) = c.

4.4. Mean preserving spread

In this section, we consider the case when the consumers’ valuations are ordered by
second order stochastic dominance. In particular, the consumers who learn their valua-

tions later also face greater uncertainty regarding their valuations. To be more specific,
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we assume that all consumers have the same expected valuation for the good, but for any
t > t', the valuation distribution of type t is a mean preserving spread of that of type t'.

The formal definition is as follows:

Definition 45. Let z = Ey [v] for all t. Ift >t then G (v,t) > G (v,t") for allv < z

and G (v,t) < G (v,t") for allv > z.

Throughout this section, we assume that the types are ordered in the sense of mean
preserving spread. It is immediate from Definition [45| that 0G (v, t) /0t < 0 for v > 2z and
0G (v,t) /ot > 0 for v < z. The next proposition characterizes the optimal mechanism

under MPS.
Proposition 46. Under MPS the first-best solution can be implemented.

Proof. The next identity follows from integration by parts and will facilitate the

proof.

(4.8) E, [U—c;vzc]:(@—c)—/ G (v,t) dv for all t.

Consider the case z < ¢, where Condition 2 of Proposition is readily satisfied since

z = E; [v] < ¢ for all t. Moreover, it follows from (4.8) that for ¢’ > ¢,
By [v—cv>c—Ei[v—cv>( :/ (G (v,t) — G (v,t")] dv > 0,

where the last inequality follows since G (v,t) /Ot < 0 for v > z. Condition 1 of Propo-

sition [33] also holds and the result follows.
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Next consider the case z > ¢, where Condition 2 holds because for ¢’ < t,
Ey[v—cv>c—Ev—c=E[v—cv>c—Epjv—c=By[v—cv<c<O.

To check Condition 1, note the following identity, which follows from integration by parts:

/G(v,t)dv:v—z—/G(v,t)dvforallt,

where the integral on the right hand side is increasing in ¢ by Definition [45| since z > c.
Thus, the integral on the left is decreasing in ¢t. Combining that with shows that
Condition 1 holds. W

From Proposition {46 the menu of refund contracts {(z (¢),k (¢)) : 0 < ¢ <t} where
the refund size is equal to the marginal cost, i.e. k(t) = ¢ for ¢t € [0,{] and the initial
price is is equal to T (t) = E; [v — ¢;v > ¢| + ¢ is the optimal mechanism for the screening
problem of the monopolist presented in Section

The next corollary investigates how the optimal initial price {Z (¢) : 0 < ¢ < ¢} changes

over time and follows from Proposition [47] and Condition 1 of Proposition 33|

Corollary 47. Under MPS, the optimal price path {Z (t):0 <t <t} is increasing

over time.

Proposition [46] and Corollary [47] prove that consumers with less dispersed valuations
purchase tickets that become non-refundable sooner, and the price paid is increasing in
the variance of consumers’ valuations, but the refund price is always equal to marginal

cost.
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4.5. Discussion

We consider a revenue management model with strategic, i.e. forward looking con-
sumers. Consumers vary in the ex ante distribution of their valuations and the time at
which they learn their valuation. Consumers privately learn their valuations at different
times and can purchase the good at any instance, both before and after they learn their
valuations. The firm observes neither the time at which consumers learn their valuations
nor their valuations and chooses a selling policy to maximize total expected profits.

We analyze the firm’s optimal pricing policy in a mechanism design framework. With-
out loss of generality, the firm looks for the profit maximizing direct-revelation pricing
policies and induces all consumers to buy the good at time zero. In other words, it is op-
timal for the firm to sell to the consumer before they learn their valuations while permits
consumers to return the good sold for a certain refund after they learn their valuations.

Looking for the profit maximizing direct-revelation pricing policies, we establish the
necessary and sufficient conditions for the firm to implement the first-best solution. Specif-
ically, when Conditions 1 and 2 of Proposition 33| hold, the monopolist is able to implement
the unconstrained first-best. In particular, Condition 1 of Proposition [33]is satisfied when
the consumers who learn their demand late in the horizon have "higher" valuations. In
that case, consumers who learn late are more willing to pay more for the good and they
get the good with a higher probability. Condition 2 of Proposition [33] is satisfied when
the expected valuations of different types of consumers are not too different or if the loss
in the expected surplus due to making the consumption decisions before knowing one’s
true valuation is relatively large. If Conditions 1 and 2 of Proposition are satisfied,

then the first-best solution can be implemented using a menu of expiring refund contracts
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where the refund size is equal to the marginal cost and the prices increase over time.
The monopolist is better off if the consumers learn their valuations sequentially since this
enables her to exploit the differences in learning times to screen consumers.

We consider a variety of distributional assumptions for consumers’ valuations. First,
we analyze the case under which consumers who learn their valuations later have higher
valuations, in the sense of first order stochastic dominance. Then the optimal pricing
policy always provides the highest value consumer with the longest time to exercise the
return option and a refund price equal to marginal cost. If the first-best is feasible, then
a menu of expiring refund contracts with a refund size equal to the marginal cost and
increasing prices is optimal. If the first best is not feasible, a menu of expiring refund
contracts is still optimal for the firm and lower valuation consumers still purchase tickets
which become non-refundable sooner while the refund price is higher than marginal cost.
The allocation of the highest type is efficient whereas the refund size of some other types
are distorted with respect to the first best. While the initial price and the refund size
are distorted with respect to the first best, nevertheless, the effective price paid by the
consumers is increasing over time.

The second case of interest is the one where consumers who learn their valuations early
have higher valuations, in the sense of first order stochastic dominance, which we refer
as reversed first order stochastic dominance. In this case, the firm can never achieve the
first-best solution and a menu of expiring refund contracts is again the optimal mechanism
and all consumer types are rationed again while the allocation of the type who learns the

earliest is efficient.
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Finally, we investigate the case when consumers who learn later have more dispersed
valuations in the sense that their distribution is a mean preserving spread of the distri-
bution of valuations for all consumers who learn earlier. Then, we show that the first
best is always achievable. A menu of expiring refund contracts with the refunds equal to
marginal cost is optimal and consumers with less variable demand purchase tickets that
become non-refundable sooner while the price is increasing in the dispersion of consumers’
valuations.

For any distributional assumption on consumers’ valuations, exploiting the sequential
learning of the consumers gives the firm an additional screening instrument. In certain
cases, the monopolist is even able to extract all the expected surplus from the consumers.
In particular, if the valuations of the consumers who learn later are "higher" and the
expected valuations of the consumers are not to far away from each other (or the loss in
surplus due to making consumption decisions before fully knowing the demand is high),
then the monopolist can implement the first best. Offering refundable purchases allows the
firm to extract more surplus from consumers compared to spot market sales. Moreover,
when consumers vary in the ex ante distribution of their valuations and the time at which
they learn their valuations, optimal contract varies not only the price of the ticket and

the size of the refund but also the time at which the refunds are expiring.
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CHAPTER 5

Revelation Principle for Continuous-Time Communication
Games (joint with Barig Ata and James D. Dana, Jr.)

In this chapter, we establish a revelation principle that there is no loss of generality in
assuming that the monopolist should structure his incentive system so that all consumers
will be willing to reveal all of their information to him honestly. This result generalizes the
revelation principle of [45] to continuous-time communication games, and is of interest
on its own right.

Consider a setting with one principal and one agent. Let © = [0,¢] x {[v,7] U}
denote the set of all possible states of the agent’s private information. To be more specific,
6 = (t,v) implies that the agent is of type ¢ with valuation v whereas (¢,§) for t € [0, ]
means that the agent knows that he is of type ¢ but his true valuation has not yet realized.
Let D denote the principal’s decision domain. That is, D denotes the set of decisions that
the principal can take at each point in time. Similarly, let M denote the set of messages
that the principal can send to the agent and R denote the report that the agent can send
to the principal at each point in time. The generality of these spaces allows us to model
mixed, i.e. randomized, actions and messages.

Uncertainty is modeled by the complete probability space (2, H ,P), where Q denotes
the sample space and H is a o-field of subsets of 2. The evolution of information is

modeled through the increasing sequences {F;, ¢t € R} and {G;, t € R, } of complete
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sub-o-fields of H. In particular, F; represents the private information available to the
agent at time ¢ and G; denotes the information observable to the principal and the agent
at time ¢. Then, define

Hi=F: VG fort>0

to be the information available to the agent at time ¢ and let R denote the space of R-
valued, H;—predictable stochastic processes and let { A}, ¢ € R, } be the natural filtration

generated by the stochastic process r € R, satisfying the usual conditions, and

Bf = Af v G, for t>0,

which denotes the information available to the principal at time ¢ upon seeing the agent’s
reports until then.

Following [45], to describe a typical coordination mechanism which could be estab-
lished by the principal, let M be the set of all possible processes of messages which the
agent might receive from the principal. That is, M consists of M-valued, Bj-adapted
stochastic processes for r €R. Then, D is the set of all possible processes of actions that
can be taken by the principal. More precisely, D consists of D-valued, Bf-adapted sto-
chastic processes for r €R. In our setting, d € D may represent a description of how the
principal might plan to sell to the consumers and this includes any actions on the side of
the consumers that can be observed by the principal as these are considered as part of
the principal’s decision domain.

Let U, : D x © — R denote the utility function of the principal and v : D x © — R

denote the utility function of the agent. That is, u (d, v, t) denotes the utility of an agent



133

of type t and valuation v if the principal follows the decision rule d € D. Notice that
u (d, v, t) denotes the ex-post utility of the consumer since there are no random variables
that she cannot observe at the terminal time ¢. Given these structures, the principal’s
problem is to coordinate his decisions and those of his agents so as to maximize his ex-
pected utility. We assume that the principal has complete control over all communication,
that he can request any information which the agent is willing to send, and that he can
send messages and recommendations to the agent. However, the principal cannot directly
observe an agent’s type in ©.

A coordination mechanism for the principal consists of the message space M, report
space R as defined above, where the agent can choose among the reporting strategies r €
R and the principal can choose the message strategy m € M. Notice that the messages
that the agent receives should depend on the reports she has sent. Similarly, the decision

strategy d of the principal in D can also depend on these reports and

7 (d, m;r)

denotes the probability measure on the decision strategy d and the messages m that the
principal will choose given that the agent is planning to send the reports according to the
strategy r € R. Whenever we write 7 (d, m;r), it should be understood that for all ¢t €
[0, 7], the agent reports {r (s) : 0 < s < t} to the principal at time ¢t. Then, (7, D, M, R)
completely describes the coordination mechanism established by the principal.

In the context of this coordination mechanism (7, D, M, R) agent controls his choice
of reporting strategy in R as a function of his type. Recall that there are no private

decisions or actions by the agent in our setting. Hence, the agent selects a reporting
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strategy p as a function of her private information and each such reporting strategy p
generates reports in the set R. Then, 7 (d, m;p) denotes the probability measure on
the decision strategy d and the messages m that the principal will choose given that the
agent is planning to send the reports according to the reporting strategy p. The expected

utility of the agent of type 7 at time ¢ is given by

Ui (p|T,d,m) = / u(d,v, 7)dr (d, m; p) dP; (v)
Dx Mx [v,7]

where the reporting strategy of the agent is dictated by p and P, (-) = P (- |H;) is the
distribution over the valuationdl] for the agent given her information #; up to time .
Notice that since u (d,v,7) is the ex-post utility of the agent, U; (p|7,d, m) represents
the expected utility of the agent looking into the future standing at time ¢.

The reporting strategy p of the agent forms an equilibrium of this communication
game if and only if p is superior to any other reporting strategy at each point in time.

That is,
(5.1) U (p|T,d,m) > U, (p|r,d,m) for all ¢t € [0,1].

Even though U; (p|7,d, m) denotes the expected utility of the agent looking into the future
standing at time ¢, the constraint is equivalent to requiring that the continuation
payoff of the agent under the reporting strategy p is higher than any other p since any
cost or benefit incurred until time ¢ by the agent is sunk and does not affect the decisions

thereafter.

P, (-) takes values in {0, 1} if the agent has already learned her true valuation at time ¢ and it is equivalent
to g (-, 7) if the agent knows that her true type is 7 but has not learned her true valuation yet.
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The principal’s problem is to find a coordination mechanism (7, D, M, R) such that
there is an equilibrium reporting strategy which gives the principal highest expected
profits.

We say that a coordination mechanism is direct if the reporting strategy p takes values
in the type space O, i.e. R = ©. More precisely, the agent reports her private information
at each time point denoted by w = {w; : t € [0,?]} and recalling that the reporting strategy
p is a function of the private information of the agent, with an abuse of notation, we have
p (t,w) = w(t,w). Then, wy corresponds to the type of the agent and subsequently w,
includes the information regarding the valuation of the agent if the agent learns it before
time ¢. Under a direct mechanism, the probability function = (d, m; &) is the probability
measure of the principal choosing the decisions d €D and the messages m €M given the
report of the private information & = {&; : t € [0,¢]} on the side of the consumer. The
direct mechanism is honest if @&; = w; for all ¢ where w; denotes the true information of

the consumer at time ¢.

Proposition 48. Given any equilibrium of reporting strategy p and coordination
mechanism (7, D, M, R), there exists an incentive-compatible direct mechanism in which
the principal gets the same expected utility (when the agents are honest) as in the given
equilibrium of the given mechanism. Thus, the optimal incentive-compatible direct coordi-

nation mechanism is also optimal in the class of all coordination mechanisms.

Proof of Proposition Given the equilibrium of reporting strategy p and coordi-
nation mechanism (7, D, M, R), consider the following direct mechanism: The reporting

strategy p* takes values in the type space © and the agent reports her private information
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at each time point denoted by {w; : t € [0,7]}. The principal uses the probability measure

7™ on D x M x R such that

That is, under the direct mechanism, if the agent chooses to report the private information
& = {&; : t € ]0,1]}, the principal assigns the same probability measure to all the decision
and message strategies (d, m) as in the original coordination mechanism where the agent
uses the reporting strategy p (w) € R since p is a function of agent’s private information.

We prove that the direct mechanism consisting of the reporting strategy p* and coor-
dination mechanism (7*, D, M, R) is incentive compatible. We argue by contradiction.
Suppose that the agent finds it more profitable to report her information untruthfully at
some point. That is, suppose that the agent finds reporting her information as @ instead

of w. That is,
u(d, v, 7) dr* (d, m; @) dP, (v) > / w(d, v, 7) dr* (d, miw) dP; (v)
DXMX[v,7] DxMx[v,7]

for some w = {@; : t € [0,7]} while the true information of the agent evolves according to

w = {wy; : t € ]0,¢]}. Then, we also have
/ u(d,v, 7)dr (d, m;p) dP; (v) > / u(d,v, 7)dr (d, m; p)dP,; (v),
DxMx[v,7] DXMX[v,7]

where p (w) = p(@). In other words, in the original coordination mechanism, the agent

would also find it more profitable to choose the reporting strategy p (&) € R instead of
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p (w) if w were her true information, which is a contradiction to the fact that p is an
equilibrium reporting strategy. B

Proposition [48| establishes the revelation principle that in order to maximize her total
expected profits, the monopolist can consider only incentive-compatible direct-revelation

mechanisms in our setting.
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APPENDIX A

Proofs of the Results in Chapter 1

A.1. Proof of the Results Regarding Adapted Bid-Price Controls

In this section, we prove Theorems 1 and 2 along with some auxiliary results regarding
a Lagrangian representation of the network revenue management problem (P). Our proof
can be broken down to four major steps. First, we prove the existence of an optimal
solution to the network revenue management problem. Second, we show the validity of a
Lagrangian representation for the network revenue management problem. To this end, we
introduce a discretized version of the network revenue management problem in Section
where at each decision time the demand and fare processes may have only finitely
many realizations. Third, we interpret the Lagrangian representation as an adapted bid-
price control. In particular, we construct an optimal adapted bid-price control (1),
which, of course, provides a constructive proof of Theorem 1. Finally, the complementary
slackness conditions associated with the Lagrange multipliers gives rise to the martingale
property of optimal bid prices, proving Theorem [2]

We first establish the existence of an optimal solution to the network revenue man-

agement problem. The proof of the next proposition is straightforward and it is skipped.

Proposition 49. There exists an optimal control for the network revenue management

problem.
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Proof of Proposition The proof is based on induction where the induction will
be on the number of periods until the terminal time. First, we establish the induction
basis by proving that there exists an optimal solution to (P) if N = 1. That is, consider
the last decision time ty. For a given capacity process ZT(w,ty_1) > 0, w € Q, we solve

the following problem to determine the bookings

max B[f(w,ty) - u(w,ty)]

subject to

Au(w,ty) < T(w,tn_1), we€Q,

0 <u(w,ty) < D(w,tn) — D(w,tn_1), we Q.

Notice that, we can maximize this problem along each sample path w. That is, for each

w € (), we solve

max f(w,tn) u
subject to
Au(w, ty) < T(w,ty_1),
0 < u(w,tN) < D(w,tN) — D(w,thl).
Let u*(w,ty) denote an optimal solution to this problem which exists since the objective

function is continuous in u and the feasible region is compact. Then, the resulting control

{u*(w,ty) : w € Q} would maximize the expected revenue. Moreover, the objective
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function value of the linear program we solve for each w € 2 is continuous in Z(w, ty_1)
since we have a linear program.

To facilitate our analysis, let V,,,1(w,Z) denote the optimal revenue that can be gen-
erated in decision times n 4+ 1 through N if we have capacity T at the end of period n
and w is realized. As the induction hypothesis, assume that an optimal solution exists for
decision times n + 1 through N and V,,1(w,Z(w,t,)) is a continuous function of Z(w, t,,),
where T(w, t,,) is the process of remaining capacities at decision time ¢,. At decision time

t, we solve the following program for the given capacity process T(w, t,_1):

max E[f(w,t,) - w(w, t,)] + B[V (w, Z(w, th—1) — Au(w, t,))]
subject to
Au(w, t,) < T(w,t,—1), weEQ,

0 <u(w,t,) < D(w,t,) — D(w,t,—1), we.
We can optimize again for each sample path w € €2. Then, for w € 2, we solve

max flw,tn) - u+ Vo (w,T(w, th1) — Au)
subject to

Au(w, t,) < T(w,tn_1),

0 <u(w,t,) < D(w,t,) — D(w,t, 1).

Note that the objective function is continuous in v while the feasible region is compact and

hence, an optimal solution u*(w, t,) exists for w € Q and n =1,..., N. Thus, an optimal
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solution exists for decision times n through N. Moreover, V,,(w, Z(w, t,_1)), the objective

function value of the linear program solved at decision time ¢, along w, is continuous in

E(w, tn—l)‘ [ |

A.1.1. A Discrete Approximation of the Network Revenue Management Prob-

lem

In this section, we introduce a discrete approximation to the network revenue management
problem (P). To be specific, we introduce a sequence of problems indexed by m = 1,2, ...
such that in each problem the distributions of the demand during each period and the
vector of fares have finite support so that these problems reduce to finite linear programs,
allowing us to use the machinery of linear programming. As the readers will see, this
sequence of problems will be helpful in proving statements about the network revenue
management problem (P), cf. Theorem 1 and Propositions [50| &

Since for each product the cumulative demand has finite mean and the fare process is

bounded, there exist constants F and K™ for m =1,2,... and n=1,..., N such that

(A1) P[D(t,) = Dltas) = IK™[EID(ta) — D(ta-1) | D(t,) = Dl(tyr) = IK™] < 1/37,

(A.2) sup f(w,t) < IF,

we, tel’

where I denotes the J-dimensional vector of ones. Without loss of generality assume K™
and F' to be multiples of 1/2™. Fixing m, for each product j we truncate the demand
during a period by K™. Then we discretize demand during each period by taking a .J-

dimensional dyadic partition of the cube [0, K™]’ comprised of equal size grids, each of
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which is a J-dimensional cube with a side length of 1/2™. Similarly, we discretize the
vector of fares in each period by taking a .J-dimensional dyadic partition of the cube
[0, F]7 comprised also of equal size grids, each of which is a J-dimensional cube with a
side length of 1/2™. Combining these two partitions, we construct a dyadic partition of
the 2J-dimensional set [0, K™]7 x [0, F]7 comprised of 2J-dimensional cubes with side
lengths of 1/2™. Hereafter, we will refer to these 2.J-dimensional cubes as grids.

In formulating the discrete approximation, we pretend that the system manager can-
not distinguish the demand and fare realizations in a grid and regards them as a single
realization of demand and fare. When the system manager cannot distinguish the demand
and fare realizations in a grid, she acts as if the demand and fare realizations were at their
lowest possible level in that grid. Then, using this discretization one can represent the
evolution of information as a finite information tree. That is, we get a finite number of
"information nodes" for each decision time and the problem can be formulated as a linear
program. To be more precise, an information node corresponds to a subset of {2 and two
sample paths w and w’ belong to the same information node for the m!* partition at de-
cision time t,, only if the demand and fare realizations D(w,t,) — D(w,t,_1) and f(w,t,),
and D(w',t,) — D(w',t,_1) and f(«',t,) are in the same grid for each r = 1,...,n. Let
Z™ denote the set of information nodes resulting from the discretization of demand and
fare processes. Associated with each information node is the probability of visiting that
information node which is the probability measure of the sample paths corresponding
to that information node. Let p' denote the probability of visiting information node i
for i € I™, where p' = P(i) viewing information node i as a measurable subset. Every

information node 7 € Z™ has a unique predecessor in the information tree denoted by i—
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(associated with the previous period). Similarly, let i+ denote a generic element of the
set of nodes that can be subsequent to information node i. The set of information nodes
at decision time ¢,, are denoted by Z)", where Z§* contains a single information node for all
m. To be precise, Z)" corresponds to all combinations of the different discrete realizations
of demand and fare at decision times t1,...,1,.

To repeat, the system manager behaves as if the sample paths in each grid results in a
single demand realization and a single fare realization. Since the number of possible such
realizations are finite, we get a finite linear program. Consider the finite linear program
resulting from the m!" discretization. Upon entering information node i € 7™, the system
manager behaves as if the demand realization is equal to the lowest possible demand
realization and the fare realization is equal to the lowest possible fare in information node

1. That is, if information node 7 corresponds to the case that for product j, we have at

decision time t,,

s/2™ < Dj(w,t,) — Dj(w, t,—1) < (s +1)/2™,
rf2" < filw ) < (r+1)/2"7,

then the system manager acts as if the actual demand and fare realizations are s/2™ and
r /2™ respectively.

In essence, we approximate (P) from "below" by a sequence of finite linear programs.
At each decision time the system manager decides on the bookings for each product so
that the capacity and demand restrictions are not violated. (Recall that for each product

the demand realizations are governed by the lowest value of the demand for that product
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in a grid.) The objective is again to maximize expected revenue subject to the feasibility
constraints.

The following notation is needed to proceed with the analysis. Let d*™ and f“™denote
the discretized demand and fare at information node i € Z™, respectively. Let u*™ denote
the booking vector at information node ¢ € Z™. Similarly, denote vector of remaining
capacities upon entering information node i € Z™ by x*™. Then, the finite linear program
resulting from the m!* discretization (denoted by (P™)) is given by

Maximize Z plfEm b
iezm
subject to

i,m

" =C, eI,
(P™) =M Ay eI, n=2,...,N,
Ayt < ™ e I™ n=1,...,N,
0<u"™<d™ icZI™ n=1,...,N.
For a realization w € (2, we visit a sequence of information nodes (one for each decision
time). Given an optimal control {u*™};czm to (P™), we can rewrite controls u*™, i € ™,

as a function of the sample paths w by tracking which information nodes we visit at each

decision time. Formally, for w € €, let

u™(w,t,) =u"™ if we€iandiecI™
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Note that as the approximation of (P) through the discretized problems gets finer, that
is, as m " 00, we get a sequence of booking controls. The following proposition shows
that the optimal controls for the discretized problems converge to an optimal control for

the network revenue management problem (P).

Proposition 50. There exists an optimal control u(-,-) : @ xT' — R for the network
revenue management problem (P) constructed from the sequence of controls u™ for m =
1,2,.... More specifically, for every w € Q andn =1,...,N there exists a subsequence
My, such that

w(w, t,) = lim u"™" (w,t,),

r—00

and my,, is a further subsequence of m,_i, forn > 2.

Proof of Proposition 50, The proof can be divided into three steps. First, we prove
the existence of a limiting process u. Second, we prove the feasibility of u for (P). Finally,
we prove the optimality of u for (P). As our first step, we use the formal setup introduced
above to show that for every w € Q and n =1,..., N there exists a subsequence m,, ,.(w)
such that for n > 2, m,, ,(w) is a further subsequence of m,,_1,(w) and

U(w, t,) = lim u™ @ (w t,) forn=1,..., N.

r—00

We will next explicitly construct such a subsequence. To that end, first consider the
decision time t;. For each w € (), the sequence {u™(w,t;)} is nonnegative and bounded
from above. In particular, there exists a finite number M such that sup,,cq jer vJ' (W, 1) <

M for j =1,...,J. (Note that such constant M exists since the capacity C is finite.)

We apply the following procedure to construct a convergent subsequence of {u™(w,t1)}.
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Recall that the elements of {u"(w,t;)} are J-dimensional vectors. We illustrate the
construction for the case J = 2 for simplicity. The generalization for the cases J > 3
is straightforward. Let J = 2. Then, the sequence {u"(w,t;)} resides in the square
[0, M] x [0, M]. The construction proceeds by repeated division to produce a sequence
of nested squares whose common point will be shown to be a limit point of {u™(w,t1)}.
First, divide the square [0, M] x [0, M] into four squares of side length M /2. Index these
squares from 1 to 4 clockwise from top. That is, the square [0, M /2] x [M/2, M] has
index 1, the square [M /2, M| x [M /2, M| has index 2, the square [M /2, M| x [0, M /2] has
index 3 and so on. At least one of these squares should contain an infinite subsequence of
{u™(w,t1)}. Pick the square with the smallest index that contains an infinite subsequence
of {u"(w,t;)}. The indexing rule generates an unambiguous choice of the square to pick.
We now divide the square of length M /2 that we picked again into four squares of side
length M /4. Index these squares clockwise from top and select the square with the smallest
index that contains an infinite subsequence of {u™(w,t)}. If we continue in this manner,
we obtain a sequence of nested squares that contain infinite subsequences of {u"(w,t;)}
and the side length of the square resulting from the r** division is M/2". Let m;,.(w)
denote the subsequence that is constructed by the application of this procedure to the
sequence {u™(w, t;)}. That is, we construct ms ,.(w) by repeatedly selecting a subsequence
of {u™(w, t1)} that is contained in the square we selected as a result of the division process.
A common element of the sequence of squares resulting from the division procedure exists
and is unique from the Nested Intervals Property, cf. [6]. Denote this point by u(w,t;).

Then, we have that w(w,t;) = lim, . u™"“)(w, ;). Since for each w € Q, the choice
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of the nested squares resulting from the division process in unambiguous, we have that
my,(w) € Fy, for r=1,2,... by construction.

Next, we consider the second decision time t5. We consider the sequence
{umlw(w (w’ tl)}’

where my,.(w) is the subsequence constructed for decision time ¢; using the division
method described above. We apply the same procedure of repeated division to the se-

quence

e, 1))

and construct a subsequence ms,(w) such that the limit

U(w, ty) = lim u™2 @) (w, t,)

exists. We apply the procedure inductively for decision times ¢,, for n = 1,..., N. Then,
for every w € Q and n = 1,..., N there exists a subsequence m,, .(w) such that for n > 2,

My (w) is a further subsequence of m,,_; ,(w) and

U(w, t,) = lim u™@(w t,) forn=1,..., N.

T—00

Moreover, m,, ,(w) € F, for r = 1,2,... and n = 1,..., N by construction and this
concludes the existence step of the proof of Proposition [50}
Our second step is to prove the feasibility of w for (P). Note that the demand restric-

tions of (P) are satisfied by u since for every w € (), along the convergent subsequence
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My (w), we have
0< um"”'(w)(w,tn) < D(w,t,) — D(w,t,—1), n=1,..., N,
and passing to the limit as r — oo we get
0 <u(w,t,) < D(w,t,) — D(w,t,—1), n=1,...,N.

Since for every w € 2 and for all m along the convergent subsequence my ,(w), we
have Zf:[:l Aum™r@)(w,t,) < C, and in the limit we obtain ZnNzl Au(w, t,) < C due to
Dominated Convergence Theorem. Thus, u satisfies the capacity constraints.

We now check the measurability of u, i.e. u(w,t,) € F;,. Fora € Randn=1,... N,
we have

(u"™(w,t,)) Ha,00) € F,,

since u™(w,t,) takes finitely many values for all m due to discretization of demand
(u™(w, t,) takes a single value for each information node in the set Z") and every in-

formation node in Z™" is a subset of F;,. We can rewrite u™ () (w,t,) as

o (@) (w,t,) = Z l{mnyr(w):k}uk(wa tn),
k=1

and, hence u™ (@) (w,t,) € F;, for all r which follows from the fact that

1{mn,7‘ (W):k} € ‘En

and u*(w,t,) € F;, for all k. Since v “)(w, t,) — U(w,t,) almost surely as r — 0o, we

get u(w, t,) € Fy,.
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As a preliminary to establishing the optimality of u, we show the convergence of the
objective function values of the discretized problems. To be specific, we show that the
objective function values of the discretized problems converge to the expected revenue

generated by the feasible control u for the network revenue management problem (P).

That is,
(A.3) nll_rgo Z Elf™(w,tn) - u™(w,tn)] = Z E[f(w,tn) - u(w,tn)],

where f™(w,t,) = f*™ ifw €iandie ™.

We first show that the revenue generated along a sample path w,

increases weakly as the partition gets finer. To see this, first note that «™ is feasible
for the (m + 1)* discretization. Moreover, the fare and demand that is assumed by the
system manager to realize weakly increases on each grid as the partition gets finer. Hence,
applying the control u™ for the (m + 1)** discretized problem generates at least as much
revenue as u™ on each grid of the m!" discretized problem. However, u*! does at least
as good as this control and the revenue generated along a sample path w weakly increases.

Moreover, total revenue generated along each sample path is also bounded by above

as the initial capacity C' is bounded and so is the revenue that can be generated along
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each sample path. Then, objective function values of the discretized problems form a
monotone sequence of real numbers which should have a limit. For every w € €2, this limit

also coincides with the revenue generated by u along w. Then,

N
Z fm(wa tn) ' um(w’ tn)

converges to
N

Zf(w,tn) ~u(w, ty,)

n=1

for every w, and the result follows from the Dominated Convergence Theorem.

To conclude our last step, we prove that u is optimal for the network revenue manage-
ment problem (P). We start with an optimal solution to (P), which was shown to exist
in Proposition 49 Then, we construct a feasible solution to each discretized problem
using that optimal solution. We show that the objective function values of these feasible
solutions converge to the objective function value of (P), which proves the optimality of
u for (P). Let u* be an optimal solution to (P). Construct a feasible solution @™ to the
m" discretized problem as follows. For decision time t,, and information node i € Z'™,
the booking for product j is given by

max{0, E[u*(w,t,)| i — 1/2™} if wei, d™ < K™,
PO e TSI R TR J

E[min{u}(w, t,), K™} i]  if wei, di™=K™,
where dj-’m is the discretized demand for product j at information node ¢ and K™ is the
level at which we truncate the demand. This control satisfies the demand restrictions in
the case of d;m < K™ because of the feasibility of u* for (P). The case of d;m = K™

clearly satisfy the demand restrictions.
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The proposed bookings u™ also satisfy the capacity restrictions since

N
Zu;f(w,tn) < Cfor all w

n=1
and the cumulative bookings under the proposed control is less than or equal to a condi-
tional expectation of Zivzl ui(w,t,) and hence is in turn less than or to the capacity C.
Moreover, u™ is clearly adapted. The expected revenue under w™ is greater than or equal
to
N
(A5) D PEIf(w.tn) u'(w,t,) | i ] = INF/2" — NF?2/2™ /3™ — JNM /2™,
n=14i€Im
where F' is the bound on the fare process and M is a finite number such that

sup uj(w,t) <M
we, tel

for j = 1,...,J. (Note that such constant M exists since the capacity C is finite.)
The second and third terms in give upper bounds on the loss in revenue due to
approximation of the demand and the last term gives an upper bound for the loss in fare
due to approximation of fare from below.
To be more specific, at an information node ¢ € Z)" such that d;m < K™, the feasible
control U7 (w,t,) as defined in books E[u}(w,t,)| 7] — 1/2™ for product j provided
that it is positive. On the other hand, at an information node ¢« € Z)" such that d;m > K™,

we have uf'(w,t,) = E[min{u}(w,t,), K™}|i] by (A.4). In the latter case, multiplying
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u3*(w, t,) with the probability of being in information node 7 € Z)" we get

P(i)uy' (w,t,) = P(i)B[min{u}(w,t,), K™}[i]

= P()B (w, t)]i] — PU)E[max{u}(w, t,) — K™, 0}]i]

> BBl )]
—P(i)E[max{D,(w,t,) — Dj(w,t,—1) — K™, 0}|]
(A.6) > PG)E[u)(w,t,)]] —1/3™,

where the second line is obtained by rearranging terms. The first inequality is a result of
replacing max{u}(w,t,) — K™,0} by max{D;(w,t,) — Dj(w,t,—1) — K™,0} and the fact
that u}(w,t,) < Dj(w,t,) — Dj(w,t,1) by feasibility of u*. Finally, to get (A.6) we use
the fact that cumulative demand process has finite mean and the inequality (A.1)) holds.

The expected revenue under u}" for the m!" discretized problem is

Yo B w ) ] = Y Y P Bl (w, ) [ ]

n=1 i€

N i N
pzfz,mJ F22m2J
N Z Z om ; 3m

n=1 i€

S VB ) () |i]

>
n=1{cIm
JNF NF?272m  JNM
(A7) e e

where the first inequality is obtained by replacing u™ with u* and accounting for the

fact that at each information node 7 € Z]" such that d;m < K™, the difference between
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E[@™(w,t,) | i ] and E[u*(w,t,) | i | is bounded by 1/2™, whereas at an information node
i € Z7" such that d;’m > K™ (which exists at most F'2”7 2™ times at each period) we have

P()a’

J

(@, ) > P()E[u (w, £,)i] — 1/3™

by . Finally, the second inequality is obtained by replacing the term f“™.E[u*(w,t,)
| i | with B[f(w,t,) - u*(w,t,) | i ]. Then, the last term in is an upper bound in the
loss in expected revenue due to approximating the fare of each product at each information
node.

Therefore, the expected revenue under the optimal solution to the m'* discretized
problem is greater than or equal to . Since converges to the objective function
value of the network revenue management problem (P) as m — oo, it follows from
that u is optimal for (P). W

Having proved the optimality of u for (P), we next show the existence of the Lagrange
multipliers for the network revenue management problem (P) as the last step towards the
proofs of Theorems 1 and 2. The Lagrange multiplier for a resource also forms a martingale

until the capacity of that resource is exhausted due to complementary slackness conditions.

Proposition 51. There exists y(w,t,) € Fy, for w € Q and n = 1,...,N such
that u* = {u*(w,t)}wneaxr is an optimal solution to the network revenue management
problem (P) if and only if it maximizes the Lagrangian

N

Lwg) = Y Elf(w tn) ulw,t,)] — Ef(w,tr) - C]

= E[(w, tn) - (2(w, tn1) — 2(w, ta—2) + Au(w, ty_1))]

n=2
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among all feasible solutions to (P). Moreover, there exists an optimal solution u to (P)

such that its corresponding state trajectory x satisfies the following: Forn=1,...,N —1
and w € €,
(A.8) (H(w, tn) = Bly(w, tns1)| Fi.]) - T(w, tn1) = 0.

Proof of Proposition Let {u"™};crm denote an optimal control for the m'
discretized problem (P™), and {Z%™},czm denote the corresponding state trajectory. Re-
call that 7%™ denotes the vector of remaining capacities upon entering information node
i € ™. The dual linear program to the m' discretized problem (P™) is given by

Min{vi’m}ierm Z pz[(o Vi (fz,m _ A’yz,m)) . dl,m] + C. yo,m

ierm
subject to (D™)

yi,m — E[yi+,m | Z] . vi,m) ie :Z'm7

VP <0, ieI™,

where 3™ = 0 for i € Z% by convention and d“™ denote the discretized demand at
information node ¢ € Z™. From linear programming duality, the optimal dual variables
{y"™}ieqm satisfy the complementary slackness conditions, which in turn imply the fol-

lowing.

(A.9) ("™ — Blg™™ | i]) - 2™ =0 for i € T™.
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Recall that i+ denotes a generic information node that is preceded by the information
node ¢ and given ¢, it can be thought of as a discrete random variable. The primal optimal
state trajectory {T%™};czm is nonnegative and uniformly bounded by the initial capacity
C. We next prove that the dual variables {§""};czm are nonnegative and uniformly
bounded, too. The non-negativity of an optimal dual solution 7™ then follows from
the facts that v*™ < 0 for i € Z™ and g™ = 0 for i € Z%. The objective function
value of the discretized network revenue management problems are less than or equal to
SN BIf(w, tn) - (D(w, t,) — D(w, t,_1))]], which is uniformly bounded since the demand
process has finite mean and fare process is bounded. Then, the objective function value of
(D™) are also uniformly bounded due to strong duality. For an optimal solution {7*™ };czm
to (D™) we have that its objective function value is in the interval [C-g%™, SN B[ f(w, t,)-
(D(w,t,) — D(w,t,_1))]] and 3®™ is uniformly bounded. The same is true, by a similar
argument, for all 7°™ if we consider the smaller primal and dual problems that starts at
information node i, and hence, {§*"};cz= are uniformly bounded.

To facilitate our analysis, fix an optimal dual solution y and define the following: If

wei, i€l andn=1,..., N,
u™(w, t,) = b, Yy (w, t,) = 7o, " (w, ty—1) = 7hm.

We will show that the limit of y™(w,,,) gives us the processes y(w,t,) as in the statement
of Proposition [51 Recall that, for each w € €, we have constructed in Proposition
the subsequences my, . (w), n = 1,..., N such that m, ,(w) is a further subsequence of

Mp_1,(w) for n > 2 and {u™ @ (w,t,)} has a limit as r — co. Here, we use the same
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subsequences. Then, {z"(“)(w,t,)} also has a limit as 7 — oo since

2@ () t,) = C — AZum"”(“)(w,tk) forn=1,...,N.

k=1
For each w € (), the procedure described in the proof of Proposition can be re-
peated if necessary to construct further subsequences of m,, ,.(w) for n = 1,..., N so
that {y™ @) (w,t,)} have a limit as well. ({y™“)(w,t,)} forms a nonnegative and

uniformly bounded sequence.) Thus, without loss of generality assume for every w € 2

and n = 1,..., N that {y™©)(w, t,)} converges as r — oo. Denote for w € Q and
n=1,...,N

U(w,t,) = lim u™ @) (w,t,),

T(w,t,) = lim 2™ @) (w,t,),

gw,tn) = g wty).

By construction of the subsequences m,, ,(w), we have that u(w,t,),y(w,t,) € F, for
n=1,...,N. We showed in Proposition 50| that @ is an optimal solution to (P). We can

rewrite (A.9)) as
(17 0, ) ~ By @, )| F]) - 2™, 10) =0,

forn=1,...,N—1land w € Q. Asr — oo, y™+1-“)(w, t,,1) converges to J(w,t,s1).

From Dominated Convergence Theorem, we get as r — 0o

(A10)  (Y(w,tn) —Ely(w, tai1)| F]) - Z(w, 1) =0, n=1,...,N =1 and w € Q,
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proving (A:8).
Now consider a feasible solution u* to (P) which maximizes L(u;y) among all feasible
solutions to (P), and let z* be its corresponding state trajectory. Since y is nonnegative

and u* is a feasible solution to (P),
N

(A.11) ZE@((,U, tn) - (" (w, tno1) — 2" (w, th—2) + Au™(w, t,—1))] + Ely(w,t;) - C] > 0.
n=2

whereas (A.11]) with w instead of u* is zero from (A.10). Then, we should have

(A12) ZE[f(wvtn) ’ ﬂ(w?tnﬂ < ZE[JC(M?tn) ’ u*(w7tn)]v

since u* maximizes L(u;y). The optimality of w for (P) implies that «* is optimal for
(P) and, holds with equality. Combining this with and the fact that u*
maximizes L(u;y) we prove that holds with equality.

Next, consider any optimal solution u** to (P) and its corresponding state trajectory

z**. We have

N

ZE[@(w,tn) (™ (wytho1) — 2 (wy o) + Au™ (W, 1)) + Ely(w, t1) - C] = 0.
n=2
N
Hence, L(u**;y) = ZE[f(w,tn) ~u(w, t,)] = L(u;y), and u™* maximizes L(u;y) among
n=1

all feasible solutions to (P). B

Proof of Theorem 1. We interpret the Lagrange multipliers in Proposition [51] as
the opportunity cost of resources and construct optimal adapted bid-price and permissible
capacity processes for the network revenue management problem (P). To this end, let i

denote Lagrange multipliers as in Proposition . Let % be an optimal solution to (P)
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such that its corresponding state trajectory z satisfies . The existence of such an
optimal solution is established in Proposition An optimal adapted bid-price control
will be constructed using y and w. First, consider the Lagrangian as in Proposition
(we suppress the dependence of the stochastic process w for brevity):

N N

Lw;§) = > E[f(ts) - u(ta)] = > B[H(ta) - (2(ta-1) — 2(ta—s) + Ault,_1))]
~E[C - §(t1)]
- ZE[f(tn) u(tn)] — ZE[(y(tn) Y(tnt1)) - 2(tn-1)]
= E[(w, ta) Au(t,)] — E[C - §(t1)]
= D E[(f(tn) — Bf(tesr)] Fi]A) - ulty)]
= E[(§(tn) = B§(tan)| Fi,]) - 2(ta-1)] — CEg(t),

where second equality is a rearrangement of terms and the last equality follows from the
definition of conditional expectation. By Proposition [51] if a feasible solution maximizes
L(u;y) among all feasible solutions to (P), then it is an optimal solution to (P). The
problem of maximizing L(u;y) among the feasible solutions to (P) decomposes by each

decision time ¢,, and all w € Q. Thus, a feasible solution @ is optimal for (P) if and only
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if, for each t,, and almost every w € Q, u(w,t,) solves the following problem:

max (f(w,ta) — BlJw, tas1)] Fi,JA) - u

u

subject to
Au < T(w, tp_1),

0 <u< D(w,tn) - D(W7tn—1)>

where 7 is the state trajectory corresponding to w.

Given the Lagrange multipliers 4 and an optimal solution @ to the network revenue
management problem (P) and its corresponding state trajectory Z as in Proposition ,
we define the adapted bid-price and capacity usage limit processes as follows: 7(w,t,) =

Ely(w,tnt1)| Fi,] forwe Qandn=1,...,N,

(A.13) T(w,t,) = Bly(w, th1)| Fi,| forw e Qandn=1,...,N,

(A.14) X(w,tn) =T(w,tp1) — T(w,t,) forwe Qandn=1,..., N.

First note that the proposed bid price process 7(w,t,) is measurable with respect to F;,

since it is defined as a conditional expectation with respect to F;, . The proposed capacity

usage limit vector X(w, tn) is also measurable with respect to F;, since at decision time

t, along the sample path w, the decision maker knows the optimal bookings @ (w, t,).
Next we show that the proposed adapted bid-price control (7, X) defined as in ((A.13))

and is an optimal adapted bid-price control. That is, the booking controls resulting

from (T, X) constitute an optimal solution to the network revenue management problem
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(P). Recall that the proposed bid-price control (%,X) is executed as follows: At each
decision time t,, forn = 1,..., N the system manager first observes the demand realization
D(w,t,) — D(w,t,_1) for period n along the sample path w. Then, she solves the linear

program (P(w,t,)) to determine the booking levels:

Max, (f(w, t,) — AT(w, ) - u+n(Au — Nw, t,)) -
(P(w,tn)) subject to
Au < X(w, tn),

0<u< D(w,ty) — D(w,ta1),

where ¢ > 0 is arbitrarily small and e is the K-dimensional vector of ones. We de-
fine (u(ix) (w, 1)) (wpeaxr as the controls associated with the generalized bid-price con-
trol (7, \), ie. u(’?’x)(w,tn) is an arbitrary optimal solution to (P(w,t,)) for w € Q
andn=1,...,N. Let (:E(%’X) (w,1))wpeaxr denote the state trajectory associated with
(u(%’x) (W, 1)) (wpeaxr- We will show that (u(%’x) (w, 1)) (wpeaxr forms an optimal solution
to the network revenue management problem (P) of Section .

To establish the optimality of u(ix), we will show that uY maximizes L(u,y). From
Proposition [51] the problem of maximizing L(u,y) among feasible solutions to (P) de-

composes by each w € ) and decision time t,, for n = 1,..., N. Then, we need to show
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that (™) (w, t,) solves

e (£, ) = B, i) Fo,J4) -
subject to (P(%’X) (w,tn))

Au < 2 (W, tn1),

0<u<D(w,ty,) — D(w,t, 1)

at each w € ) and decision time ¢, for n = 1,..., N. Since u is an optimal solution to
the network revenue management problem (P), it maximizes L(u,y) among all feasible
solutions to (P). Thus, u(w,t,) solves the following problem at each w € Q and decision

time ¢, forn=1,..., N

(£, t) ~ B, tr)| 7)) - u
subject to (P(w,tn))
Au S *’f(w?tn—l)v

0<u<D(w,ty) — D(w,tn_1).
To show that u(*Y) (w, t,) solves (P(%’X) (w,t,)), we first prove that
GV (wyty—1) = T(w,t,1) for all w € Q and forn =1,..., N.

For all w € ©Q and for n = 1,..., N we know that u(w,t,) solves (ﬁ(w,tn)) by the
decomposition result, and that Au(w,t,) = Aw,t,) by (A.14). Therefore, U(w,t,) is

an optimal solution to (P(w,t,)) as well, which in particular exhausts the permissible
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capacity. Then, since the linear program (P(w,t,)) is lexicographic, all optimal solutions
to (P(w, t,)) exhaust the permissible capacity, that is, the capacity constraint necessarily
binds. Therefore, since u(™ (w,t,) is also an optimal solution to (P(w,t,)), it must be
that

AuT (w0, 1) = A(ws ta) = Fw, ta1) = Fw, ta),

by (A.14). This, in turn, ensures that

n—1
"N (w, t, ) = C— Au™N (W, t,,),
m=1
n—1
= C—- ) (@T(witm)—T(w,ty)) =T(w,t,1),
m=1

where 2V (w,t,_1) is the capacity vector at the end of period n — 1 under the control
u®N) Essentially, we are following the "optimal trajectory", that is, the trajectory of u.
An immediate implication of this result is that the problems (P(%’X) (w,t,)) and (P(w, t,))
are equivalent for all w € Q and forn =1,..., N.

What remains to be shown is that u® (w, t,) solves (P(%’X) (w,t,)) at each w € Q and
forn =1,..., N. To see this, recall that u(w,t,) is an optimal solution to (P(w,t,)) for
all w € Q and for n = 1,..., N. Therefore, the objective function values of u(w,t,) and

u®N (w,t,) for (P(w,t,)) are equal. That is,

(f(w,tn) = ABGW, tas)| Fr,]) - @, )

(A.15) = (flwstn) = ABG(w, tar)| F) - uD(w, 1),
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since T(w, t,) = Bly(w, t,11)| Fi,] by (A.13) and

Ati(w, 1) = Mw, tn) = ATV (@, t,) = Mw, t,) = 0.
Then, since @(w, t,) solves (P(w,t,)) so does u®) (w,t,) by {D Moreover, as

(PTV (w, 1))

and (P(w,t,)) are equivalent for all w € Q and for n = 1,..., N this implies that
u(%’x)(w,tn) solves (P(%’X)(w,tn)) forn =1,...,N and w € . This in turn implies
that «™" maximizes L(u;y) among all feasible solutions to (P) and hence by Proposi-
tion , u®V is an optimal solution for the network revenue management problem (P),
proving the optimality of the proposed adapted bid-price control (7, X) [ |

Proof of Theorem [2, Proposition [51] shows the existence of an optimal solution @ to
the network revenue management problem (P) such that the associated state trajectory
z satisfies (A.§). Fix such an optimal solution. Then, using the Lagrange multiplier § as
in Proposition [51], construct the adapted bid-price process 7 and the permissible capacity

processes A as follows: Forw e Qandn=1,..., N,
(A.16) m(w,t,) = EBly(w, tas1)| Fr,] and A w,t,) = T(w,t,—1) — T(w, t,).

The bid-price control (m,\) constructed as such is shown to form an optimal adapted
bid-price control for the network revenue management problem (P) in Theorem 1. Then,
the bid-price process m for k = 1,..., K forms a martingale until the last period at the

end of which the capacity of resource k is exhausted. Formally, define the stopping time
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o}, for resource k as

or(w) = inf{n : Ty(w,t,) = 0},

which is the first period at the end of which the capacity resource k is exhausted, where

the infimum of the empty set is oo by convention. For the Lagrange multiplier y as in

Proposition [51] we have that

(@, tn) — BlJ(w, tos)| Fu]) - Fw, ta1) =0, n=1,...,N—1 and we Q,

cf. (A.§). This implies that the stopped process {y(w,t, A op(w)) :n=1,...,N}is a
martingale. Let §(w,t, A o(w)) denote the stochastic process whose k' component is the
stopped process Ji(w, t, A 0r(w)). Then, the adapted bid-price process constructed from
y(w,t, A o(w)) will form a martingale.

We next prove that the bookings resulting from the execution of the bid-price control,
whose adapted bid-price process is constructed using y(w, t, A o(w)), is optimal for the
network revenue management problem. Since the bid-price control constructed using y as
in is optimal, it suffices to show that for each decision time t, wheren =1,..., N
and w € Q, if u* € R solves the maximization problem

max (f(w, tn) = Bly(w, tny1 A o(w))] Fi,]A) - u

u
subject to

Au S )\(w7 tn)7 (Pstoppcd (w7 tn))

0<u< D(w,ty) — D(w, tu1),
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then, it is also optimal for the problem

max (f(w,ta) — BlJw, tas1)] Fi,JA) - u

u

subject to
Au < AMw, ty), (Punst0pped(wv tn))

0<u<D(w,ty) — D(w,tn_1).

Note first that if ¢, < o(w), then t,; < o(w) and y(w,tni1 A 0(w)) = y(w, tpy1) which
makes the statement true. Now consider the case when ¢, > o(w). Then, the capacity
of at least one resource is zero at decision time ¢,,. Consider a generic resource k whose
capacity has already exhausted at decision time ¢,, i.e. ZTp(w,t,—1) = 0. We have for
resource k

/\k(w, tn> = Ek(w, tn—l) — fk(w, tn) = 0,

and for all products that use resource k we should have zero bookings. That is, if A; > 0,

we have u; = 0. This implies,
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Now, let u* solve Pgoppea(w, tr,) and u** solve Puystopped (W, tn). Clearly, u* is feasible for

Punstopped (W, tn) . MOI'GOVGI‘,

(flw,tn) = Bli(w, tara] Fo]A) -0 = (f(w,ta) — B, taer A o(w))| Fi]A) - u™,
< (flwtn) = Ely(w tan Ao(w))] Fr,JA) -,

= (f(w,tn) — Ely(w, tna| Fr,]A) - u”,
and u* is optimal for Pyystopped(w, ) as well. H

A.2. Proof of the Results Regarding Predictable Bid-Price Controls

In this section we prove Theorem [5| which establishes the near optimality of the pre-
dictable bid-price control constructed as in —. Recall that an optimal adapted
bid-price control (m,\) is constructed in the proofs of Theorems 1 and [2 so that the
adapted bid-price process {my(w,t,) :n =1,..., N} for resource k = 1,..., K is a mar-
tingale adapted to ({F;, : n=1,..., N},P). For the rest of the argument we fix such an
optimal adapted bid-price control (7, A).

As a preliminary to the proof of Theorem [5, we show that the predictable bid-price
and permissible capacity processes converge to their adapted counterparts as the time gap

disappears.

Lemma 52. limy\ o 7y (w,t,) = 7(w,t,) and limy o M(w,ty) = Mw, t,) for a.e.

we and n=1,...,N.

Proof of Lemma Proposition 6.1 of [36] states that if Z is a martingale adapted

to the semi-continuous filtration {F;, 0 < ¢t < T}, then Z(w,t—) = E[Z(w,t) | F;_] for
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a.e. w,where F;,_ = \/ Fs. That is,

s<t
li;r% Z(w,s) =B[Z(w,t)|F:-] for a.e. w e Q.
Notice that {E[A(w,t,) | Fsir,_,] : s € (0,t, — t,_1]} is a martingale adapted to
{ftatn—l S t S tn}

Then, for we Q and n=1,...,N

Mm B, tn) | Foo-n] = E[EAMw,tn) | F]

VR

= E\w,ty) | F] = Mw, tn),

from the semi-continuity of the information structure. Similarly, limy o E[7(w,t,) |
Fi—n) = m(w, t,) and hence limp\ o Tp(w, t,) = T(w, t,) for w e Q and n=1,...,N.
We next argue that limh\gxh(w,tn) = Mw,t,) for n = 1,...,N and w € Q, by
induction. First recall that given the Lagrange multipliers y and an optimal solution u to
the network revenue management problem (P) and its corresponding state trajectory T

as in Proposition the adapted permissible capacity process A is constructed as follows:

Mw, tp) = T(w, ty 1) — T(w, t,) forw e Qand n=1,..., N.
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As the induction basis consider the first decision time ¢;. We have

M(w,ty) = min{E\w,t) | Fiy_n],CY,
= min{E[C—-Z(w,t1) | F1,-1],C},
= E[C-Z(w,t1) | Fiy_nl],

= EXw,t1) | Fy-nl,

and the convergence of A\(w,t;) to A(w,t;) follows from the argument above regarding
the martingales adapted to semi-continuous information structures. As the induction
hypothesis assume that limj\ o Xh(w,tm) = Mw, t,,) for m = 1,...,n — 1 where n > 2.
Then

n—1
lim Ay (w, t,) = i min{BAw, ta) | Fo, ), C = 3 AW, tm)

hAN\0
~ m=1

n—1

= min{)\(w, tn) ,C - Z )\(W; tm)}a

m=1

= Mw,t,).

The second equality follows from the induction hypothesis, whereas the last equality is
true since A(w,t,) < Z(w,t,—1) forn=1,...,N. &
Proof of Proposition [4. Recall that the optimal adapted bid-price process 7 is a

martingale. Then, forn=1,..., N

%h(watN) = E[W(w7tn) | "T;fn—h] = E[W<W’T> | ftn_hL
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and {7, (w,t,) : m = 1,..., N} is a martingale by construction. The second equality is
obtained via replacing 7(w, t,,) by its value at the terminal time 7', and this this replace-
ment is valid due to the fact that optimal adapted bid-price process 7 is a martingale and
it is described completely by its terminal value and the associated filtration. W

Proof of Theorem The execution of the proposed adapted and predictable bid-
price policies involve the maximization of the linear programs (P(w,t,)) and (Pp(w,t,))
forn=1,...,N and w € ). We prove that as h \, 0, the expected revenue generated
by the bookings resulting from (%h,Xh) for h > 0 converges to the expected revenue
generated by the optimal adapted bid-price control (7, \), which, in turn, is equal to the
objective function value of the network revenue management problem (P). To that end,
we prove that the objective function values of the linear program (Pj(w,t,)) converges to
that of (P(w,t,)) as h \, 0. Recall that from Lemma 52} lim o 74(w, t,,) = 7(w, t,) and
limp o Xh(w, tn) = Mw,t,) forn =1,... N. This implies that the objective function value
of the linear program (Pj(w,t,)) converges to that of (P(w,t,)) as h \, 0. Next we prove
that for every w € Q and n = 1,..., N, the revenue generated by an optimal solution
to (Pp(w,t,)) converges as h \, 0 to the revenue generated by an optimal solution to
(P(w, t,)). To that end, let " (w, t,) be an optimal solution to (Pj,(w,t,)) forn =1,..., N
and w € Q. Similarly, let u (w,t,) be an optimal solution to (P(w,t,)) forn =1,...,N
and w € 2. We already know that

fim (f(w, tn) — T (w, n) A) - " (@, 1) + (A" (@, £) = Mn(w, ) - €

(A17) = (flw,tn) —7(w,tn)A) - u+ n(Au (w, t,) — Mw, t,)) - €.
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By definition of A(w, t,), cf. (A.14), we have Au (w,t,) — A(w,t,). Notice that

. h _"’ . _
’111{%(AU (W, tn) — An(w, t,)) - e = 0.

We prove this by contradiction. Suppose

lim (Au® (w, t,) — Mn(w, ) - .

fim (Au® (w, tn) = An(w, tn)) - € < 0
(Recall that Au” (w,t,) < Ap(w,t,) by feasibility of u (w,t,) for (Py(w,t,)).) Then,
appropriately trimming u (w,t,) so as to satisfy the capacity usage limit imposed by
Xh(w, t,) and passing to the limit as h ™\, 0, we get a contradiction to the fact that the
objective function value of the linear program (Pp(w,t,)) converges to that of (P(w,t,))

as h ™\, 0. Hence,

. h _~ . _
}Ll{r[l)(Au (w,tn) — Mp(w,t,)) e =0

and we can write

Hn (f(w, tn) = 7w, £a) A) - Wl (w, 1) + (AU (w, 1) — Mn(w, 1)) - €

- }17,1{% (f(w> tn) - 7AT/h(C"'}? tn>A) : uh (w7 tn) ’

_ 1 .o h _ .
= }Ll{%f(watn) u' (w,t,) — m(w, tn) - Mw, t,),

which implies together with (A.17)) that limy~ o f(w,t,) - " (w, t,) = flw,tn) - u(w,t,).
Hence, the function 22[21 fw,t,) - u(w,t,) converges almost surely. From Dominated

Convergence Theorem, the expected revenue generated by the controls resulting from the
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predictable bid-price control converge to the expected revenue generated by an optimal
solution to (P), proving Theorem [5 W

The execution of the proposed adapted and predictable bid-price policies involve the
maximization of the linear programs (P(w,t,)) and (Py(w,t,)) forn=1,...,N and w €
Q. (For clarity, I will emphasize the dependence of the programs (P(w, t,)) and (Pp(w, t,))
on w for the remainder of the proof.) To facilitate our analysis of the convergence of the
problems (P, (w,t,)) to (P(w,t,)) as h \, 0, we eliminate the hard constraints in linear
problems (P(w,t,)) and (Pp(w,t,)) by incorporating penalty expressions in the objective
function. The formulation with penalty expressions is more flexible because it allows us
to study the convergence of maximization problems in terms of convergence of extended

real valued functions. To that end, define the indicator function x ()

0 ifxef,
(A.18) Xp(r) =

00 otherwise.

Let h,, be any sequence such that h,, \, 0 asm — oco. Then, forw € Qandn=1,..., N
consider the minimization of the extended real valued function ¢™(-,w,t,) on R’ where
9" (u,w,t,) is defined as

gm(u’ w’ tn) = (%hm <w7 tn)A - f(w7 tn)) U + X{'v; Avgth (w’tn)}(u)

FX fv: 0<0<D(w,tn)—D(wstn_1)} (W)
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The problem of minimizing ¢"(,w, t,,) is equivalent to maximizing P, (w,t,) for w € Q

and n=1,..., N. Also define the function g(-,w,t,) to represent (P(w,t,)) as follows:

g<u7 w, tn) = (71'((,0, tn)A - f<w7 tn)) CU A X{v:AUS)\(w,tn)}<U)

FX {0:0<0< D(w,tn)—Diwitn_1)} (1)-

For the definitions of the terms used in the subsequent statements and proofs, see [55].

Lemma 53. The sequence {g™(-,w,ty) tmen, is eventually level-bounded for w € )
andn =1,...,N. At the same time g(-,w,t,) and ¢g"(-,w,t,) are lower semi-continuous

and proper. Moreover, g™ (-,w,t,) converges epigraphically to g(-,w,t,), i.e.

gm('7w7 tn) e g(? W, tn)

foroeQandn=1,... N.

Proof of Lemma Forwe Qandn=1,...,N, ¢"(-,w,t,) and g(-,w,t,) are
lower semi-continuous since their epigraphs are closed in R’ xR. ¢™(-,w, t,) and g(-,w, t,,)
are proper since u = 0 is feasible for both. To show the epigraphical convergence of
9" (-, w,t,) to g(-,w, t,), we use Proposition 7.2 of [55] which proves that f™ —,. f if and
only if at each point x one has

lim inf f™(z™) > f(x) for every sequence z™ — x,

m—0o0

lim sup f™(z™) < f(x) for some sequence z™ — zx.

m—00
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First consider a point u € R/ such that g(u,w,t,) < co, i.e. u is a feasible point for the
problem (P(w,t,)). Consider an arbitrary sequence such that ™ — u as m — oo. Then,
liminf,, .. ¢™(u™, w,t,) is attained along a subsequence whose elements are feasible for
the corresponding problems, i.e. ¢™(u™,w,t,) < co. Without loss of generality assume

that u™ are feasible for P™(w,t,). Then, for all m along the subsequence, we have

Au™ < A, (w,ty), 0 < u™ < D(w, t,) — D(w, tp-1)

and

gm<um7w7tn) = (%hm (wvtn)A - f(w7tn)) “u™

Moreover, we also have

lim ¢™(u™ w,t,) = (1(w,tn)A — f(w,t,)) - u = glu,w,t,).

m—00

Hence, along the same subsequence we have limsup,, . ¢™(u™, w,t,) < g(u,w,t,) as
well as liminf,, .., ¢"(u™, w,t,) > g(u,w,t,).

Now consider some u such that g(u,w,t,) = oo, i.e. u is infeasible. Let u™ — wu.
The inequality limsup,, .. ¢™(u™, w,t,) < g(u,w,t,) = 0o is already satisfied. Next, we
prove that liminf,, .. ¢"(u™, w,t,) = g(u,w,t,). This is true since

lm Ay, (w,tn) = AMw, t), lim 7y (w,t) = 7(w, t),

m—00 m—oQ0

and u does not satisfy the constraints of the problem ¢(-,w,t,) represents. Thus, if

u™ — u, then after some large enough index M, for all m > M, u™ would be infeasible
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for ¢"(-,w,t,), too. Hence, we will have ¢"(u™,w,t,) = oo for all m > M which imply
that liminf,, . ¢"(u™, w,t,) = g(u,w,t,). W

Proof of Theorem [7, To execute the proposed predictable bid-price policy, the
system manager solves at each decision time ¢, for n = 1,..., N and for each realization
of w € Q, the linear program (Pp(w,t,)) to determine the bookings. We first establish
the feasibility of the controls (bookings) resulting from the proposed predictable bid-price
policy for the network revenue management problem (P). Let u"(w) denote an arbitrary

element of U"(w). That is, for w € Q, h > 0, we have
U’h(w) = (uh<watl)a s >uh(w7tN))7

where u"(w,t,) is any optimal solution to (P,(w,t,)) for n = 1,...,N. The control
{u(w, t)}we@r) clearly satisfies the demand restrictions of the network revenue man-
agement problem (P). To check whether {u"(w,t)}(,e@.r) satisfies the capacity restric-
tions, we prove that SV Mn(w, t,) < C for all w € Q. For n = 1, we have \(w,t;) < C

due to the definition of Ay (w, t,). For n > 2,

(A.19) Rl ta) = min{BA, ) | i oal,C = - Rales, ),
(A.20) < 0= Ralwnty).

and, hence, > Mn(w, t;) < C. Since the bookings {u"(w, ) }wpe@r) satisty

N N
> A w,tn) <D Malw, 1) < C.
n=1 n=1
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they are feasible for the network revenue management problem (P).

Having proved the feasibility of the bookings resulting from (%h,Xh) for h > 0, we
next prove that as h ™\, 0, the expected revenue generated by those bookings converges to
the expected revenue generated by the optimal adapted bid-price scheme (7, A), which, in
turn, is equal to the objective function value of the network revenue management problem
(P). To study the limit as h \, 0, we analyze the limits along arbitrary sequences such
that h,, \, 0 as m — oco. The properties proved in Lemma [53| enable us to use Theorem
7.33 of [55], from which it follows that inf ¢ (-, w,t,) — inf g(-,w,t,) (finite) as m — oo
forwe Qandn=1,...,N. At the same time, for v in some index set N' € N, where
N is the set of all subsequences of natural numbers N containing all v beyond some
v € N, that is, Noo = {N C N: N\N finite},the sets argmin ¢*(+,w, t,,) are non-empty
and form a bounded sequence with

(A.21) limsup (argming’(-,w,t,)) C argmin g(-, w, t,).

v

Recall that from Lemma , lim,, o0 T, (W, t,) = T(w,t,) and limg,, Ezm(w,tn) =
l(w,t,) forn =1,...,N. Combining this with (A.21)), we see that for every w € €, the
revenue generated along w by the controls u"™(w) converge as m — oo to the revenue
generated by an optimal solution to (P) along w, where u""(w) € U"(w) for all m.
Hence, the function 3> | f(w,t,) - u" (w, t,) converges almost surely. From Dominated
Convergence Theorem, the expected revenue generated by the controls resulting from the
predictable bid-price policy converge to the expected revenue generated by an optimal

solution to (P), proving the first part of Theorem
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Finally, note that for every w € €2, by definition we have

U(w) = lim sup (argmin ¢" (-, w,t;) x - -+ x argmin ¢" (-, w, ty)).

T—00

From it follows that for w € Q and n=1,..., N, u(w,t,) € arg max(P(w,t,)) for
u(w) € U(w). Then, the optimality of the adapted bid-price policy (7, A) for (P) implies
that u(w) is an optimal solution to (P) along w. Hence, every cluster point (u(w) : w € )
of the sequence of predictable bid-price controls {(7, Xh)}h>0 is an optimal control for

the network revenue management problem, proving second part of Theorem |7, W

A.3. Proofs Regarding Section [1.4

As our first step, we introduce a perturbed version of the network revenue management
problem (P). For each £ > 0, the perturbed problem (P¢) can be stated as follows: Choose

u(t,) € F, forn=1,...,N so as to

N J
Maximize S B | £(t,) - ults) — %Zej(tn)ujz-(tn)

n=1

subject to

z(ty) = C, (P9)
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where ¢;(t,) is defined as follows: For j =1,...,Jandn=1,..., N, let

e i Di(t,) — Dy(te) >0,
() = | PETDE i(ta) = Di{ta-1)

€ otherwise.

The difference between (P¢) and (P) is that (P¢) has the strictly concave term

N | —

> eslta) et

in its objective function in addition to the revenue term f(¢,) - u(t,), which makes (P¢) a
strictly concave problem. Note that from (P?), we recover the network revenue manage-
ment problem (P) for ¢ = 0. The existence of a unique optimal solution to (P¢) can be

shown using an argument similar to Proposition [49

Lemma 54. For each ¢ > 0, there exists a bid-price process m with 7 (t,) € Fy, for
n =1,...,N such that the booking controls u defined as in using m constitute an
optimal solution to the perturbed network revenue management problem (P°) and for each
resource k = 1,..., K, the bid-price process {mp(t,) : n = 1,..., N} is a martingale.

Moreover, 0 <7 (t,) < B forn=1,...,N where B = JF max; E[D;(w,T)].

Proof of Lemma The proof can be divided into four major steps. We first intro-
duce a discrete approximation to the perturbed problem (P¢). We derive the dual convex
problem associated with the discretized problem (P¢) and the resulting coextremality
conditions. Second, we prove that the limit % of the optimal controls for the discretized
problems is indeed an optimal control for (P¢). Third, we define the bid-price process ™

using the limit of the dual variables to the discretized problems. We also show that u as
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defined in using 7 constitute an optimal solution to the perturbed network revenue
management problem (P¢). Finally, we show that the bid-price process 7 we defined forms
a martingale.

We first introduce a discrete approximation to the perturbed problem (P¢). To be
specific, we use the discretization introduced in Section [A.1.1] Then, we have a sequence
of problems indexed by m = 1,2,... such that in each problem the distributions of the
demand during each period and the vector of fares have finite support so that these
problems reduce to finite convex programs, allowing us to use the machinery of convex
programming.

Let d™ and f*™denote the discretized demand and fare at information node i € Z™,
respectively. Then, define gj.’m as follows: Let 5;’7” = ¢ if d;m =0 and &"™ = ¢/ d;m if
d;m > 0. Let u“™ denote the booking vector at information node i € Z™. Similarly,
denote vector of remaining capacities upon entering information node i € Z™ by x*™.

Then, the finite convex program resulting from the m'* discretization is given by the
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following finite convex problem (denoted by (P7*)):

o 1 o
L £2,mo |, tm T 2, ,m
Maximize Z p'f u 5 Zsj (uj )
iezm 7=1
subject to
" =C i€y,
(Pm™) g =T~ AT, eI, n=2,...,N,

At <t eIy, n=1,...,N,

0<u"™<d™ i€ZI™ n=1,...,N,

where the capacity constraints Au®™ < %™ are imposed only for information nodes
¢ € I} in the last period. Imposing the capacity constraints only for the information
nodes in the last period is equivalent to imposing them for every node ¢ € Z™.

Let {#"™};czn denote an optimal control for the m'™ discretized problem (P™), and
{Z"™};crm denote the corresponding state trajectory. Using the convex duality framework

of [55], the dual convex program to the m'™ discretized problem (P™) is given by

Mingimy,cpm Y Plge(f7 =y ™A, d"™)] + C - o

iezm
subject to (D™)
Yy =Byt i -0t i e I,

V<0, ieI™,
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where g.(z,d) = Y7 he(z;,d;) and for j =1,...,J, h. is defined as

0 it 2 <0,
(A22) h,g(Zj, d]) = Zjdj — %dj if Zj > &,
2242 .
JQEJ if 0< zj < E.

We have y"t™ = 0 for i € I¥ by convention and d"™ denote the discretized demand
at information node i € Z™. The non-negativity of an optimal dual solution 7*™ then
follows from the facts that v™ < 0 for ¢ € Z™ and ™™ = 0 for i € Z%. Moreover,
the objective function value of the discretized problems (PI*) are less than or equal to
ZnNzl E[f(w,tn) - (D(w,t,) — D(w,t,—1))], which is uniformly bounded since the demand
process has finite mean and fare process is bounded. Then, the objective function value of
(D™) are also uniformly bounded due to strong duality. For an optimal solution {7 };czm
to (D™) we have that its objective function value is in the interval [C-3%™, JFE[D(w, T)]
where F is the bound on the fare process and %™ is uniformly bounded. By a similar
argument, we can prove that y>™ is uniformly bounded by JFE[D(w,T)] if we consider
the smaller primal and dual problems that starts at information node <.

From convex programming duality, the optimal primal-dual variables {u"™};czm and
{y¥™};czm satisfy a set of coextremality conditions which are necessary and sufficient for
optimality. To facilitate our analysis, first define for ¢ > 0 the booking function ¢° as

follows:
0 if fj < Zj,

<A23) ¢E(zj7 fjadj> = dj if fj > Zj t+e,

L=z
Jszdj if ZijjSZj‘i‘E.
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It is easy to see that ¢° is continuous in all of its arguments. Then, the convex duality
results of [55] imply that primal-dual variables {u"™};czm and {§“™};crm are optimal
for (P2*) and (DI"), respectively if and only if they satisfy the following coextremality

conditions:

(A.24) ("™ — E[g't™ | i]) - 2™ = 0 for i € T},
and for j =1,...,J and for all j with d;-’m > 0,

u™ = ¢ By A, f7 L dT) for i € TR

Having completed the first step of the proof of Lemma , we rewrite controls 4™ and
y>™, 1 € I™, as a function of the sample paths w by tracking which information nodes we

visit at each decision time. Formally, for w € €, let

@’m(w,tn) =u"™ and §"(w, t,) = "™ if w€iandic I

Next, to embark on the second step of the proof of Lemma [54] we show the existence of a
limiting process u such that for every w € Q and n =1,..., N there exists a subsequence
My (w) so that for n > 2, m,, . (w) is a further subsequence of m,,_;,(w) and

U(w,t,) = lim ™ @) (w,t,) and F(w,t,) = lim ™ @ (w t,) forn=1,... N.

T—00 r—00

The subsequences m,, ,(w) € F;, can be constructed as in the proof of Proposition

b1 Moreover, we have u(w,t,),y(w,t,) € F, by construction. The feasibility of @
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for (P) has been established in the proof of Proposition 50l Hence, u is also feasi-
ble for the perturbed problem (P¢). Since the booking function ¢° is continuous and

= ¢ (Bl

A, f7™ d5™) for i € IR, we have

(A25) ﬂ(w7tn) = ¢€(E[y(w>tN+1)|fn]Aj’ fj (watn)v Dj(wvtn) - Dj(w7tn—1))

forweQandn=1,...,N.

Next we show that @ is optimal for the perturbed problem (P¢) and the booking
controls u defined as in (|1.4)) using the bid-price process m = E[y(w, t,,+1)|F»] are equal to
u, proving the optimality of u for (P¢). As a preliminary to establishing the optimality of w,
we show the convergence of the objective function values of the discretized problems. To be
specific, we show that the objective function values of the discretized problems converge to
the objective function value generated by the feasible control w for the perturbed network
revenue management problem (P¢).

We first show that the objective function value generated along a sample path w is
non-decreasing in m almost surely. That is, P almost surely,

N N 1 N )
7w, tn) 0" (w0, ) = 5 > eMw,ty) (@ (w, b))
n—1 j=1
increases weakly as the partition gets finer. To see this, first note that u" is feasible for
the (m+1)* discretization. Moreover, the fare and demand that is assumed by the system
manager to realize weakly increases on each grid as the partition gets finer. The value of
e (w,t,) is either constant for all m > 0 (this is the case when D; (w,t,) — D (w,t, 1) =

0) or it is increasing for all m > @ for some constant () > 1 (this is the case when
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D; (w,t,) — D; (w, t,—1) > 0.) Hence, applying the control u™ for the (m +1)* discretized
problem generates at least as much revenue as 4™ on each grid of the m!" discretized
problem for m large enough. However, u™"! does at least as good as this control and
the revenue generated along a sample path w weakly increases. Moreover, total revenue
generated along each sample path is also bounded by above as the initial capacity C' is
bounded and so is the revenue that can be generated along each sample path. Then,
objective function values of the discretized problems form a monotone sequence of real
numbers which should have a limit. For every w € (2, this limit also coincides with the
revenue generated by u along w and the result follows from the Dominated Convergence
Theorem.

To we prove that u is optimal for the perturbed network revenue management problem
(P), we start with an optimal solution to (P¢) and construct a feasible solution to each
discretized problem. We show that the objective function values of these feasible solutions
converge to the objective function value of (P¢), which proves the optimality of @ for (P¢).
Let u* be an optimal solution to (P¢). Construct a feasible solution @™ to the m'"
discretized problem as follows. For decision time ¢, and information node ¢ € Z)", the
booking for product j is given by
max{0, Blu}(w, t,)| i — 1/2"} if wei, di™ < K™,

uM(w, t,) = ‘
Blmin{u: (. t), K"} ] it wei, d" = K™,

where K™ is the level at which we truncate the demand. The control ™ satisfies the

demand constraints and is clearly adapted. The expected revenue under u™ is greater
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than or equal to

N J
| ) 1 . |
Z Z P'E| flw,t,) v (w,t,) — 3 Zej(w,tn) (uj(u),tn))2 i ]
n=1ieIm j=1
N
(A.26) —JNF/2™ — NF?279™ /3™ — JNM/2™ — szg,

where F' is the bound on the fare process and M is a finite number such that

sup uj(w,t) <M
we, tel

for j = 1,...,J. (Note that such constant M exists since the capacity C is finite.)
Therefore, the expected revenue under the optimal solution to the m* discretized problem
is greater than or equal to . Since converges to the objective function value
of the perturbed network revenue management problem (P¢) as m — oo, it follows that
u is optimal for (P¢), completing the second step of the proof of Lemma
Having proved the optimality of @ for (P¢), we next prove that the booking controls u
defined as in (1.4) using the bid-price process m = E[y(w, t,+1)|F,] is indeed an optimal
solution to (P¢). Feasibility of u for (P¢) follows from its definition. Moreover, by definition
of u and the coextremality condition (A.25)), we have W = u and u is optimal for (P¢)
because given the bid prices E[g(w, t,11)|F,], the booking function ¢° uniquely defines a
booking control.

To conclude the proof of Lemma [54] we prove that the bid-price process

T = E[y(w, trs1)]F]
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forms a martingale which follows from the dual system dynamics. Moreover, since

{gi’m}ieIm

are uniformly bounded by

JFE[D(w,T)],

so are Y(w,t,41) forn=1,..., N and w € Q. Thus,

0<7(t,) <B

for B = JF max; E[D;(w,T)]. B

Proof of Theorem [9. Fix an ¢ > 0 and a partition I' = {t,¢1,...,tn} of [0,7T7].
Let {m (t,):n=1,...,N} with 7 (¢,) € F;, for n =1,..., N, be a bid-price process as
in Lemma . Then, the booking controls u defined as in using 7 constitute an
optimal solution to the perturbed network revenue management problem (P¢) and for
each resource k = 1, ..., K, the bid-price process {my(t,) : n =1,..., N} is a martingale.

Define the predictable bid-price process {7 (t,,) : n =1,..., N} as follows:
7 (t,) =E[n (ty) |Fn-a] forn=1,... N.

That is, the predictable bid-price process 7° is constructed by taking the conditional
expectation of the adapted bid-price process 7 as in Lemma [54. Then, by construc-
tion the predictable bid-price process {7 (t,) :n =1,..., N} is a martingale adapted to

{F, , :n=1,...,N},P) as well. The fact that 0 < #°(¢,) < Bforn =1,...,N
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follows from Lemma , which states that 0 < 7 (t,) < B for n = 1,..., N where
B = JF max; E[D;(w,T)].

Next we provide the optimality gap in Theorem @ Let u® denote the booking
controls defined as in using the adapted bid-price process m. Then, from Lemma ,
u is the unique optimal solution to the perturbed network revenue management problem
(P?). Let u be an optimal solution to the network revenue management problem (P). As

our first step, we prove that

(A.27) > B[f(tn) - v (ta)] — P| < ke,

n=1

N
where P* is the objective function value of (P) and is equal to ZE[ f(tn) - u(t,)]. To
n=1

prove ([A.27)), notice that u is also feasible for the perturbed problem (P¢) and we have

S Blf(t) - ulta)] — Y BID; (1))

J
f(tn) - ultn) — %Zsj(tn) (uj(tn))2]

N

7

(1) 0 (t) = 33 4(0) <u§<tn>)1 ,

n=1 j=1

AN
=
=
=
s
I~
m
=
3
Pt

The first inequality follows from the definition of €;(¢,,) , and the fact that u(t,) < D; (¢,)—
Dj(t,—1) forn=1,..., N. The second inequality is given by feasibility of u for (P¢) and

optimality of u®. The last inequality proves (A.27)) since u® is also feasible for (P).
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Finally, to conclude the proof of Theorem [9 we prove that

Obj (7,¢e,T') — ZE [f(tn) - u(ta)]] < g [BV, (7°, P)}l/p [EV, (D, F)]l/q .

n=1

First define the booking function ¢° for € > 0 as follows:

0 if fj < Zj,
(2, f3.dj) = d; it f; >z +e,

fi—z; .
Jszdj if ngijZj‘i‘g.

It is easy to see that ¢° is continuous in all of its arguments. Then, we can write

I
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quantifies the loss in revenue from ignoring the capacity constraints. For notational

brevity, define AD; (t,) = D;(t,) — D;(t,—1). We have

Obj (7%, ¢,T)
> iZE )6 (1A, §; (1), AD, ()]
——]E iﬁ;iAkj(be A fi (tn), AD; (t,)) — C +
Since
g iizms( A (0, AD, )~ |
< g ZA [6°(5° A0, £; (), AD; (t)) = 6 (n A7, f; (1), AD, <tn>>]]+
< B | SIS0 £ ). AD; () - o fj<tn>,ADj<tn>>],
< 2 [y D) B, (0.0
we get

Obj (¢, ¢e,T) ZZE Fi(tn) @™ (x° A7, £ (tn), Dj(tn) — Dj(tn-1))]

n=1 j=1

FEK
ag

(B, (=, D) B[V, (D, D))
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That is, we have

N J

Ob.] (7T8757F) - ZZE [fj(tn)gbg(ﬂ-aAja fj (tn)7Dj(tn) - Dj(tn—l))}

n=1 j=1

FEK
ag

< (B, (=, 1)) B[V, (D, 1))

Then, we also have

Obj (n¢,e,T) ZE (tn)]

(FEK KJFE
< +
ae €

) [(E Ve (Wsar)])l/p (E [V, (D,r)])l/q

Now we focus on the term

> ZE [Fi(8)8" (AT, [ (t0), Di(t) = Dj(ta1))] = D _Bf(tn) - u(tn)]
Then, we have
ZZ (7 A7, f; (ta), Dj(tn) = Di(ta1))] = D BIf(ta) - v (ta)]

is less than or equal to

Y

g S B[ (fa) A — 7 (t2) Al [D(ta) — D(t-1)]]

where F' is the upper bound on the fare process, £ = maxy ;j {Ax;} and the inequality

follows from the fact that the booking function ¢° is Lipschitz continuous in its first
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argument with Lipschitz constant less than

|Dj(tn) — Dj(tn-1)| /e

From this, we get

N
n=1

KJFE

ZE [fj(tn)¢E(W6Aj7 fj (tn)a Dj(tn) - Dj(tn—l))} —E [f(tn) . ua(tn)]] ‘

(A.28) < Y Eln (ta) = m (t)] (Dj(ta) — Dj(tnl))]‘ :

n=1

Treating ZZ i LE(-) as a product measure and applying Holder’s inequality to

(A2), we got

N

Obj (7, ¢,T) ZE (tn)]

(A.29)

<FEK KJFE
< +
ae €

> [<E \Z (WE’F)])I/Z) (E [V, (D, F)])l/q

where ¢ = p/ (p — 1). Then, together with completes the proof of Theorem
O m

Proof of Corollary Suppose the demand process {D (¢) : 0 <t < T} has con-
tinuous sample paths. For each ¢ > 0 and for each partition I', from of Theorem |§|

we have

Obj (x°,2,T) = P < we < [(B (v, D)) B[V (D,T))) ]

2BC
= HE—{—T E [V, (D,T)],
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since (B [V, (7¢,T)])"/? < 2B. To see this, note that by Theorem |§|, we have 7 < B where

B = JF max; E[D(w,T)]. Hence,

EVs(n D)) =B |3 (1 (ta) — n° (ta))?| = B [(n° (1) — 7° (10))%] < 4B

n=1
where the second equality follows from the fact that n° is a martingale and the last
inequality is true since 7° < B.

Moreover, since demand process is continuous, E [V, (D,I')] — 0 as the the parti-

tions get finer. Then, for each ¢, we can choose a partition I'® fine enough such that

VE V2 (D,T)] < &% Thus, we have
|Obj (7¢,¢,I°) = P*| - 0 as ¢ — 0,

which concludes the proof of Corollary [10] W
Proof of Corollary Suppose that the information structure {F; : 0 <t < T'}
is continuous. Then, the sample paths of ¢ are continuous. For each ¢ > 0 and for each

partition I', from Theorem [9] we have

Obj (%, T) = P*| < ke + < [V (", )Y (B [Vi2 (0, 1)])]

203, BID; (T)]
9

= ke + (B [Vs (x5, D)])3
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Now observe that we can write

N

EVs (1)) = E|D (7 (ta) =7 (ta-1))*|

= E [sup (7° (¢t,) — 7° (tn_1)) Z (7° (tn) — 7° (tn-1))?

n

n=1

As the partitions I'® get finer, we have lim._,osup,, (7° (t,) — 7° (t,—1)) = 0 since the
N

sample paths of 7€ are continuous. Moreover, since Z (7% (t,) — 7 (tn_1))” is bounded

n=1
by JF max;_;  ;E[D(w,T)], we get lim. o E[Vs;(7°,I')] = 0 by Dominated Conver-

-----

gence Theorem. Thus, for each €, we can choose a partition I'® fine enough such that

(E[V; (75, T)])"? < &2 and we get
|Obj (7%,¢,T°) = P*| - 0 as ¢ — 0,

which concludes the proof of Corollary n
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APPENDIX B

Proofs of the Results in Chapter 2

B.1. Summary of Bismut (1973)

We first introduce the probability framework used in the paper. Let (2, F,P) denote
a complete probability space. {F;, t € R, } is an increasing sequence of complete sub-o-
fields of F. We assume that the sequence of complete sub-o-fields is right-continuous and
has no time discontinuity, That is, for any increasing sequence (.S, ),en of stopping times,

we have
Fim, 5,) = \/ Fs,.-

An information structure that has no time discontinuity is also referred to as a quasi-
continuous information structure in [36], which also proves that the natural filtrations of
most of the commonly encountered processes are quasi-continuous, including the natural
filtrations generated by the Poisson process and Brownian motion. As a matter of fact,
[12] extends the framework and results in [11] to the more general setting of the control
of semi-martingales where the quasi-continuity assumption is also dropped. Let J be the
o-field of © x [0,00) of the well measurable or optional sets. That is, J is the o-field
generated by the adapted processes which are right-continuous with left limits. J* is the
completion for the measure dP ® dt. w denotes an m-dimensional Brownian motion on

(Q, F,P) adapted to {F;, t € Ry}. V is an n-dimensional vector space.
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We next define the following spaces of functions. For any stopping time o, L is the
space of square integrable F, measurable random variables, with values in V. Let Loy
denote the space of dP®dt classes u of J* measurable functions with values in V' such

that

E(/O lu(w, )| dt)* < oo.

Similarly, let Lgs denote the space of dP®dt classes H of J* measurable functions that
have values in V' such that

T
]E/ H(w, ) dt < oo.
0

L is the space of square integrable martingales which take values in V, are stopped at time
T and null at 0. W is the subspace of L generated by the stochastic integrals relative to
w of elements of Lgy. Let W+ be an orthogonal of W in L in the sense of [23]. W+ can
then be decomposed into the sum of two orthogonal subspaces of martingales W; and W5,
i.e. W+ =W,@W,. In practice, we would either have W, = W+ or W; = {0} where 0 is
the constant martingale equal to zero.

The problem of control can be defined as follows. We first describe the set of admissible

controls for the primal and the dual problems. Define R; and Ry by

R1 = Lg XLQl XLQQ XWl,

R2 = Lg X L21 X L22 X WQ.
Each x = (xg, 2z, H, M) € R; defines uniquely the stochastic process z; by

t t
(B].) Ty = Tgo+ / ,Ztst + / sts + Mt.
0 0
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Similarly, each y = (yo,%, H , M') € Ry defines uniquely the stochastic process y; by

t t
yt:y0+/ j'ysds—{—/ H;de+M;.
0 0

The elements of R, and R, denote the spaces of stochastic processes that are admissible
as primal and dual solutions to the control problems we will define shortly. In defining the
control problems, further constraints may be included through objective functions taking
values on extended real line R U {oco} so that the feasible admissible controls is a proper
subset of Ry or Rs.

The primal problem of control is concerned with minimizing the functional ®; ;, defined

on R; as

T
l(xg,z7) + E / L(w, t,x(w,t), z(w,t), H(w,t))dt if v € Ry,
(I)LL(ZL‘) = 0

00 otherwise,

where z = (x, 2, H, M) is a stochastic process defined as in . A control z € Ry is
feasible only if ®; 1 (z) < co. L is a normal convex integrand in the sense of [51], defined
on Q x [0,7] x V x V x V™ The functional | helps us define the boundary conditions
of the problem and consists of two convex, lower semi-continuous functionals [y and I as
follows:

l(x(), ZET) = lo([)?()) + lT(l’T).

To be more specific, the functional [y is defined on L with values in R U {oo} and will

assist in setting the initial conditions of the problem. On the other hand, /1 is defined on
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LY with values in R U {co} and introduces the boundary conditions and penalties at the
terminal time 7.
In convex duality framework, every function f is coupled with its conjugate function

f* defined as

(B.2) [ y) = Sgp{x -y — f(z)}.

We refer to f* as the dual of f. The definition of the dual problem of control relies on
the duals of the integrand L and the functional [. Let L* be the dual integrand of L and

define M on Q@ x [0, 7] x V xV x V'™ as
M(w,t,p,s, H') = L*(w,t,5,p, H).

Note that we have swapped the order of the terms s and p in defining M in terms of L*.

Similarly, define m on LY x LI by

m(yo, yr) = ly(yo) + I3 (—yr),

where [} and [}, are the duals of [y and Iy, respectively. The dual problem of control, then,

consists of the minimization of the functional ®,, 5 on Ry, where for y = (yo, vy, H , M),

®,, 1 (y) is given by

T
m(y07 yT) + K / M(wv t7 y(wv t)? y(wv t)? H,(wv t))dt lf Yy € R27
(I)m,M(y) - 0

00 otherwise.
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The following theorem establishes the duality between the two problems of stochastic
control represented by ®; ;, and ®,, r/.

Theorem IV-1 (Bismut) inf,cr, @, 1(2) = —infyep, Prma(y) provided @, 1, or @, ur
are not identically oo.

Having derived the dual problem of control, we next analyze the necessary and suffi-
cient conditions for primal-dual control pairs to be optimal. Let df denote the subgradient

of a function f, cf. [55].

Definition 55. © € Ry and y € Ry are said to be coextremal if

a) dP®dt a.s. (y(w,t),y(w,t), H (w,t)) € OL(w,t, z(w,t), z(w,t), H(w,t))

b) Yo € @lo(l‘g), —yr € 8ZT(xT)

Note that the definition of coextremality is symmetric between the primal and the
dual problems.

Theorem IV-2 (Bismut) The following assertions are equivalent:

a) x and y are coextremal;

b) x minimizes @, 5, on Ry, y minimizes ®,, pr on Ry and @, 1(z) = =Py, m(y).

Theorem IV-2 proves that x is optimal for the primal problem of control and y is
optimal for the corresponding dual problem of control if and only if z and y are coextremal.
Moreover, in that case the objective function value of the primal problem of control is

equal to the negative of the objective function value of the dual control problem.

B.2. An Auxiliary Weak* Convergence Lemma

As a preliminary, first let L?(Q x [0, 7], Fr @ B[0,T], P) denote the set of functions

X : Qx|[0,T] — R’ that are measurable with respect to the product o-algebra Fr®B[0, T
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such that

T
]E/ | X (w, t)]? dt < oo,
0

where B[0,T] is the Borel g-algebra on [0,T]. The space L*(Q x [0,7T], Fr ® B[0,T], P)

is endowed with the usual inner product (-,-) given by
T
(X,Y) = E /X(w,t) Y (w, )t
0

for X, Y € L3(Q2 x [0,T], Fr @ B[0,T], P) so that it is a Hilbert space.

We also view the stochastic processes as mappings from Q x [0, T'] into R’. To be more
specific, we view the adapted stochastic processes as the elements of L?(Q x [0, T, J7, P),
where J} is the completion for the measure dP @ dt of the o-field J; generated by the
adapted processes on €2 x [0, 7] which are right-continuous with left limits. Then, L?( x
0,71, J7, P) is also a Hilbert space endowed with the inner product (-, ). In particular,
L3(2 x [0,T), J3, P) can be viewed as a closed subset of L2(Q2 x [0,T], Fr ® B[0,T], P),
For completeness, we next state the definition of weak* convergence, which is followed by

the main result of this section.

Definition 56. The sequence {X,,} of elements of L*(Q x [0,T], Fr ® B[0,T], P) is
said to converge in the weak* topology to an element X of L*(Q x [0,T], Fr @ B[0, T}, P)

if for allY € L*(Q x [0,T], Fr @ B[0,T), P),
(X™"Y) = (X,Y) asn — .

Lemma 57. Let {u™ : n > 1} be a sequence of feasible controls for the network revenue

management problem (P.on) which converges to w in the weak® topology. Then, u is a
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feasible booking control for (Pe.on). Moreover, the expected revenue under u™ converges to

that under u as n — oo. That is,

n—oo

lim E flw,t) - u"(w,t)dt| =E flw,t) - u(w,t)dt
/ /

Proof. To prove that u is a feasible control for the network revenue management
problem (P.y.:), we need to check that u is adapted and satisfies demand and capacity
restrictions. First, we prove that u € L?(Q x [0,T], J;, P), and hence u is adapted to
the filtration {F;, t € R,}. To this end, note that for all n > 1 and v € (L*(Q x
0,T], J7, P))+, we have (u",v) = 0. Then, we also have

lim (u",v) = (u,v) =0,

which implies that v € L*(Q x [0, T, J7, P).

Second, we show that u satisfies the demand restrictions, i.e.
0 <wu(w,t) <d(w,t) for a.e. (w,t) € Qx[0,T].

Note that (u™,v) > 0 for all m > 1 and v € L*(Q2 x [0,T], Fr @ B[0,T], P) such that
v > 0 for a.e. (w,t) € Q x [0,7]. Then, we have that (u,v) > 0 as well for all v €
L*(Q x [0,T], Fr ® B[0,T], P) such that v > 0, and hence u(w, t) is non-negative for a.e.
(w,t) € Q x[0,T]. To show that u(w,t) < d(w,t) for a.e. (w,t) € Q x [0,T], observe that

for all v € L*(Q x [0,T], Fr ® B[0,T], P) such that v > 0 for a.e. (w,t) € Q x [0,T], we
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have

0 < (d—u",v),

= (d,v) — (u",v).

Then, we have (d,v) — (u,v) = (d —u,v) > 0 and hence d(w,t) — u(w,t) > 0 for a.e.
(w,t) € Q2 x1[0,T].

Third, we show that AfOT u(w, t)dt < C for a.e. w € Q. It suffices to show that

E (C—A/u(w,t))-a(w) >0

for all square integrable « such that o € Fr and a(w) > 0 for a.e. w € Q. From feasibility

of ", we have for all n,
T
E |(C—- A/u"(w,t)) ~a(w)| > 0.
0

Assume without loss of generality that the capacity consumption matrix A has rank
K. If not, we can simply consider a new capacity consumption matrix A= [I A] of
dimension K x (K + J), where the demand for the first K products is equal to zero for
all (w,t) € Q x [0,7] and the demand for the rest of the products is given as before.
Then, the definitions of L2(Q2 x [0, T], Fr® B[0,T], P) and the inner product are modified
accordingly and the analysis to follow carry over to this problem.

Let 8 € R’ such that A3 = C. Such j exists since the column space of A is R¥.
T

Then, we have that <§ —u",A'a) = E |(C— A/u”(w,t)) -a(w)|. To see this, note

0
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that

Then, <% — u”,A'oz> > 0 for all n and square integrable a(w) > 0 such that o € Fr.

) 6] nog \_ /B )
TLILIEO<T u",Aa ) = T u, Aa),

this implies that for all square integrable a(w) > 0 such that a € Fr, we have

Since

E (C—A/u(w,t))-a(w) > 0.

0

Finally, we show that for all adapted fare processes { f(w,?) : (w,t) € Q x [0,T]},

T T
E [f(w,t)~u”(w,t)dt — B [f(w,t) cu(w, t)dt| asn — oo.

This follows simply from the definition of the weak limit and the fact that f € L?(Q x

0,T], Fr @ B[0,T], P). &
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B.3. Derivation of the dual network revenue management problem and the

coextremality results

Derivation of the dual network revenue management problem (D). We
will follow the road map provided by [11] to derive the dual problem of control associated
with the network revenue management problem (P,,,;). In particular, we first append the
penalty expressions corresponding to the demand and capacity restrictions on bookings
in the objective function by defining the convex, extended real valued integrand L and
the convex functional [. We also formulate the problem towards minimization. Next, we
compute the conjugate convex functions associated with L and [ so as to define the dual
integrand M and the dual functional m. The dual problem of control is defined using M
and m.

The system dynamics equation for the network revenue management problem is given
by

(B.3) 2w t) = C — /Au(w, $)ds, (w,t) € QX [0,T].

0
Comparing with the set of admissible controls for the primal problem in the frame-
work of [11]], cf. Proposition I-1 of [11], first thing to note is that there is no stochastic
integration term and martingale term in (B.3).

To facilitate the analysis to follow, define the indicator function x () for a given set

F by
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0 if x € F as.,
XF(x) =
00 otherwise.

We express the network revenue management problem (P,:) in terms of the convex

integrand L and the convex lower semi-continuous functional [ which are defined as follows.

Define L on Q x [0, 7] x REx R¥ as

_ . ; e —
(B4)  L(w,t,z,z) = flw,t) - utxps (W) + xps (u —d(w, 1)) if u,

00 otherwise.
In 1' z denotes the rate of change of =, where x is the state variable denoting the
vector of remaining capacities. The integrand L serves the purpose of eliminating the
hard constraints of the network revenue management problem (P,,,;) by appending them
to the objective function as penalty expressions. In this sense, the penalty expression

Xr! (u)+xgs (u—d(w,t)) is the demand restriction on bookings and replaces the constraint
0 <u<d(w,t).

Notice also that we have reformulated the problem towards minimization and — f(w,t) - u
is the negative of the rate at which revenue is generated. The system dynamics equation
is incorporated in L by the fact that we require x to be equal to —Auw.

Next step is to define the functional | on L§ x LI with values on R U {co} so as

to initiate the problem with capacity vector C' and dictate non-negativity of remaining
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capacity at the terminal time 7. The functional [ is defined as

(B.5) Uz, 1) = lo(xo) + Ir(27),

where the convex, lower semi-continuous functionals /y and I are given by

(B.6) lo(wo) = X{C}(%% Ir(z7) = X]Rf(xT)'

The functional [y replaces the constraint that x(w,0) = C for a.e. w € Q and Iy re-
places the capacity constraint z(w,T’) > 0 for a.e. w € €. Then, the network revenue
management problem (P,,,;) can equivalently be stated as a problem of minimizing

T

E /L(w,t,x(w,t),j:(w,t))dt + (o, x7)

As our second step in deriving the dual problem of control, we compute the conjugates
to the functions L and [. Let L* denote the conjugate to L. To be specific,

(B.7) L*(w,t,s,p) = sup {z-s+y-p—L(w,t zy)} for s,pecRE
2z€RK  yeRX

We can express L* more explicitly as follows. Note that L(w,t,z,y) < oo only if there
exists some v € R’ such that y = —Au and 0 < u < d(w,t). Then, for s,p € RE, we

can write L* as

L*(W,t, Svp) = sup {Z ©S = pAU - (_f(wvt) ’ U)},
2€RK | 0<u<d(w,?)

= sup{z-st+ sup {(f(w,t)—pA)-u},

2€RK 0<u<d(w,t)

= Xqo(8) + [f(w, 8) = pA]" - d(w, 1).
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The first line is obtained by replacing y with —Au for 0 < u < d(w,t) and noting that
L(w,t,2z,y) = —f(w,t) - u. The second line follows from the observation that we can take

the supremum in the first line separately for z and u. To get the third line, note that

sup  {(f(w,t) = pA) - u} = [f(w, 1) = pA]" - d(w,1),

0<u<d(w,t)

by simple constrained maximization. Finally, we have sup,cpx{z - s} = X0 (s), since

SUp,cpx{z - s} takes the value co if s, #0 for k=1,..., K.

Using the conjugate L* of the primal integrand L, we calculate the dual integrand M.

For (w,t) € 2 x [0,T] and s,p € RX, the dual integrand M is given by

M(w,t,p,s) = L*(w,t, s,p).

That is, for (w,t) € Q x [0, 7] we have

M(w,t,y(w,1),y(w, 1)) = L*(w,t,9(w,1),y(w,1)),
= X (4w, 1) + [0V (f(w,t) = y(w, ) A)] - d(w, 1),

where the expression X (g, (¥(w,t)) in the second line forces y(w,t) = 0 for a.e. (w,?) €

Q x [0, T]. Then, the dynamics of the dual variable y is given by

t
Y@ t) = o+ / §(w, 8)ds + M(w,1),
0

= yO+M(wat)>

where M is a square integrable martingale null at zero.
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What remains is to derive the terminal conditions associated with the dual problem.

To that end, define the functional m on L3 x LI as follows:

m(yo, yr) = ly(yo) + I7(—yr),

where [ and [} are the conjugates of [y and I7.. We calculate [ as follows:

Io(y) = sup{y -z —lo(x)},
= sup {y -z},
ze{C}

_= C.y‘

A similar calculation yields [7.(y) = xgx(y). From [11], the functional m for the dual

problem is given by

m(yo,yr) = I5(vo) + Ip(—=yr),
= Cyo+ xex(—yr),

(B.8) = C-yo+ xex(yr),

where the expression xgi (yr) imposes that y(w,T) > 0 for a.e. w € Q.

The dual problem of control is then to minimize

T
E / M@, y(w, £), w0, )t + m(yo, yr),
0
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which is equivalent to minimizing

T

B / d(w, 1) - [f(w,1) — ylw, AT dE + C - yo(w)
subject to (Deont)

y(w,t) = yo(w) + M(w,t), (w,t) € Qx[0,T)]

y(w,T) >0, weQ,

where M is a square integrable martingale stopped at T, null at zero and adapted to
the filtration {F;, t € R, }. Since the network revenue management problem (P..,) is
trivially feasible (simply let u(w,t) = 0 for all (w,t) € Q x [0,7]), the objective function
values of (Pen:) and (Do) are equal to each other, cf. Theorem IV-1 of [11]. B

Proof of Proposition The network revenue management problem (P.,,;) and
the dual problem (D,,,;) have the same optimal objective value by Theorem IV-1 of [11].
Moreover, by Theorem IV-2 of [11], letting u be a feasible control for (P.,:) with the
corresponding state trajectory z, and (yo, M) be a feasible control for (D) with the
corresponding state trajectory y, the controls u and (yo, M) are optimal for (P.y,:) and
(Deont), respectively, if and only if they satisfy the coextremality conditions stated in
Definition IV-1 of [11]. To be more specific about the coextremality conditions for the
network revenue management problem and its dual problem, we derive the subgradients
of L, ly and Iy, where L is a convex integrand and [y and [ are convex functionals as in
the derivation of the dual network revenue management problem (D).

First, we calculate the subgradient of L from its epigraphical normals. To that end,

we use Theorem 8.9 of [55] which proves that for i : R™ — [ — 00, 4+00] and any point T
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at which h is finite, one has

Oh(T) = {v: (v, —1) € Nepi (T, h(T))},
where, epi h denotes the epigraph of i defined as

epi h:={(z,a) eR" xR :a > h(x)},

and Nepi (T, h(T)) is the set of vectors normal to the set epi h at (Z, h(Z)) in the general
sense as in Definition 6.3 of [55].

For (w,t) € Q x [0,T], the epigraph of the integrand L at (w,t) is given by
epi L(w,t) = {(z,7,0) ER* xR: = —Au, 0 <u <d(w,t), a > —f(w,t)-u},

since the points (z,z) € R?X where L(w,t,z,7) = oo are such that the vertical line

(x,2) x R misses epi L(w,t). Then, we can write

(B.9)  OL(w,t,7,x) = {(v',v?) € R** : (v',v% 1) € Nopi 1.(wp) (T, 7, L(w, 1,7, 7)) }.

First, note that for (w,t) € Q x [0,77], epi L(w,t) is a convex set and the point

(%, z, L(w,t,7, 1)
is an element of epi L(w,t) for (7, z) € R?X. Let v denote an arbitrary element of R+
where the first K components of v is denoted as v!, the subsequent K components by v?

and the last component by v®. That is, v = [v',v%,v°], where v',v? € R¥ and v* € R.



214

Then, Theorem 6.9 of [55], gives

(B]_O) Nepi L(w,t) (f, i’, L(w, t, f, [E))

(B.1® {veR**: [(,2,0) — (T,z, L(w,t,T,1))] - v <0, ¥(x,2,0) € epi L(w,1)}.

We next establish the following properties of Ny 1.(w.) (T, T, L(w, t, T, 2)) for (w,t) € Q x
[0, 7], which will assist us in finding the subgradients of L.

Property 1. For (w,t) € Q x [0,T], if

V= (UlaUQavoz)/ € Nepi L(w,t)(fai‘7L(watvf7 Jf)),

then v' = 0.

To verify Property 1, first note that any v =(v',v?,v,) such that v} < 0 cannot be in

Nepi 1(w.t) (T, T, L(w, t, 7, z)). Suppose not. Then, we could find an element (Z,z, @) of epi

L(w,t) such that it is equal to (Z,, L(w,t,T,x)) except the k' component of 7, where

we have 7, < 7). However, we have

(&,2,&) — (T, 2, L(w, t,7,2)] - v = (T4 — Ta)vl > 0,

contradicting the fact that (v', v%,v,) € Nepi r(w) (T, T, L(w, t, 7, x)), cf. (D.28). Similarly,

any (v',v% v,) such that v}, > 0 cannot be an element of

Nepi L(w,t) (57 i‘a L(wa t,T, :E))a

which proves Property 1. Coupled with and Theorem IV-1 of [11], Property 1

proves that y(w,t) = 0 for a.e. (w,t) € Q x [0, T].
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Property 2. For (w,t) € Q x [0,7] and j =1,...,J with d;(w,t) >0, if x=—Au
for @ such that 0 <u < d(w,t) and v = (v',v%,v,) € Nepi (T, 7, L(w, 1, T, 1)), then, the

following conditions hold.

(VA + v f(w,t)); > 0, if u; =0,
(v?A+ v f(w,t)); = 0, if 0 <7y <d(w,t),

VA + 0 f(w,t)); < 0, if u; =d;(w,t).
j j j

To establish Property 2, first recall that for any (z,7,a) € epi L(w,t), there exists
some u € R’ such that z = —Au, 0 < u < d(w,t) and a > —f(w, t) - u. Consider now an
element (7,2, —f(w,t) - u) ofepi L(w,t), where 2 = —Au. Then, we the following holds

for v =(v', v v,) € Nepi (T, 7, L(w, t, T, 2)).

(F, 2, —f(w, 1) - u) — (T, 2, L(w, t,7,7)] - v

= 0@ -7)+0* (v —2) +v(—f(w,t) u— Lw,t,7, 1)),

= v (AT — Au) + 0 (= f(w,t) - u+ fw,t) - @),

= (VA+v"f(w,1) - (@ —u).
First, consider the case when u; = 0 for some j = 1,...,J. If u = W except for the j"
component, we have (v?A + v*f(w,t)) - (u —u) <0, only if (v?A+ v*f(w,t)); > 0. From

1) since (T, x, —f(w,t) - u) is an element ofepi L(w,t), this proves the first part of

Property 2, namely, if u; = 0, then (v?4 + v* f(w,t)); > 0. The argument is similar for
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the cases when 0 < u; < d(w,t) and u; = d(w, t) and this completes the proof of Property

2.

To summarize, for (Z,z) such that L(w,t,7,z) < oo and x = —Au, if (v!,v% v,) €

Nepi 1(w,t)(T, x, L(w, t, T, x)), then from Property 2, the following conditions hold for j =
1.

(V*A4+ 0" f(w,t)); > 0, if w; =0,
(VPA+ v f(w, b)), = 0, if 0<7; <dj(w,t),

(VA+ v f(w,t); < 0, if u;=d;(w,t).

Recall that the subgradient of L is related to the normal cone of its epigraph as follows.

OL(w,t,,x) = {(v',v?) : (v}, 0% —1) € Nepi (T, 2, L(w, t,7, 7))},
The coextremality conditions in Definition IV-1 of [11], state that dP ® dt a.s.
(y(w,t),y(w,t)) € OL(w,t, x(w,t), r(w,t)).
That is, for a.e. (w,t) € Q x [0,T7,

(y(w, 1), y(w, ), =1) € Nepi (z(w, t), z(w, t), L(w, t, z(w, ), z(w,t)))}.



217

This implies that for j =1,...,J and a.e. (w,t) € Q x [0,T], we have

(B.12) (Yy(w,t)A — f(w,t)); > 0, if wu;(w,t) =0,
(B.13) (Yy(w,t)A — f(w,t)); = 0, if 0<u;(w,t)<djw,t),
(B.14) (Yy(w, t)A = f(w,t)); < 0, if u;(w,t) =d;(w,t),

which establishes the coextremality conditions stated in (2.13)).

To complete the proof of Proposition we calculate the subgradients 0ly(xg), and
Olr(xr), and derive the coextremality condition (D.1)). First, consider /o, which is defined
as lo(ro) = X{c1(70).We will use Theorem 8.9 of [55] to calculate 9ly(T). At any point T

for which [ is finite, we have
8[0(5) = {U : (U’ _1) < Nepi lo<f7 lo(f))},
where epi [ is given by

epily = {(r,a) eR* xR:2=C, a>0},

= (1 x...xCkg xR,

Notice that epi [y is a box, and hence, we can use Example 6.10 of [55] to calculate its

normal cone. As a result,

Nepi 1o(Z, 1o(Z)) = Ney(T1) X ... X Ney (T ) x Nr, (lo(7)),
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where N¢, (T1) = (—o0,00) for k = 1,..., K since C} is a one-point interval. Finally,
Nr, (lo(Z)) = (—00,0] because for a feasible Z, we have [((Z) = 0, and in that case we
are at the left end point of the interval R, which implies through Example 6.10 of [55]
that Ng, (Io(7)) = (—00,0]. In consequence, the coextremality condition vy, € 9ly(zo), cf.

Definition IV-1 of [11], for a feasible yq is equivalent to

(y0> _1) € Nepi lo (yoa ZO(yO))

and places no further restrictions on yj.
Finally, we calculate the subgradient of ir(x7) where lr(z7) = Xk (x).Again, epi [y

is a box. Indeed, epi [y = Rfl, and we can resort to Example 6.10 of [55]. We have
Ncpi lT(f, lT(f)) = NR+(Tl) X ... X NR+<EK) X NR+<ZT<T))

Consequently, N¢, (71) = (—o00,0] for 7; > 0 and N, (71) = {0} if 7; > 0 for k =
1,...,K. Finally, Ng, (Ir(T)) = (—00,0] since {7(Z) = 0 for a feasible Z. Thus, the
coextremality condition —y € Oly(zr) in Definition IV-1 of [11], implies that y(w,T") > 0
and y(w,T)-z(w,T) = 0 for a.e. w € Q. This establishes the coextremality condition

and completes the proof of Proposition [I6| W

B.4. Proofs in Section 2.4]

Proof of Theorem We interpret the dual variables in dual network revenue
management problem (D) as the opportunity cost of resources and construct optimal
bid-price and capacity usage limit processes for the network revenue management problem

(Peont) using them. To this end, fix an optimal solution u to (P.,:) and an optimal solution
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y to its dual (Dot ). Given the optimal solutions u and y, define bid-price process 7 and

the capacity usage limit process A as follows:
(B.15) m(w,t) == y(w,t) and A w,t) = Au(w,t) for (w,t) € Q x [0,T].

Then, the bid-price process 7 is a martingale adapted to {F;, t € R, } since y is so. Having
defined 7 and A, let u™(w,t) denote the booking rate vector under the generalized
bid-price control (m,\) for (w,t) € Q x [0,7]. That is, u™"(w,t) solves (P(w,t)) for
(w,t) € 2x[0,T]. Observe that the booking rate process {u™" (w,t) : (w,t) € Qx [0, 7]}
is clearly feasible for the network revenue management problem (P,,,;). To see this, note
that since u(™ (w, t) solves (P(w, t)), it clearly satisfies the demand constraints. Moreover,

we have

Au™N (w, 1) < Aw, t).

Then integrating both sides of this over [0, 7], using the definition of \(w,t), cf. (B.15]),

and the fact that u is feasible for (P ), we conclude that

T T
AU (w, 1) < /A(w,t)dt = A/U(wﬁ =AU, T) <G,

0 0

where U™V (w, t) denotes the vector of cumulative bookings under (7, A) up to time 7.

Thus, the booking policy u(™V is feasible for (Pon).
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(m,A) (m,A)

To establish the optimality of u'™"  we will show that u maximizes the expected

revenues, that is,

T T
E/f(w,t)-u(”’A)(w,t)dt—E/f(w,t)~u(w,t)dt.
0 0

To that end, first note that u(w,t) is feasible for (P(w,t)). To see this, note that 0 <
u(w,t) < d(w,t), which follows because u solves (P.y:), and that Au(w,t) = Mw,t)
by definition of A, ¢f. (B.15). Then u(w,t) solves (P(w,t)) for a.e. (w,t) € Q x (0,7
because u;j(w,t) = d;(w,t) whenever y(w,t)A’ < f;(w,t) by the coextremality conditions,
cf. Proposition[16] That is, u(w,t) is an optimal solution to (P(w,)), which in particular
exhausts the capacity usage limit, i.e. Au(w,t) = A(w,t) by construction of A. In other
words, u(w,t) not only maximizes the first term in the objective of (P(w,t)) but also
the second term by setting it to zero, which is the maximum it can be since we require
Au < AMw, t) in (P(w,t)). Then since (P(w,t)) is lexicographic any bookings under (7, A)
must not only maximize the first term but also it must set the second term to zero. In

particular, we must have
Au™N(w, 1) = Mw,t) for a.e. (w,t) € Q x [0,T].

Moreover, Au(w,t) = A(w,t) by construction of (m,\), cf. (B.15). In other words, the
primal controls u and u(™ result in the same state trajectory.
Since both u(w,t) and u(™(w,t) are optimal solutions for (P(w,t)), for a.e. (w,t) €

Q2 x [0, 7], we have

(B.16) (f(w,t) = A7m(w, b)) - u™V(w,t) = (flw,t) — A'm(w, 1)) - u(w,t).
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Moreover, as argued immediately above we also have
(B.17) Au™ = Nw, t) = Au(w, t).

Then combining (B.16)-(B.17)), we conclude that
fw,t) - u™N(w, t) = flw,t) - u(w,t) forae. (w,t)eQx][0,T].

Thus, the expected revenue generated by u(™" is equal to the expected revenue generated
by u, proving the optimality of the generalized bid-price control (7, A) for the continuous

network revenue management problem (P.,,;). B

B.5. Proofs in Section 2.5

Derivation of the dual problem (D). We follow the same steps as in the derivation
of (Deont). That is, we first append the penalty expressions associated with the demand
and capacity restrictions on bookings in the objective function by defining the convex,
extended real valued integrand L. and the convex functional [.. The problem is also
formulated towards minimization. Next, we compute the conjugate convex functions
associated with L. and [, and define the dual integrand M, and the dual functional m,,
by the help of which we define the dual problem of control.

Define L., the normal convex integrand in the sense of [51], on  x [0, 00) x R¥ x R

as follows:

J ) 2
B8 Letin) = —f.0)-us Y TS 0 () 4 v de.),
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if 7 = —Au and L.(w,t,7,2) = oo otherwise. Since the terminal conditions of (P¢)
are the same as the terminal conditions of (P.y.), the functional ., which specifies the
terminal conditions and the initial system parameters, is the same as [, cf. and
(D.23). Hence, all the terminal conditions in the dual formulation (D?) are the same as

the terminal conditions of (D). Then, (P¢) is equivalent to minimizing

T
E/Lg(w,t,x(w,t),i(w,t))dt—l—lg(:zro,m;p).
0

In order to define the dual problem of control, we derive the conjugate to the function

L.. Let L? be the dual integrand of L.. That is,

L:(watasap) = sup {Z'S+y'p_L£(w7tvzvy)} for S,pERK

2€RK | yeRK

J 2
gi(w, t)u’
= s fees—pAu— (fwn)-us 3 200U 5 Sy,
0<u<d(w,t) j=1

J £;(w, t)u?

= supfeesh sup {(flwt) —pA)u— D T,

2€RK 0<u<d(w,t) |

= X{O}(S) + ga(f(wvt) — pA, d(w,t)),

where ¢.(z,d) = Z}]:1 h.(z;,d;) and h. is given by ({2.16|). The second line is obtained by

replacing y with —Aw for 0 < u < d(w,t) and noting that L.(w,t,z,y) = —f(w,t) - u +
S~ st

iz1 —— - The third line follows from the observation that we can take the supremum

in the second line separately for z and u. To get the fourth line, note that g.(z, d(w,t)) is
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the value function of the following maximization problem.

<

. ’t
Maximizeg<y<d(w,) 2 -V — Z 5 <02J >?JJ2-,
j=1
whose solution for j = 1,...,J is given by
0 if Zj < 0,
v:(z,w,t) = (Uia?"'av},s)7 U;7E(Zj7w7t) = dj(w,t) if Zj 2 g,

2dj(w,t) if 0<z <e.

The terminal conditions associated with the dual problem to (P¢) are derived as fol-
lows. As mentioned above, we have [. = [ and, hence [ = [*. This, in turn implies that

me = m, where m is defined in (B.8)). The dual problem of control is then to minimize

T
E/Ms(w7t7y(w7t)7y(w7t))dt+m€<y07yT)7
0

which is equivalent to minimizing

T

E /gs(f(w’t) _y<w’t)A7d(w7t))dt+O'yo(w>
subject to (D?)
y(w,t) = yo(w) + M(w,t), (w,t) € Qx[0,T]

y(w,T) >0, weQ,

where M is a square integrable martingale stopped at 7', null at zero and adapted to the

filtration {F;, t € R, }. Since the primal problem (P¢) is trivially feasible (simply let
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u(w,t) = 0 for all (w,t) € Q x [0,T]), the objective function values of (P¢) and (D) are
equal to each other, cf. Theorem IV-2 of [11]. W

Proof of Proposition The perturbed problem (P¢) and its dual problem (Df)
have the same optimal objective value by Theorem IV-1 of [11]. From Theorem IV-2
of [11], letting u® be a feasible control for (P¢) with the corresponding state trajectory
2%, and (y§, M¢) be a feasible control for (D?) with the corresponding state trajectory y°,
the controls u® and (y5, M¢) are optimal for (P¢) and (D), respectively, if and only if
they satisfy the coextremality conditions stated in Definition IV-1 of [11]. Recall that the
terminal conditions of the perturbed problem (P¢) and the network revenue management
problem (P,,,;) are the same. Thus, the coextremality conditions for the problems (P¢)
and (D?) regarding the terminal conditions are the same as those for the problems (P o)
and (Do, ). This, in turn, establishes the coextremality condition . To compute the
coextremality conditions stated in Definition IV-1 of [11], the subgradient of the convex
integrand L. defined in needs to be calculated.

To calculate the subgradient of L., first note that for (w,t) € Q x [0,T], we can write

the following;:

J
: £j :
(B.19) L.(w,t,r,2) — L(w,t,z,) E j if z = —Au,

j=1
where L is the convex integrand for the network revenue management problem (P o)
given in . Let 0,L.(w,t,z,7) and 9;L.(w,t,r,z) denote the subgradients of L. with
respect to u and =, respectively. That is, 9;L.(w,t,z,2) is the projection of the set
OL.(w,t,r,7) on x axis. O, L.(w,t,x,z) is similarly defined by viewing z as a function of

u. Notice that L and L. are convex and piecewise linear quadratic, cf. Definition 10.20



225

of [65]. Therefore, from Exercise 10.22 of [55], we can calculate the subgradients of each
term in separately. The subgradient of L with respect to z is already calculated in
the proof of Proposition . To calculate d,L(w,t,x,z) and 8, L.(w,t,x, ) at (z,z) such
that L(w,t,2,2), L.(w,t,z,7) < oo, we will use the basic chain rule for subgradients as

in Theorem 10.6 of [55], which implies that

OsLe(w, t,x,2)*(—A) — 03 L(w, t,z,2)*(—A") — A%(w, t,u) = {0},
where AS(w, t,u) = g;(w, t)u;. Then, y(w,t) € ;L (w,t,z, ) if and only if
(B.20) (—y(w, ) A — A%(w, t,u)) € —A*0:L(w,t,z, 7).

Definition IV-1 of [11] and the coextremality conditions in Proposition |16 imply that if

v € A*0;L(w,t,z,x), then for j =1,...,J with d;(w,t) > 0,

(B21) vy — fj(w,t) Z O, if U; = 0,
(B22) Vj — fj(w, t) =0, if 0< u; < dj(w,t),
(B23) Vj — fj(OJ,t) < O, if U; = dj(w,t).

Then, together with (B.20]), the conditions (B.21))-(B.23]) establish the coextremality con-

ditions (2.18). W
Proof of Proposition For each € > 0, the optimality of the control {u®(w,?) :

(w,t) € 2 x[0,T]} given in (2.20)) for the perturbed problem (P¢) follows from Theorem
IV-2 of [11]], and the fact that u® and y° satisfy the coextremality conditions stated in

Proposition [21| where y° is an optimal state trajectory for (D?). We next argue that for
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each e > 0, (P¢) has a unique solution. Suppose not. Then, there exists booking controls u
and u that are optimal for (P¢) and yet are not equal on a set of strictly positive dP ® dt
measure. From Theorem IV-2 of [11], both u and @ should satisfy the coextremality
conditions (2.17)-(2.18) with y°. However, this implies that @(w,t) and u(w, t) are equal
for a.e. (w,t) € Qx[0,T]. Contradiction. Hence, for each ¢ > 0, u* is the unique solution
for (P¢). A

Proof of Theorem The bid-price process 7° is defined as 7° = y°, where y°
is an optimal state trajectory for the perturbed dual problem (Df). Since y° forms a
martingale, so does 7. The terminal condition y°(w,7’) > 0 for a.e. w € Q and the fact
that y° is a martingale guarantees that 7¢(w,t) > 0 for a.e. (w,t) € Q x [0,T], which
proves the first part of Theorem

Next, we prove that the bid-price policy (7°, ¢°) is k-optimal, where k is given by
. To that end, let u be an optimal booking control for the network revenue man-
agement problem (P.y,). Notice that u is also feasible for the perturbed problem (P<).
From Proposition the control {u®(w,t) : (w,t) € Q x [0,T]} resulting from the bid-
price policy (7€, ¢°) is the unique optimal control for the perturbed problem (P¢) for each

€ > 0. Then, the objective value of u® is greater than or equal to the objective value of u
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for the perturbed problem (P¢). Thus, we have

E -7[f(w,t)-u(w,t)} dt —ejé/oTE[dj(w,t)]dt
< B _7[f(w,t) ufeo,t) - %jﬁ;exw,w (e, )] dt
< B 7[f(w,t) u€<w,t>—§§aj<w,t> (w5 (. 1))?) d |
(B.24) < B _7[f(w,t)-u5(w,t)]dt

The first inequality follows from the definition of ¢;(w, ), cf. (2.15)), and the fact that
u(w,t) < d(w,t) for a.e. (w,t) € 2x[0,T]. The second inequality is given by feasibility of u
for (P¢) and optimality of . The last inequality holds since Z;}:l gj(w, t) (u5(w,t))* > 0,
and it proves that u° is ke-optimal since u° is also feasible for (P.,,;) and completes the
proof of the second part of Theorem

Finally, we show that every weak limit u € U of the booking controls {u® : € > 0}
is an optimal booking control for the network revenue management problem (Py,;). Let
{ut» : n > 1} be a sequence of feasible controls for the network revenue management
problem (P) which converges to @ in the weak* topology as €, \, 0. From Lemma |57} &

is a feasible booking control for (P) and, we have

n—oo

lim B /f(w,t)~u€”(w,t)dt _E /f(w,t)-ﬂ(w,t)dt

The optimality of u, then follows from (B.24)). H
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APPENDIX C

Proofs of the Results in Chapter 3

Derivation of the dual problem (D°). As in the derivations of (D) and (Df),
we follow the road map given by [11]. We express the primal problem (P*°) in terms of
the convex integrand L. s and the convex lower semi-continuous functional 129 which are

defined as follows. Define the normal convex integrand L. s on Q X [0,00) x RF x R¥ as:

(C.1)

: T ej(w, t)u? -
Les(w, t,z,2) = —f(w,t) - u+ Z T] Ut Z%(%) + Xt (v) + Xt (v — d(w, 1))
=1 k=1

if if 2 = —Au and L. s(w,t,z,7) = oo otherwise. Define the functional [ on L3 x LI
with values on R U {oc}, which will initiate the problem with capacity vector C. The

functional [5° is defined as

(C.2) 19 (20, w7) = 15" (o) + 17° (wr),

where the convex, lower semi-continuous functionals l8’5 and l%‘s are given by
(C3) 15 (20) = x(y (@), 1 (wr) = 0.

The functional [5° sets z(w,0) = C for a.e. w € Q, and [2°(z7) = 0 reflects the fact that

there are no hard constraints on the remaining capacity at the terminal time. Then, the
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problem (P?) is equivalent to the problem of minimizing

T

E/Lag(w,t,x(w,t),j:(w,t))dt—|—ls"5(x0,xT).
0

In order to define the dual problem of control, we derive the conjugate to the function

L. s. Let L 5 denote the conjugate to L. s. That is,

L s(w,t,5,p)

= sSup {Z.S—i_y'p_Ls,é(w?taZ;y)} for S?pGRK
2€RK | ycRE

= s feespAu () e 30 OO S ),

z, 0<u<d(w,t)

= sup{z-s5—) sz}
k=1

z€RK

+osup {(flwt) —pA)-u— Y ),

0<u<d(w,t)

= 56(8) + XRE (S) + gs(f(w7 t) - pA, d(w’ t))7

We get the second line by replacing y with —Au for 0 < u < d(w,t) and noting that
Les(w,t,2,y) = —f(w, t) - u+ Z;.Izl w + 38 5(2). The third line follows from
the observation that we can take the supremum in the second line separately for z and .
To obtain the fourth line, note that g.(f(w,t) — pA,d(w,t)) is the value function of the

following maximization problem:

.. gilw,t
Maximizeg<y<a(w) (f(w,t) —pA)-v — Z j<2 >U]2

Jj=1
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Finally, sup,cgrc{z-s— 1y 1(2k)} is equal to £ (s)+ xgx (s), where £(2) = 34, £ (2)
and 52 is given by (3.2) for k =1,..., K.
The dual integrand M, s is calculated from the conjugate L ; of the primal integrand

L. s as follows. For (w,t) € Q x [0,T] and s,p € R, the dual integrand M. ; is given by
Ma75(w7 tapa 8) = L:,&(wv t? Sap)'
Then, for (w,t) € Q2 x [0,T] we have

ngg(w, t, y(wa t)? y(wa t))
= :,6(Wat7y(w’t)7y(w’t))a

= fé(y(w, t)) + ga(f(wa t) - y<w7 t>A7 d(wv t)) + XRE (y<w7 t))7

Accordingly, the dynamics of the dual variable y for the problem (D) is given by

t
y(w,t) = yo + / (w, 8)ds + M(w,t),
0

where M is a square integrable martingale, stopped at 7', null at zero and y(w,t) < 0 for
a.e. (w,t) € Q2 x[0,T).
Finally, we derive the terminal conditions associated with the dual problem (D°). To

that end, define the functional m. s on L x L2 as follows:

me 5(Yo, Yr) = (15°)" (yo) + (1%6)*<—yT)7
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where (I5°)* and (I5°)* are the conjugates of I5° and [5°. We have
15°)'(y) =C-y and (15°)*(y) = x40y (¥)-
The functional m. s for the dual problem is given by

Mes(Yo, yr) = (1375)*(y0)+(l;5)*(_yT)’

= C-yo+ Xq01(y7),

where the expression x g, (yr) imposes that y(w,T) =0 a.e. w € Q.

The dual problem (D) associated with (P#) is then to minimize

T
B / M. 5w, t, y(w, £), (e, 0)dt + mes(yo, yr),
0

which is equivalent to minimizing

E /[gs(f(w> t) - y(w> t)A> d(w, t)) + 56(y(w7 t))]dt +C- yo(w)
subject to
y(w,t) = yo(w) —|—/0 y(w,s)ds + M(w,t), (w,t) € Qx[0,T], (D=9)

y(w,t) <0, (w,t) € Qx][0,T7],

y(w, T) =0, weQ,

where M is a square integrable martingale stopped at 7', null at zero and adapted to the

filtration {F, t e Ry }. W
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Proof of Proposition . Let y be a feasible state trajectory for the problem (D).
Suppose the statement is not true. Then, there exists a resource k =1, ..., K such that
the set

B ={(w,t) € 2 x[0,T] : yp(w,t) <0}

has strictly positive measure dP ® dt. Now consider for ¢ € [0, T], the sets
By ={w € Q: yp(w,t) <0}

B; should have strictly positive measure for some ¢ in a set that also has strictly positive
Lebesgue measure. Fix such a time point t. We will next show that for w € B,
we have y;(w,T) < 0 with strictly positive probability. First note that B, € F; since
yp(w,t) : © — R is measurable with respect to ;. We have from the dual system
dynamics in (D),

t

Yr(w, t) = (yo)x + /yk(w,s)ds + My (w, t).

Then, y(w,T) can be written as

Yr(w, T) = yp(w, t) + /yk(w, s)ds + My(w,T) — Mg(w,t).

t

Recall that M is a martingale adapted to {F;, t € R} and is null at zero. Thus,

E[(Mi(w,T) — My(w,t))1] = 0
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for all F' € F, where 1 is the indicator function of the set F'. Now consider
P{w:we By, yp(w,T) <0} = /l{w: ye (w,T) <0} AP
By
Z /]—Btﬁ{w: Mk(w,T)*Mk(wyt)<7yk(w’t)}dﬂ?}'

Q
> 0,

since the set
Bin{w: Mg(w,T) — Mp(w,t) < —yg(w,t)}

has strictly positive measure. To prove this, suppose not. Then, as M is a martingale

adapted to {F;, t € R, } and By € F;, we have
0 = E{(Mi(w,T) — My(w,1))1p,}
/1Bt Mk Mk(w,t))dIP)
Q
/1Btﬁ{w My (w,T) Mk(w,t)<—yk(W,t)}(Mk(w7T) - Mk(wa t))d]P
Q
+ / LB, nfu: My (w,7)~ My (w.6)2-ye(wi)} (Mi(w, T) — M(w, £))dP
Q
> (—y(w,t))P(By)
> 0,

which proves that every feasible dual state trajectory y is non-negative for a.e. (w,t) €

Qx[0,7]. 1
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Proof of Proposition Theorem IV-1 of [11] implies that the primal problem
(P=°) and its dual (D°) have the same optimal objective value. Let u®’ be a feasible
control for (P¢°) with the corresponding state trajectory z5°, and (yg’é,jf’é, M¢e9) be a
feasible control for (D) with the corresponding state trajectory y*°. By Theorem IV-2
of [11], the controls u=% and (y5°, g, M*9) are optimal for (P¢°) and (D®?), respectively,
if and only if they satisfy the coextremality conditions stated in Definition IV-1 of [11].
We will next calculate the coextremality conditions stated in Definition IV-1 of [11]
explicitly for the primal problem (P°) and its dual (D). To that end, we calculate the
subgradients of L., [5° and 15°, where L. is a convex integrand and [5° and [5° are
convex functionals as in the derivation of the dual (D).

The integrand L. 5 for (P*?) is given by and for (w,t) € Qx [0,7] and z,z € RE
can equivalently be expressed as

K

(C.4) Leg(w,t,2,2) = Le(w, t,2,2) + Y _ s(wp),

k=1
where L. is the normal convex integrand for the perturbed problem (P¢) defined in (B.18]).
Note that by , the subgradient of L. ;s with respect to z is the same as the subgradient
of L. with respect to x for (w,t) € 2 x [0,T]. The coextremality condition in Definition

IV-1 of [11] regarding a dual state trajectory y° asserts that dP ® dt a.s. we have

. &,0
Y0 (w,t) € s Le s(w, t, 2 (w,t), 7 (w, 1)),

where 0;L. s denotes the subgradient with respect to ©. The subgradient conditions in

1' together with the fact that the subgradient of L. ; with respect to z is the same as
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the subgradient of L. with respect to z for (w, ) € Qx[0, T], implies that the coextremality
conditions in (3.4)) should hold between u*% and (y5°, yg’é, Me9).
Next we calculate the subgradients of L. s with respect to x. From (B.18]) and the fact

that 1 4bs(xy) is differentiable we have that

(C5) 0, Lesluo,t,,7) = {v (Z w5<xk>) } .

The coextremality condition in Definition IV-1 of [11] regarding ¢ states that dP ® dt

a.s. we have

(C.6) §70(w, t) € OpLes(w, t, 2 (w, 1), ig’(s(w, t)).

Thus, the definition of 1, cf. (3.1) together with (C.5) and (C.6)), imply that for a.e.
(w,t) € Q x[0,T],

U (w, 1) =0 if 230w, t) > 6 and 57 (w, 1) = R(O) (25 (w, 1) — ) if 25%(w,t) < 4,

which establishes the coextremality condition in . |

Proof of Proposition For £,0 > 0, the optimality of the control {u®’(w,t) :
(w,t) € 2x[0,T]} given in for (P=°) follows from Theorem IV-2 of [11] and the fact
that for an optimal state trajectory y=° for (D*?), u®° and y*° satisfy the coextremality
conditions stated in Proposition We argue that for £,6 > 0, (P®°) has a unique
solution. Suppose not. Then, there exists booking controls u and @ that are optimal for

(P=9) such that @ and @ are not equal on a set of strictly positive dP ® dt measure. From

Theorem IV-2 of [11], both @ and @ should satisfy the coextremality conditions (3.3))-(3.4)
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with y°. This, in turn, implies that @(w, t) and w(w, t) are equal for a.e. (w,t) € Qx[0,T].
Contradiction. Thus, (P°) has a unique solution and {u®’(w,t) : (w,t) € Q x [0,T]} is
the unique optimal for (P°).

We next prove that for €,d > 0, u®? is feasible for the continuous-time network revenue
management problem (P.,,;). Clearly, u®’ satisfies the demand restrictions of (Peon).
Hence, it suffices to check whether u5° satisfies the capacity restriction. That is, we prove
that for a.e. w € Q, 2°°(w,T) > 0, where 2°° is the state trajectory corresponding to
the booking control ©*?. Suppose not. Suppose that for some resource k = 1,..., K, we
have xi’(s(w, T) < 0 on some set N of strictly positive measure. We will show that this

contradicts the optimality of u° for (P*?). First, note that

©.7) E / Flw, ) - u (w0, ) — %Zsj(w,t) (w52 (w, )] dt < FJDT,

where F' and D are the bounds on the fare and demand processes, respectively. We next

provide a lower bound on the cost term

k=1
For k =1,..., K, define the stopping time 02’6 as the first time the capacity of resource
k drops below zero under the control u*°. Formally, for k =1,..., K and w € ,

0% (w) = inf{t > 0: 25°(w, t) < 0},
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where we set 05°(w) = T if 25°(w,T) > 0. For w € N, we have 0°(w) < T by the

boundedness of the demand rate process. Then, the following holds.

T [T
(C8) E / S s w )] dt| > B / a(ai(w,))dt | N |
0 k=1 _U;’é(w)
[T
(C.9) = E R;(S)(xi"s(w,t)—é)?dHN
o7’ ()

.....

can write (C.9)) as

T DJA
By | [ B —opa| = By | [ 2w0a].
0

o’ ()

where

— )
2(w,0) =0, z(w,t) =tDJA for 0 <t < DI



238

Then, we have

) )

rRG). |77 ro) |7
%EN /(:pi’a(w,t)—é)th > %EN /zQ(w,t)dt ,

0 0

> 53%5)19(1\0,

— TJFDP(N),

since R(6) = 6T JFD/§*. However, from (C.7)), replacing u°(w, t) with 0 for all ¢ € [0, T
and w € N leads to a feasible control for (P*°) that has a higher objective function

€,0

value than u®?, contradicting the optimality of u®? for (P%°). Hence, for a.e. w € Q,

79°(w,T) > 0 and u®° is feasible for the continuous-time network revenue management
problem (P,,;). &

Proof of Theorem The bid-price process 7 is defined as 7 = y*, where
(ye®, 4, M#?) is an optimal control for the dual problem (D=%) and for (w,t) € Qx [0, T],

the state trajectory y° is given by

t
PO t) =0 @)+ [ 57 sds + M)
0

From Proposition the booking controls u5° corresponding to the bid-price control
(79, ¢*°) is the unique optimal for the problem (P%?) for €, > 0. Letting ==’ be the
primal state trajectory associated with u°, the coextremality condition (3.3)) requires
that for k =1,..., K and almost all (w,t) € Q x [0, 7],

(C.10)

J(w ) =0 if 2% (w,t) > 6 and 57 (w, 1) = R(8) (25 (w, 1) — 6) if 25°(w, ) < 6.
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Then, for each resource k = 1,..., K and ¢, > 0, the bid-price process WZ"S is a non-
negative supermartingale adapted to the filtration {F; : ¢ € [0, T]} with 75°(w,T) = 0 for
a.e. w € Q. For k=1,..., K, define the stopping time 02’5 as the first time the capacity

of resource k drops below ¢ under the control v®. That is, for k =1,..., K and w € Q,
05 (w) = inf{t > 0: 25 (w, ) < 4},

where %9 is the state trajectory associated with v and 0% (w) = T if 23°(w, T) > 4.
Then, {75°(w,t A 05°(w)) : (w,t) € Q x [0,T]} is a martingale adapted to the filtration
{F,: t €0,T]} since 3" (w, £ A 05 (w)) = 0 for ae. (w,t) € 2 x [0,T] by (C.10). That
is, ’/TZ’(S stopped at the first time the capacity of resource k drops below ¢ is a martingale
and this completes the proof of the first part of Theorem

Second, we prove that the bid-price policy (7%, ¢*°) is (ke + pd)-optimal, where  is
given by and p is defined in (3.6). Let u be an optimal booking control for the
network revenue management problem (P,,,;). For k =1,..., K, define the stopping time
o) as the first time the capacity of resource k drops below ¢ under the control u. That

is, for k=1,..., K and w € €,
op(w) =inf{t > 0: zx(w,t) < 6},

where x is the state trajectory associated with u and op(w) = T if z(w,T) > §. Define
the stopping time o as the first time the capacity of some resource drops below J under
the control u. Formally, for w € €2,

o(w)=inf {op(w)}.

k=1,...K
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Then, consider the booking control u derived from u as follows: For (w,t) € Q x [0,77,

and j =1,...,J, define

- u(w, t) if ¢ < minvE{k:Akj>O}{0-v(w)}7
u;(w,t) =

0 otherwise.
It is clear that  is a feasible control for the problem (P%°). From Proposition , us?
is the unique optimal control for the perturbed problem (P%°) for £,§ > 0. Hence, the
objective value of u® is greater than or equal to the objective value of @ for the problem

(P=°). Moreover, the expected revenue generated by u has the following lower bound.

(C.11) E /[f(w,t) cu(w, t)] dt| — mlnk]{jijik] =07 <E /[f(w, t) - u(w,t)] dt

To see why holds, observe that u and u generate the same revenue until time
o(w) along each sample path w. The differences may arise after time o(w), where for
Jj=1,...,J we have u;(w,t) = 0 by definition for ¢ > min,c.4,,>0{0»(w)}. For each
resource k = 1,..., K, the expected revenue loss due to having @, (w, t) = 0 for all products

Jj such that Ay; > 0 after time oy (w) is less than or equal to p/ K, and (C.11)) holds. Then,



241

letting = denote the state trajectory under u, we have

E /[f(w,t)-u(w,t)]dt ek —dp
< B | [0 Gt - 5 D) T d) — > sl )] e
[ £,0 1 d €,0\2 o €,0
< B | [1fwt) o) = 5 3 eilont) (57w t) = 3 wslaf )t
0 j=1 k=1
(C.12) < E /[f(w,t)-u5’5(w,t)]dt

The first inequality follows from (C.11)), the definition of &;(w,t), cf. and the fact
that u(w,t) < d(w,t) for a.e. (w,t) € Q x [0,7]. The second inequality is given by
feasibility of u for (P¢°). The last inequality establishes the (ke + pd)-optimality of u°
and completes the proof of the second part of Theorem

Finally, we show that every weak limit @ € U of the booking controls {us? :¢,8 > 0} is
an optimal booking control for the continuous-time network revenue management problem
(Peont). Let {us9n : n > 1} be a sequence controls of feasible controls for the continuous-
time network revenue management problem (P,,,;) which converges to @ in the weak*
topology as €,,9d, \, 0. From Lemma , u is a feasible booking control for (P.,,;) and,

we have

n—oo

T T
lim B | [ f(w,t)-u(w,t)dt| =B | | flw,t) - a(w,t)dt
/ /

The optimality of @, then follows from (C.12)). B
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Proof of Proposition Combining the primal system dynamics equation dr =
— Audt with the coextremality condition gives . Similarly, combining the dual
system dynamics dy = ydt+dM with the coextremality condition gives . Hence,
259 and y*° jointly solve —.

Conversely, suppose 5% and 3*° jointly give a solution to -. Let u®° denote
the booking process corresponding to the trajectory 25 such that for (w,t) € Q x [0, 7],
and j=1,...,J

uje’é(w7 t) - ¢e,§<ys,6(w7 t)Ajv fj(wv t)? dj(wv t)) :

Then, u*° is a feasible booking rate process for (P=%). Similarly, (yg’5,y5’5,M =9) is a

feasible control for (D7), where for (w,t) € @ x [0,T],and k =1,..., K, y';f’&is given by

e (w, 1) = Py (w, 1)),

and M®? is as in . Since, 4% and (yg’é, j'ys’&, M¢9) satisfy the coextremality conditions
in and , from Propositionthey are optimal for (P?) and (D®?), respectively.
|

Proof of Proposition First, observe that the analysis in Section [3| can be
extended for the case ¢ = 0 easily. One only needs to avoid division by . For ¢ = 0 and
§ > 0, the coextremality conditions associated with the perturbed problem (P#?) and its
dual (D#°) can be stated as follows: Letting u*° be a feasible control for (P°) with the
corresponding state trajectory 5, and (yf)’é, gf’(s, M¢?) be a feasible control for (D) with
the corresponding state trajectory y°°, the controls u*° and (yg";, jf’a, M¢9) are optimal

for (P=°) and (D®?°), respectively, if and only if they satisfy the following coextremality
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conditions ((C.13) and (C.14)): For k£ =1,..., K and almost all (w,t) € Q x [0, 7],
(C.13)

U (w,t) =0 if 230w, t) > 6 and 3" (w,t) = R(6)(a3 (w,t) — &) if 25%(w, t) < 4,
and for j =1,...,J and almost all (w,t) € Q x [0,7] with d;(w,t) > 0,

if u§’6(w,t) =0, then fj(w,t) — y=°(w,t)A7 <0,

(C.14) if uj’é(w,t) =d;(w,1), then f;(w,t) — y=°(w,t)A7 >0,

if 0< uj’é(w,t) < dj(w,t), then f;(w,t)— 1y (w,t)A%=0.

For 6 > 0, suppose (x,y, M) jointly solve the FBSDE defined in (3.11))-(3.13]). Let u
denote the bookings resulting from the booking function ¢ in the forward equation (3.11]).

That is, for j =1,...,J and (w,t) € Q x [0,T],

uj(w, t) = dj(w, )15, (w0 >y(wt)ai}-

Then, =,y and u satisfy the coextremality conditions (C.13) and (C.14)) and, hence, u is
an optimal control for the perturbed problem (P¢?) for ¢ = 0 and 6 > 0. From Theorem

27, the TvR bid-price control with bid-price process m = y is pd-optimal. W
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APPENDIX D

Proofs of the Results in Chapter 4
D.1. Proofs of the Results in Section [4.1]

Proof of Lemma . First of all, V¢t € [0,] and ' > ¢,
v = argmax {vy (v, t") —z (v, ¢)}.
To see this, note that from the IC constraint at time ¢, we have
vy (v, t") —x (v, t") > oy (V' t) — 2z (V' ") for v,0' € [v,7].

Second, we focus on

mz}x/ [oy (V' ") —x (W', )] g (v, ) dv, VE € [0,1], t’ < t.

That is, we will consider what a consumer of type ¢t would report as her valuation if she
reports her type as t' < t. My conjecture is that she will report her best estimate of her

valuation, i.e. E; [v] = ff vg (v,t) dv. Note that from the IC constraint at time ¢, we have

vy (v,t') —z (v, t') > vy (V' t) — 2 (V1) for v,0" € [v,7].
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Moreover, we can write

max /v oy (V' 1) —x (v, )] g (v,t) dv

_ %@x{/jvy W ) g (v.1) dv—/yvx(v’,t’)g(v,t) dv}

- max {y(v’,t’) /vag(v,t)dv—w(v’,t’) /vvg(v,t)dv}

— max {E, o]y (v, ) — 2 ()}

which is maximized at v" = E; [v] due to the IC constraint at time ¢’. That is,

E; [v] = arg mzlxx/ [vy (V' ¢) —x (W', )] g (v, t) dv, Vt € [0,7], t' < t.

This is as if the consumer knows that her valuation at time ¢’ is B, [v], in which case, she
would have reported E; [v] as her valuation. B

Proof of Proposition We first prove the "only if" part. Suppose a solution
{z(v,t):t€[0,7], v e [v,0]} and {y (v,t) : t € [0,], v € [v,V]} to the mechanism design
problem implements the first-best solution. Then, all the expected surplus is extracted

from the consumers, i.e.

/U [vy (v,t) —x (v,t)] g (v,t)dv = 0 for all ¢t.

This implies that

/vvx(v,t)g(v,t)dv:/vag(v,t)dv:Et[U;vZc].
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For (IC;) constraint at time ¢ to be satisfied, we need the following conditions:

for v ¢, v—x(vt)>v—x (v, t) forv' > candt e 0,1,

v

for v ¢, v—x(v,t) > —x(V,t) forv' < candt €01,

v

forv < ¢, —z(v,t) >v—x(,t) forv' >candt € 0,1,

forv < ¢ —xz(v,t)>—2 (v t) forv' <candt € [0,

First focus on the conditions under which the incentive compatibility constraints at time
zero are satisfied.

Under the choice of y and = as above, the IC constraints at time 0 becomes

0= [ foy(e.t) = s (0,00 g (vrt) v, e € (0.8, ¢ > 1

0> /U [vy (B [v],t') — 2 (By [v] ,8)] g (v, ) dv, ¥t € [0,1], t' < t,

which can be written as follows:

0> E[v;v > (] —/ z(v,t') g (v, t)dv, Vt € [0,¢], t' > t,

v

0>y (B [v],t") By [v] — z (B [0], ), VE €[0,1], t' <.

Then, the types ¢ such that E,; [v] < ¢, would never want to pretend that they are some

type t' < t, since y (E; [v],t') = 0. The types ¢ such that E; [v] < ¢, would not want to
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pretend that they are some type ¢ > ¢ only if

/ z(v,t') g (v, t)dv > By [v;v > o], VE' > t.

Now consider the types t such that E,; [v] > ¢. The types t such that E,; [v] > ¢, would

not want to pretend that they are some type t’ < t only if
z (B [v],t') > By [v], VE' <t

The types t such that E; [v] > ¢, would never want to pretend that they are some type

t' >t only if

/ z(v,t) g (v, t)dv > By [v;v > o], VE' > t.

To summarize, the payments{x (v,t) : t € [0,], v € [v,7]} should satisfy the following

conditions:

(1)

/Ux(v,t)g(v,t)dv:Et[v;vzc],

(2) For IC constraint at time ¢ to be satisfied, it must be that

for v —z(v,t) > —x (V') forv' > cand t € 0,1,

vV
o

for v

vV
o

v—u1x(v,t) > —x (v, t) for v < candt €01,
forv < ¢, —z(v,t)>v—x(v,t) forv' >candt € 0,1,

forv < ¢, —az(v,t) > —z(V,t) for v’ <candte |0,
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(3) For types t such that E,; [v] < ¢,

/ z(v,t') g (v, t)dv > By [v;v > o], VE' > t.

(4) For types t such that

E; [v] Zc,/ z(v,t) g (v, t)dv > By [v;v > ],V > t.

and

x (B [v] ,t) > B [v], VI’ < t.

First observe that since for v > ¢, z (v,t) < z (v, t) for v/ > cand t € [0, ], we should
have z (v,t) = x (v/,t) for v',v > ¢. Moreover, since for v < ¢, —z (v,t) > —x (v, t) for
v < cand t € ]0,t], we should have z (v,t) = z (v, t) for v',v < ¢. That is, the payments
can only depend on the type and whether the valuation v is greater than ¢ or not. So
define the payments z(t) and 7 (¢) as the payment from type ¢ if her valuation is below
¢ and above ¢ respectively. Then, we can write the conditions above as follows: Let 7 ()

denote the probability that the valuation of type t is above c¢. Then,

(1)

(T () + (1 =7 () z(t) =B [o;v = d,

(2) For IC constraint at time ¢ to be satisfied, we need the following conditions:

forv > ¢, v—T(t) > —x(t) fort € [0,1],

forv < ¢ —z(t)>v—=2(t) forte|0,t,
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That is,

forv > ¢, v>7T(t)—z(t) fort e [0,1],

forv < ¢, T(t)—z(t)>wvforte]0,1,

which implies that Z (t) —z () = c.

(3) For types t such that E; [v] < ¢, we have
TOTE)+ A —7t)z ) =Efviv > ], V' > t.
(4) For types t such that B, [v] > ¢, we have

T)TE)+ 1 —7m@#)z(t') >Efv;v >, V' > t.

Z(t) > B v], vVt <t.

Since 7 (t) — z (t) = ¢, the question is whether the payments {z (t) : t € [0,7]} satisfy

the following conditions

(1)

z(t) =B [v;o > ¢ —em (1),

(2) For types t such that E; [v] < ¢,

e (t) + By [v;o > —en (') > By [v;0 > ¢, VE' > t.
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For types t such that E; [v] > ¢,
e (t) + By [v;o > —en (') > Ey [v;o > ¢, VE' > t.

By [v;v > —em (') + ¢ > B [v] , V' <t,

which completes the "only if" part of the proof.

To prove the "if" part of the proof, consider the following solution to the mechanism
design problem: For all ¢, let y (v,t) = 1if v > ¢ and y (v,t) = 0 if v < ¢. Define the
payments z (v,t) as follows: z (v,t) =z(t) if v < ¢ and z (v,t) =z(t) + ¢ for v > ¢ where
z(t) = By [v;v > ] — em (t). Then, it is easy to check that this solution implements the

first-best under Conditions 1 and 2 of Proposition 33, W

D.2. Proofs of the Results in Section [4.2]

Proof of Proposition Since U is of bounded variation, we can write U (t) =
Uc (t) + AU (t), where AU (t) = U (t) — U (t—). Then, using integration by parts and as-
suming without loss of generality that the cumulative type distribution {H (¢) : 0 < t < ¢}

is continuous, we get

/tf (v,t) [z (v,t) — cy (v, t)] dvdt
= /tf(v,t) [(v—1c)y(v,t)] dvdt — U (0)

—/[Oﬂ(l—H(t))dUc(t)— S A-H®)AU®),

0<s<t



where > _. (1 — H (1)) AU () is at most a countable sum. To see this, note that

/Ufh(t)U(t)dt:U(0)+/m(1—H(t))dUc(t)+ Z (1—H () AU (¢).

0<s<t

We can rewrite the objective as follows: Since u (v,t) = vy (v,t) — z (v,t), we have

z(v,t) —cy (v,t) = —u(v,t) + (v —2c)y (v,t).

The objective is then to maximize

[ 500t~y 0.0 dv
_ /fvt + (0= )y (v, )] dvdt,
= /v’tf(v t)u (v, t)dvdt—i—/ f (v, t)[(v—rc)y(v,t)] dvdt,
_ —/Oth(t)U(t)dtJr/v’tf(v,t) (v — )y (v, )] dodt,
-/ 000 =y ] ot ~U 0

_/[Oﬂu_H(t))dUc(t)— S (- H@®))AU@).

0<s<t

Then, we prove that

lim sup Ult+h)-UQ®) < —/ y (v, 1) Mdv.
h—0 h v ot

251
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By (ICy) constraint at time 0, we get for a type ¢ and h > 0,

Uut) > U(t+h)—/v[vy(v,t—i-h)—x(v,t—l—h)]g(v,t—i—h)dv

+/U[Uy(v,t—|—h)—x(v,t—i—h)]g(v,t)dv,

where the first line is just adding and subtracting U (¢t + h), and the inequality follows
because by the incentive constraints at time 0, type ¢ would not want to pretend like type

t+ h >t. Then, we get

Ut+h)—-U(t) < /v[vy(v,t+h)—x(v,t+h)]g(v,t+h)dv

from which it follows that

s L) = U 1)
A0 h

< }1}{1{1} %/Uv[vy(v,t—i-h)—a:(v,t—i—h)](g(v,t—i—h)—g(v,t))dv

= /u(v,t)agg;’t)dv,

_ —/Uy(v,t) oG w.1) 4,

ot

where the last inequality follows from Lemma [34] and integration by parts. This provides

an upper bound on the right-hand derivative of U (). Similarly using (ICy) constraint at
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time 0, we

lim sup

U(t)—U((t—h) v G (v,t)
sup h < —/U y (v, 1) ———=dv.

ot

Then, since

lim sup
h—0 v a

Ut+h)—U() <_/Uy(vjt)&:’t)dv<oo,

the expected utility function U cannot have upward jumps.

As our next step, we prove that any optimal U does not have downward jumps.
Suppose not. Suppose that U has a downward jump at type 7. That is, U (1 — ) > U (1)
for € > 0, where ¢ is small. Then, as type 7 does not find it profitable to pretend like
some type 7' < 7, the types t € (7 — ¢, 7) for ¢ > 0 sufficiently small would not want it
profitable to pretend like some type 7/ < 7 —¢e. At the same time, the typest € (1 — ¢, 7)
for ¢ > 0 sufficiently small would not find it profitable to pretend to be some type
t' € [r,1] as well since otherwise type 7 would strictly prefer to deviate and pretend to be
type t'. Let U denote a modified expected utility function such that U () = U (1 — ¢) for
tete(r—e ) and U(t) = U (t), otherwise. Then, U has a better objective function
value than U and is still feasible. Contradiction.

Next, we show that U is nondecreasing. Suppose there exists some interval |71, Ts]
of types over which U’ (t) < 0. Since the right hand side of the global IC constraint is
increasing in ¢, the global IC constraint is not binding for ¢ € |71, 72]. Then, we can choose
U such that U (t) = U (1) for t € [11, 73] and this will strictly increase the objective. On
the other hand, this modification creates a downward jump in the expected utilities at

the point 71. In particular, U (t) > U (71) for t < 71 yet arbitrarily close to 7;. However,
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since the global IC constraint is satisfied for 7 under U, it must be the case that the
global IC constraint is not binding for those types t < 71 and U (t) > U (1). Thus,
setting U (t) = U (73) for those types again strictly improves the objective. Carrying out
this procedure repeatedly eliminates any point where U’ < 0. Thus, U’ (t) > 0 for all t.

An immediate implication is that
> (1-H()AU(t) =0.
0<s<t

Moreover, U is everywhere differentiable and this concludes the proof of the fact that

o< s [y

Finally, we prove that in any optimal mechanism, the payments
{z(v,t):t€[0,%], velvn]}

are nonnegative. We first prove that for a given ¢, x (v, t) is increasing in v. We have

ou (v,t) JOv = Olvy (v,1) = (v, 1) :y(v,t)+vM—x(v,t).

ov ov

From Lemma[34] du (v,t) /v = y (v,t) and y (v, t) is non-decreasing in v. Thus, z (v,t) =

v—ayg”t) > 0.
2

Hence, it suffices to prove that z (v,t) > 0 for all ¢ € [O,ﬂ. We argue by contradiction.

Suppose not. Suppose there exists a type ¢ such that z (v, t) < 0. First consider the

case that ¢ > 0. If = (y, f) < 0, then u (y, f) > 0 and since OJu (v,f) /Ov > 0, we have
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u (U, f) > 0 for all v € [v,?]. However, (ICy) implies that for all ¢ < ¢,

Ut) = /”[vy@,w—x(v,mg(v,t)dv

> /U [vy (v,f) —x (v,tA)} g (v,t) dv,

_ /vyu(v,f)g(v,t)dv

> 0.

But then, we can decrease U (t) for all ¢ € [O, ﬂ by € by increasing the payments and
not changing the allocation y. This will strictly improve the objective while all the incen-
tive compatibility constraints are still satisfied, contradicting the optimality of the solu-
tion with payments{x (v,t) : t € [Oﬂ , U € [v, E]} Finally, suppose z (v,0) < 0. Then,
U (0) > 0 and since the incentive compatibility constraints regarding downward deviations
hold, there exists a type ¢ > 0 such that U () > 0 for all t € [O,ﬂ .Then, we can decrease
U (t) for all t € [O,ﬂ by e by increasing the payments and not changing the allocation v,
which will strictly improve the objective while all the incentive compatibility constraints
are still satisfied. This concludes the proof of the fact that in any optimal mechanism,
the payments are nonnegative. ll

The following auxiliary optimal control problem (P 4) and its dual (D4), and the coex-

tremality conditions between the two formulations will facilitate the proof of Proposition



[0} First, consider (P4): Choose control {y (v) : v € [v,0]} so as to

maximize /U (v—2c)g(v,t)y(v)dv

v

subject to

2(v) = (1 =G (v,1)y(v) with z (v) =0,

_9G (v,t)

§(0) = =y (0) with s (0) =0,

U (v) =y (v) with u(v) = uo,

2 (0) > Uy (t) — uo,

256

where z, s, u denote state trajectories and we treat U, (t), U, (t) and u, (7) as given con-

stants. The dual formulation (D4) of (P4) is derived in Appendix and is given as

follows: Choose {p, (v), p, (v),p, (v) : v € [v,0]} so as to

0G (v,t)

min [ mx {0.5/0) (0 = 0) = 2500, )+ (1= G 0.0) 9. 0) o+ v

subject to

(Da)
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The following lemma states the necessary and sufficient conditions for optimality and is

proved in Appendix

Lemma 58. Let {y (v) : v € [v,0]} be a feasible solution for (P4 ) with the correspond-
ing state trajectories {z (v),s (v),u(v) : v € [v,0]|} and {p, (v),p, (v),p, (V) :v € [v,0]}
be a feasible control for (D4 ). The controls y and p,, p,, p,, are optimal for (Pa) and (Dy),
respectively, if and only if they satisfy the following coextremality conditions:

(7) ps(v) =0 for all v.

(%)

(D.1) y (v) € arg max {z (v —c+ i@’t)pz (v)) } for all v.

0<5<1 g(v.t)

(#9) If z (v) > U (t) — ug, then p, (v) = 0.

Proof of Proposition [37 First, we show that there exists an optimal solution to
(P} juzeq) such that y (v, t) € {0,1} for all v,¢. To this end, fix an optimal solution U,
Y« (The corresponding ex-post utility function will be denoted by wu,) We will proceed
by modifying this solution appropriately to reach at another solution U,, y, which is of
the desired form. In particular, we will keep the expected utility function U, unchanged,
while modifying the allocation probabilities. This will show that for each ¢, there exists a
cut-off point k (t) such that y (v,t) = 1 if v > k (t) whereas y (v,t) = 0 if v < k (¢).

Fixing ¢, define the modified allocation y (v,t) as the solution to the following prob-

lem. (For notational brevity, we suppress the dependence of y on t): Choose the control



258

{y (v) : v € [v,7]} so as to

maximize /v (v—2c)g(v,t)y (v)dv

v

<
=
S—
1
Negd
=
=
-+
=
I
=
1
|~
S
—~~
-3
>

where U, (t), U, (t) and u, (v,t) are taken as constants. It follows from integration by

parts that

[ senuwan=uw+ [ a-cenyea.

which helps us rewrite the third constraint as

(D.2) / (1= G (0, 8)y (v)dv > U. () — uo.

Then, (P4) reduces to the auxiliary problem (P,) and it follows from Lemma that

y (v) € arg max {z (v —c+ Mpz (@))},

0<2<1 g(v.1t)

where p, (v) > 0. Under the standard monotone hazard rate condition that

(1 =G (v,1)/g(v,t)
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is nondecreasing in v, we have that

is increasing in v, and that y (v) € {0,1} for all v. Indeed, for all ¢, there exists a cutoff
k (t) such that y (v,t) = 1 if v > k(t) whereas y (v,t) = 0 if v < k(t) so that y (v) is
nondecreasing in v.

As an aside, note that for each optimal solution to (f’ 4), we can decrease 1y and make
the constraint bind. Thus, without loss of generality, we focus only on solutions
where binds.

For type t, the modified solution will have U, (t) as the expected utility and y (v, t)
as the allocation. (The modified ex-post utility function u (v,t) is also derived from the
above optimal control problem.) This modified solution is clearly of the desired form

and weakly improves the objective of (P} ). To establish that it is indeed an optimal

relaxed

solution to (P! ), we only need to check the global IC constraint. To check this, note

relared
that u (4, t) < u, (0,t) (for all t) by the last constraint of (P4) and that du (v,t) /dv = 1
for v such that u (v,t) > 0, where the latter assertion follows since u (v,t) < 0 for all t.

To see why u (v,t) < 0 for all ¢, notice that if u (v) > 0 and the constraint that

/ﬁg(v,t)u(v)dvz U, (t)

does not bind in problem (P 4), we can decrease u (v) and increase the objective of the

original mechanism design problem. If u (v) > 0 and the constraint that

/Ug(v,t)u(v)dvz U (t)
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binds, then it should be that U, (t) > 0. Then, we should have U, (t') > 0 for all ¢’ <t
as any type t’ < t could get a strictly positive surplus by pretending to be type t. As U,
is increasing, this would imply that U, () > 0 for all ¢, in which case increasing u (v, )
uniformly for all types would increase the profits. Contradiction.

Since wu (v,t) < 0 for all ¢, it must be that u(v,t) < w, (v,t) for all v such that

u(v,t) > 0. Thus, the global IC constraint holds since

U. (2)

v

max {us (B [v] 1)},

= max uy (Bg [v], )},
tG{T:u*(Eg[U]J)zg}{ ( t[ } )}

A%

max {u (Bg [v], 1)},

te{rux(Bf[v],7)>0}

v

max u E— v ,t ’
tE{T:u(Ef[U]J)ZO}{ ( t[] )}

= max {u (B[] 1)},

which completes the proof. B

Proof of Corollary From Lemma [34 du (v,t) /0v = y (v,t) = 0 for v < k (t)
and Ou (v,t) /Ov =y (v,t) =1 for v > k (t). This implies that for a given ¢, x (v,t) is the

same for all valuations v < k (¢). Similarly, since
U(U7t) = ’Uy(l),t) _x(vvt) =v —ZL’(U,t),

and Ou (v,t) /Ov = y(v,t) = 1 for v > k(t), it also follows that given ¢, x (v,t) is the

same for all valuations v > k(). Any x(v,t) that satisfies the (IC;) constraint is of the
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form
z(t) if v<k(t),
P 0 0
T(t) if v>k(t).
Moreover, it follows that T (f) = x (¢) + k (¢). To see this, note that for a consumer with

valuation k (t) — € for £ > 0 small, to report her valuation truthfully, it must be that

(D.3) —z() = (k(t) —e) =T ().

The left hand side is the utility that a type ¢ consumer with valuation & () — € gets by
reporting her type truthfully and obtaining the good with probability 0, in which case
she makes a payment of z (¢). The right hand side is the utility that the consumer with
valuation k (t) — € gets by reporting her valuation as k (¢) and obtaining the good with
probability 1 and paying 7 (¢). Since should hold for all ¢ > 0 small, we obtain
—z(t) > k(t) — T(t). Repeating the same argument for a consumer with valuation

k (t) 4+ €, we also obtain —z (t) < k (t) — 7 (t). Hence, T (t) = z (t) + k (¢).
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Using Proposition 37/ and T (t) = z (t) + k (¢),

Ut) = / oy (0,8) — 2 (0,8)] g (0, ) d,

k(t")
= / [y (v,t") — 2 (v,t")] g (v, 1) dv

i /k(t’) oy (v, 1) =2 (0,)] g (v, ') dv,

k(t") v
= / [—z (t")] g (v, t") dv + / [v—T(t)] g (v,t')dv,
v k(t")

v k(t")
= [ wedd- [ a@)gw e
k(t') v

z(t')=-U(t) +/: vg (v, t)dv — (1 =G (k")) k(t),
and

(D.4) E)+z{t)=-U{)+ / vg (v, t)dv+ G (k) ,t)k(t).
k(t')
Then, notice that a type ¢ will not deviate to a type t' < t for which y (E; [v],t) = 0.

This is the case because U (t) > 0 and the payments are nonnegative for all ¢ and v, cf.
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Proposition Hence, type t will get a payoff of
B [v]y (Bt [v],t) — 2 (B [v] . ¢) = —2 (B¢ [0] ,#) <0

if she pretends to be type t' < t. Thus, without loss of generality, consider only types
y g

t' < t such that y (B, [v],t) = 1, in which case
(D.5) z (B [v], ) =k({t)+z(t).

Finally, using Proposition 37, (F), and the fact that type ¢ will only consider deviating to

types t' < t such that y (E; [v],t') = 1, we can write

max {B; [v]y (B¢ [v] ,t") — x (B, [v],t')}

N t’G{T:y(Eﬂﬁic)zl, T<t} {Be [v]y (B 0], ¢') — = (B 0], £)}
= B [v] min {2 (B, [v], )},

B t'e{ry(E¢[v],7)=1, 7<t}
Then, by (D.4)) and (D.4)),

Eq [v] — min {z (B [v],t)}

t'e{ry(E¢[v],7)=1, 7<t}

= E;[v] — min
t'e{ry(E¢v],7)=1, 7<t}

~U (") + /kv vg (v, t")dv+ G (k(t),t) k (t’)} ,

{
min {—U(t’)+/kv (v—k(t’))g(v,t’)dv+k(t')},
{

t'e{ry(E¢v],7)=1, 7<t} (t
= E,[v]+ max Ut'—/ v—Fk(t v, t dv—k:t'},
t[ ] te{ry(Befv],m)=1, 7<t} ( ) k(t’)( ( ))g( ) ( )

which concludes the proof. B
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Proof of Proposition [39} Proposition [37] and Corollary [38 immediately yields that

characterized by the cut-

there exists an optimal solution to the relaxed problem (P2, ..,)

off points {k (¢) : 0 <t <t} such that the allocation y satisfies y (v,t) = 1 for v > k (¢)
and 0 otherwise. Hereafter, we will consider that optimal solution. The remainder of the
proof consists of three major steps, each of which includes several steps.

The first step of the proof characterizes the expected utility function U. In particular,
it shows that U is nondecreasing with U (0) = 0 and that there exists a threshold ¢, < ¢

such that

, 0 if t < to,
U(t) =

T 9G(v,t) .
— Jopy o dv it >t

The second step characterizes the optimal cutoff points {k (t) : 0 <t < t}, showing
that for types t > to, k (t) is the unique solution of ¢ (k(¢),t) = 0, where

(1— H ()G (v,t) /ot

¢(U,t>:(U—C)+ h(t) g(U,t>

It also shows that k (t) > ¢, and k (¢) is nonincreasing for ¢ > t5. Moreover, k () nonin-
creasing on [0, ty) with & (0) > ¢. To be more specific, it shows that there exists another
threshold t; < 5 such that k () is decreasing on [0, ¢1], while & (t) = c on (¢4, t2).
Finally, the third step shows that in the optimal solution we have 0 < ty < ¢, ruling
out the possibilities t, = ¢ and ty = 0.
Step 1. To establish the claims of Step 1 as stated above, we first prove two auxiliary
results. The first auxiliary result states that if the constraint (IC,pe) binds for some

type t, then it should also bind for all types t’ higher than ¢, i.e. t' > t. The second
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auxiliary claim proves that in any optimal solution, we have

U'(t) € {07_/1;) %dv}.

In what follows, we establish these auxiliary result in Steps 1.A and 1.B. Finally, we show
that if U’ (¢') > 0 for some t/, then U’ (t) > 0 for all ¢ > ', establishing the proof of Step
1.

Step 1.A. We start by proving that if the global constraint for downward deviations
binds for some type t, then it should also bind for all ¢’ > . To see this, note that

dE; [v] /“ 0G (v,t) /“ 0G (v, t) ,
, — [ &Y s - T g > .
(D.6) o A dv > T dv>U'(t)

The derivative of the left hand side of (ICyppe) is U’ (). The derivative of the right hand
side of (ICppar) is greater than or equal to JE, [v] /Ot since the derivative of the first term
on the right hand side of (ICy0pa) is OE; [v] /Ot and the second term is also increasing in
t. Hence, the derivative of the left hand side of (IC,opq) is always less than the derivative
of the right hand side. This implies that if (ICyq) binds for type ¢, it will bind for all
types t' > t.

Step 1.B. Next, we prove that in any optimal solution to (P2 ), we should have

relared

either U'(t) = 0 or U’ (t) = — f:(t) 8G8(:’t) dv. First recall that from Proposition , we

have for all ¢ that

OSUI(t)S—/v M

dv.
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We argue by contradiction. Suppose that there exists an interval [r1, 75| such that

0<U (t) < —/ wdvfm‘t € [11,72].

First notice that (IC ) cannot not bind for any positive measure subset of [rq,72].
Suppose not. Then, there exists a subinterval of [7, T2 over which (IC,pe) binds. With-
out loss of generality, we suppose that (ICyspq) binds for ¢ € [71, 75]. Otherwise, we could
have picked the subinterval to start with. Then,

Ury) = max LKTI}{U@')—/: (v—k(t’))g(v,t’)dv—k(t’)}

t/E{T:y(ETl[v},’r): )
VB ]

Since U’ (11) < — f,j(n) a”t”)dv and the derivative of the right hand side of (ICgpa) at

the point 7 is greater than or equal to — [ v QGgJ’T) dv, we have

v

max N v v—k’/ U,'dv—k’
te{ry(Brytelv],7)=1, r<ri+e} {U () /k(t') ( () g (v,t) (t )}

> U (7_1 + 5) - ]Ei71+5 [’U]

for ¢ > 0 sufficiently small. That is, (ICype) is violated for types 71 + ¢, which is a
contradiction to the optimality of U.
Since (ICg0pq1) does not bind for [71, 72|, then the objective function can be improved

by having U’ (t) = 0 for t € [r1,71 +¢] for ¢ > 0 sufficiently small and appropriately

G (v,t)
ot

increasing U’ (t) (which can be done since U’ (t) < — f,j(t dv for t € [r1,7Ts]) such

that U (79) remains unchanged. This proves that in any optimal solution to (P we

relaxed)

should have either U’ (t) = 0 or U’ ( — fk(t acai}t
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Having proved the auxiliary results for Step 1, we now conclude the proof of Step 1
by showing that if U’ (¢') > 0 for some t’, then U’ (t) > 0 for all ¢ > t'. Suppose this
statement is not true. Then, there exists an interval [y, 7o] over which U’ (t) = 0. For
t € |11, 72|, the constraint (ICp,) cannot bind, cf. of Step 1.A. Therefore, we can
modify U such that U’ (') = 0 for ¢ € [t/, ' + ¢] while keeping U (73) the same as before,
which improves the objective function. Hence, it must be that if U’ (') > 0 for some #/,
then U’ (t) > 0 for all £ > t'.

Finally, define ¢, € [0, ] as the lowest type such that U’ (¢) > 0. Formally,

ty = inf {t € [0,¢] : U’ (t) > 0},

where t; = ¢ if U (¢) = 0 for all . Observe that since U’ (¢) is either zero or — |, ]f(t) acg:,t) dv

by Step 1.B, we conclude that U (0) = 0 and U’ (t) = 0 for t < t5, while

U’(t):—/ Mdv for t > to,

which completes the proof of Step 1.

Step 2. To establish Step 2 of the proof, we first prove two auxiliary results. The first
one, proved in Step 2.A, states that the constraint (ICpe) binds for the highest type .
The second auxiliary result, proved in Step 2.B, asserts that if £, > 0, then there exists a
type ¢ < t, such that the constraint (ICgi0bar) regarding type t’s deviation to pretending

to be type t binds. That is,

U(f):Et[vHU(E)—/k;) (v—Fk(t) g (v,t)dv—k ().
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Then in Step 2.C, we characterize the optimal cutoff points k (t) for ¢t < t5. Similarly,
Step 2.D characterizes the optimal cutoff points & (t) for ¢t > t,, ignoring the constraint
(ICyi0bar) for types t € [to, t) regarding their deviations to pretending to be types t’ € [to, ].
Finally, in Step 2.E, we verify that the (ICy ) constraints ignored in Step 2.D indeed
hold for the optimal cutoffs & (t) for ¢ > t5 characterized in that step.

Step 2.A. We start the proof of Step 2 by showing that (ICy,) binds for . That
is, we prove that

U@ =E o]+  max {U(t’)—/kv (v—k(t’))g(v,t’)dv—k(t/)}.

t'e{r:y(Eglv],m)=1} "

We argue by contradiction. Suppose not. Then, the global IC constraint does not bind
for any type, cf. Step 1.A. There can be two cases. The first case is that U (f) = 0. Then,
U (t) =0 for all ¢, by Step 1.B.

In this case, i.e. the case that (ICgupe) does not bind for ¢ and U (¢) = 0, we must
have k(t) > ¢ for t € [0,¢] for ¢ > 0 sufficiently small. To prove this, first notice
that under assumption that Condition 2 of Proposition [33| is violated, i.e. Ei[v —¢| >

Eo [v — ¢;v > ¢], there exists € > 0 sufficiently small such that
Ei[v—c] >E[v—cv>c for te]0,¢],

which follows by the continuity of the expectation B, [v — ¢;v > ¢] is t. Moreover, for the
global incentive compatibility constraint (ICggpq) of t not to bind when type ¢ pretends

to be type t € [0,¢], it must be the case that

U(E)>Eg[v]+{U(t)—/kv (v—k(O))g(v,O)dv—k(O)}.

(0)
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Then, since U (t) = 0 for all ¢,

v

(D.7) Eijv—k(0)] < /k(o) (v—="£k(0))g(v,0)dv.

Together with the fact that for all ¢,

k:+/kv(v—k')g(v,t)dv

increases as k increase&ﬂ and the assumption that Condition 2 of Propositionis violated,
ie. Eilv—c] > Eolv—c;v> ¢, equation implies that k£ (0) > c. Indeed, by

continuity of G (v,t) in ¢, we have
Efjv—c| >E[v—cv>(]

for t € [0,¢] and ¢ > 0 sufficiently small. Thus, if the global incentive compatibility
constraint (IC ) of t does not bind when type ¢ pretends to be type ¢, then it must be
the case that k (t) > ¢ for all t € [0,¢]. However, the objective function can be improved
by lowering k (t) slightly for types [0, €] so that the global IC constraints are not violated
and we still set U (t) = 0 for all types. Hence, it cannot be the case that the global IC
constraint does not bind for ¢ and U (¢) = 0.

Next, we deal with the case that the global IC constraint does not bind for ¢ and U (£) >
0. In this case, the global IC constraint does not bind for any type, cf. Step 1.A, and we

can uniformly decrease U (t) slightly for those types such that U (t) > 0 so that the global

ITo see this, observe that

% {k—&—/kv(v—k)g(mt)dv] :1—/kvg(v,t)dv:G(k,t)>0.
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IC constraints are not violated. Then, the objective function improves, contradicting the
optimality of U. Hence, it cannot be the case that the global IC constraint does not bind
for type t.

Having proved that (ICyep) binds for ¢, we proceed to characterizing the optimal
cutoff points {k () : 0 < ¢t < ¢} for a given ¢, € [0,].

Step 2.B. Recall that ¢, € [0,7] is the lowest type such that U’ (t) > 0, i.e.
to =1inf {t € [0,¢] : U’ (t) > 0}.

We prove that if £, > 0, then there exists a type t < ty such that the global IC constraint

for ¢ binds regarding the deviation of type  to pretend to be type . That is,

U(E):Et[v}JrU(f)—/k;) (0= k(D) g (0.) dv— k (B).

We also prove that k (%) > c¢. If ty = ¢, then the result follows from Step 2.A. Suppose
ty < t. We argue by contradiction. Suppose that type t strictly prefers her contract offer
to the contract offers of types ¢ € [0,t3]. Then, there exists an ¢ > 0 sufficiently small
such that (ICgpa) does not bind for type t € [ta,t3 + ). To prove this, suppose on
the contrary that type t strictly prefers her contract offer to the contract offers of types
t € [0,t5] and that (ICgpe) constraint of type ¢ = t, binds, which in turn implies that
(IC,i0ba1) constraints of all types ¢ € [t2,t] binds. Since the (ICy0pq) constraint of type ts

binds, it must be that type ¢y is indifferent between his contract offer and the contract
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offer of some type ¢ < t,. That is,

08 U =Bl +U () - :{) (0= b (D)) g (v.8) dv — & (7) — 0.

Since the expected utility obtained by type f by pretending to be type  is strictly less

than U (t), we have

(D.9) U@ > B o] + U () _/k;) (v =k (D)) g (v.8) dv— & (7).

Since U’ (t) = — flj(t) 8Gg§:’t) dv for t € [ty, t], by integrating and using the boundary condi-

tion U (t3) = 0, we conclude

U@l = /ZLKZ)[—égég?jz}dvdt
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(D.10) = Ei[v] - B, [v].
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However, combining and , we get

U(t) = U (ta)
= U(1),
> B U@ - [ (- k(0)g () ok ()

(0)
“E, [v +/' o=k (D)) g (0.8) do + & (0)

= Br[v] = By, [v],

which is contradicts with , proving that there exists an ¢ > 0 sufficiently small,
such that (ICye) does not bind for type t € (t2,t2 + €).

Then, we can set U (t) = 0 for t € [ty,t3 + ) and also decrease U (t) slightly for
all types t € [ty + &, ], which will strictly improve the objective without violating the

incentive compatibility constraints. This proves that there exists a type ¢ < t, such that

U (B =Eifo] + U (7) - /’ o= k(@) g (v.0)do—k (7).

Finally, we prove that & (%) > c¢. Again we argue by contradiction. Suppose k (%) < c.

The utility that type ¢ gets by pretending to be type ¢ is

o] + U (7) - / o k(@) g (0,) dv—k (7,

where U (%) = 0 since ¢ < t,. However, the deviation utility is decreasing in k (%)

Moreover, the allocation is also getting more efficient as k (%) increases since k (%) < c.
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Thus, increasing k (%) slightly and keeping U (%) = 0 improves the objective while (ICopar)
constraint is still satisfied. Hence, we should have k (%) > c.

Having established the auxiliary results for Step 2, we next characterize the optimal
cutoffs k (t) for t < t5 in Step 2.C.

Step 2.C. Letting ¢; be the highest type such that the global IC constraint for ¢ binds,
i.e.

v

t1 :sup{tG 0,¢] : U (t) = B¢ [v] —/k (U—k(t))g(v,t)dv—k(t)},

®)

we show that t; < ¢ and type ¢ is indifferent between his contract and the contract offer
of any type t € [0,¢1]. Moreover, we establish that & (¢) is (strictly) decreasing over the
interval [0,t1]. Finally, if t; < t9, then k (t) = ¢ for t € (t1,ts).

We first show that t; < ¢. If t, < , we have t; < ty < ¢ by Step 2.B. If t = ¢, then
optimality requires that ¢; < ¢. To see this, note that if t5 = ¢ (i.e. U (t) = 0 for all ¢),
then

U (t) > E¢[v] — E; [max {v, c}],

for ¢ close enough to ¢, and hence, setting k (t) = ¢ is optimal for ¢ close enough to ¢
since setting k (t) = ¢ yields an efficient allocation and the incentive constraints are still
satisfied. This proves that ¢t; < ¢ when ty = t as well.

To prove that type ¢ is indifferent between his contract and the contract offer of any
type t € [0, ], we argue by contradiction. Suppose that type ¢ strictly prefers his contract

to the contract offer of some type ¢ € [0,#;]. Then, for types ¢t € [f, t+ é?] where ¢ > 0
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sufficiently small, we must have

v

U®>&M—/<ww@mwMM—mw

k(t)
First notice that since k (t1) > ¢ by the previous step, and due to the fact that

v

Umzmm—/ (v — (1) g (v,t2) dv — k (1),

k(t1)

we should have k (t) > ¢ for t € [f, t+ 5]. Then, the objective function strictly improves
by decreasing k (t) slightly in a neighborhood of # and keeping U the same, which is a
contradiction. Thus, the global IC constraint for type ¢ binds regarding her deviation to
any type t € [5, t+ 6}. Since k (t1) > ¢ and the types are ordered by FSD, this argument
also proves that k(0) > c. Together with Step 2.B, this also proves that the global
incentive compatibility constraint (IC ) binds for the highest type ¢, who is indifferent

between her contract and the contract choice of the lowest type, i.e.
U (t) = Eg [v] — Bo [max {v, k (0)}].

Moreover, since
v

U@:&m—/<wwmmwﬁm—mw

k(%)

for all t € [0, ;] and

/kv(v—k)g(v,t)dv—l-k

is increasing in k for all ¢, k (t) is strictly decreasing over the interval [0, 4] if t; > 0. If

t1 < to we have k (t) = c for t € [t;, t5] since the global incentive compatibility constraints
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are not binding for deviations to types in the interval [t,?s] and the efficiency in the
allocation requires k (t) = c.

In summary, & (0) > ¢ with k (¢) decreasingf| for ¢ < t,, while k (t) = c for t € (t1,2),
characterizing the optimal cutoff k () for t < t5. Next, we characterize the optimal cutoffs
k (t) for t > t5 in Step 2.D.

Step 2.D. In this step, we characterize the optimal cutoff k (t) for ¢t > t,, ignoring
the constraints (IC,.pq) for types t € [ta, t) regarding their deviation to pretending to be
types t’ € [ts,t], which will be verified in Step 2.E. To be specific, we prove that if to < ¢,
then for t > t5, k (t) satisfies ¢ (k (t),t) = 0, where

(1—H ()G (v,t) /ot

N 1O R

Indeed, k (t) is strictly decreasing for ¢ < t; under strict FSD.
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We proceed as follows: For a given ty € [0, ], we solve for the optimal allocation solving

the following problem, denoted (Pp): Given t3, we choose k (t) so as to maximize

/j /k;f(“’t) (v—rc) dvdt+/t:/k;f(v,t)¢(u,t) dvdt,

subject to

Ei[v] =S (t) < R(k(t),t) forallt <t

Ut)—S(t)+Ei[v] < R(k(t),t) forallt>ts,

S(t) =0and S(t) =U (1), (Pp)

U (t) =0 for t <ty

U (t) = / (=G (v,t) /Ot) dv for t > t,
o)

k(t) € [v, 7],

where

R (k,t) :/U(v—k)g(v,t)dv—klﬁ

and S (t) is a state variable such that S (t) = U (¢) for all t. Moreover, U (t) is viewed a
state variable in the problem (Pp) and the objective function is rewritten using Proposi-

tion (36| and incorporating the fact that U (t) = 0 for t < t, and
U (t) = / (=G (v,t) /Ot) dv for t > t,.
k(t)

The constraint that

Ei[v] =S (t) < R(k(t),t) forall t<ts,
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makes sure that type ¢ does not find it profitable to pretend he is of type ¢t € [0, t5].

Similarly, the constraint
U(t)—S({t)+Ezi[v] < R(k(t),t) forallt>ts,

ensures that type ¢ does not find it profitable to pretend he is of type t € (¢, 7).
Following [53], the dual problem of control associated with the above optimal control

problem (Dp) is given as follows: (The derivation is along the same lines as the derivations

of the dual problem (D) of optimal control problem (P5) in the proof of Proposition

and hence, is skipped.) Choose {p,(t) : t € [0,%]} and {p,(t) : t € [0,]} so as to

/ Mt pu(), po(8), ). po(0))

subject to

where M is given as follows: For t < ¢,

M(t, p, (L), ps(t), pu(t), ps(1))
= Lt pu (), £5(1), (1), Py (1)),
= Xqop {2u(®)}

s ){Sbs(t)Jr/:f(v,t)(v—C)dv}

s,kG [211_]} 1]E‘f[v] _SSR(k7t
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For t > t,,

Mt p,(t), ps(1), pu(t), ps(1))
= L7t pu(t), (1), pu (1), ps (1)),

= X0y 1Pu(t)}
ST SR COURTRUY Rl e T Y S

s.k€[v,0] Belv] —s<R(k.t) k

The dual problem of control (Dp) and the primal problem (Pp) are closely linked to
each other. Above all, their objective function values are equal. Moreover, any optimal
primal solution and any optimal dual solution satisfy a set of coextremality conditions,
which are necessary and sufficient conditions for optimality. Using [53], the coextremality
conditions between primal-dual solution pairs imply that for ¢ > t5, k (¢) should be an

optimal solution to the following problem: Choose k so as to

maximize U (t) p,(t) + </ (—0G (v,t) /0Ot) dv) pu(t / f (v, t) ¢ (v, t)dv
k
subject to
Ut) = U () + Ee[v] < R(k,1),
ke [v,].
The coextremality conditions also require that if U (t) > 0, then p,(f) = 0, which

immediately implies that p,(t) = 0 for ¢ > t5. Since, p,(t) = 0 for all ¢ from the dual

problem (Dp) stated above, we must have p,(t) = 0 for all . Since p, (0) = 0 and
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ps () = —p, (t) from (Dp), we have p, (0) = p, (t) = 0. Moreover, p, (t) =0 if
U)=U®)+Ee[v] <R(k(1),1),

which is the case when k (t) satisfies ¢ (k (t) ,t) = 0 for all £ > t5. Then, since we propose
a solution with cutoff points k (t) such that ¢ (k (¢),t) = 0 and the proposed cutoff & ()

solves the relaxed problem of choosing k so as to

maximize /v f(v,t)¢(v,t)dv
k

subject to

Ut)=U(t) +Ee[v] < R(k,1),

k€ [v,0],

going back and checking the yields that the cutoff points % (t) such that ¢ (k (t),t) =0
satisfy the coextremality conditions for all . Since the coextremality conditions are
necessary and sufficient for optimality, % (¢) is the optimal cutoff point.

Moreover, since ¢ (k (t) ,t) = 0, we have

(1— H () 9G (v,t) /ot
h (1) g9 (v,1)

k(t)=c— > c.

As the virtual utility function ¢ (v,t) is increasing in ¢ for a given v, we have &' (t) < 0
and hence, y (v, 1) is increasing in ¢ for a given v.

Step 2.E. Finally, to conclude the proof of Step 2, we prove that for ¢, < t, the
constraint (ICy,pq) for types t € [ta,t) regarding their deviations to pretending to be

types t’' € [t,t] holds for the optimal cutoffs & (¢) for ¢ > t5 characterized in Step 2.D.
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By Lemma [34] the transfer payments can be written as x (v,t) = z (¢) if v < k(¢)
and z (v,t) =T (¢t) if v > k() with k(t) =7 (t) — 2 (t). Using integration by parts, the

expected surplus of a type t consumer is given as follows

U(t) = —w)+/k;vg<v,t>dv—k<t><1—G<k<t>,t>>,

(D.11) = —z(t)+ /v (1 -G (v,t))dv.

Taking derivatives of both sides and using the fact that

U’(t):—/ 9GW) 1y for 1> 1,

we get

) - K1 —-Gk(), ) =0 for t >t

For t € [ts,1], let U (¢,t") denote the expected utility of type ¢ when he claims to be of
type t' € (t,t]. Then U (t,t') is given by

Ut t) = /U [vy (v, t') — 2z (v,t)] g (v, t) dv

T k(t")
= [ p-r@gtdo [ @lg@a
k(t)) ol

v

k()
- / o — (2 () + & (#))] g (v,£) dv + / 2 () g (v, ) du
k(t") v

(D.12) = —z(t')+ /k:t’) [v—Fk(t)] g (v,t)dv.

Since k (t) satisfies ¢ (k (t),t) = 0 and the virtual utility function ¢ (v,t) is increasing in

t for a given v, we have k' (t) < 0. Then, taking the derivatives of both sides of (D.12)),
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we obtain

ou (t,t)  dz(t) dk(¢)
ot dt! dt!

(D.13) (1-G(E{),1).

Since k' (t) < 0, we get

oU(LY) _ _da(t) dk(l)
ot - dt’ dt’

YOG (v, t)
- v+ [ B,

1-G(k(t),1),

(D.14)

VAN

0,
where the first inequality is obtained using equation (D.13)), &’ (t) < 0 and
-Gk ({), 1) =20 -Gk({),1)).

due to FSD. The second line follows from (D.11)) and the third line is true since from

Proposition [36, we have

U/ (t/> S _/ Mdv
k(") at

Then it follows from the following identity

U (t,t) = / LOUL) L

ot

and from (D.14]) that U (¢,¢") < U (t). This proves that for to < ¢, the constraint (ICyopar)
for types t € [ta,t) regarding their deviations to pretending to be types t' € [t,1] is

satisfied.
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The constraint (IC ) for ¢ does not bind for deviations to types in the interval
[t2,t]. Moreover, the global incentive compatibility constraint (ICyup.) does not bind for
type t < ¢ since if (ICyp) had binded for some type t' < ¢, it should have been that
k(t) = v for t € [t',t], which contradicts the fact that k (t) > ¢ for t < ¢y and k (¢) is the
unique solution of ¢ (k (t),t) = 0 for ¢ > t,, which implies k () > ¢ under FSD.

Since from Step 2.C the global incentive compatibility constraint (ICg,) binds for
the highest type ¢ and type t is indifferent between her contract and the contract choice
of the lowest type, i.e.

U () = B [v] — Bo [max{v, k (0)}],

it follows that the global incentive compatibility constraint (IC,pe) binds for the highest
type t only.

To summarize, in Steps 2.B through 2.E, we showed that for t5 € [0,¢], the optimal
cutoff points {k (t) : 0 <t <t} are given as follows. From Step 2.D, for ¢ > to, k() is
nonincreasing and is the unique solution of ¢ (k (t) ,t) = 0, where

(1—H ()G (v,t) /ot

N TR0

Also, k (t) is nonincreasing with k () > cfor t < 5. Similarly, £ (0) > ¢ with k (¢) (strictly)
decreasing for t < t;, while k(t) = ¢ for t € (t1,t2). Moreover, the global incentive
compatibility constraint (ICy,) binds for the highest type t only, who is indifferent

between her contract and the contract choice of the lowest type, i.e.

U (t) = E¢ [v] — Eo [max {v,k (0)}].
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Step 3. In this step, we prove that 0 < ¢, < . We have already established the
optimal allocation for a given t,. We first prove that optimality requires t5 < t. To that
end, consider the objective function value if we have t, = t — . In that case, it follows
from Step 2.D. that the optimal allocation dictates ¢ (k (t),t) = 0 for t > t5, and from
Step 1.B we have that

U(t)=— Mdv for t > t,
ot
k(t)

so that

L 170G (v,t)
U f :_// 06w, 1) g,
0 ts Juy Ot

Then, since the global IC constraint for ¢ binds, cf. Step 2.A, k (0) satisfies

v

U@:Et[v]—/ (v — £ (0)) g (v, 0) dv — k (0).

k(0)
Moreover, k (t) is decreasing until the point ¢; < to where ¢; satisfies

v

(D.15) U (F) = B o] — / (v —¢) g (v,t) dv—c.

C

We also have for ¢t € [ty, 5] that k (t) = c. Next, we rule out the possibility that ¢; = ¢.

To see this note that since

Eg[v]—c:/v(v—c)g(v,f)dv</U(’U—c)+g(v,f)dv,

we have that

(D.16) /v(v—c)g(v,f)dv+c>Et-[v].
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Note also that if ¢t = ¢, then U (t) = 0 for all t. Therefore, it follows from and
that t; < t. Clearly, we can think of ¢1,¢5 and k (¢) for t < ¢, as a function of ¢
when t, = t—e. Moreover, just as argued for e = 0, we can show that ¢, (¢) < t5(¢) = t—¢
for € > 0 sufficiently small.

The objective function of the monopolist as a function of ¢ is given by the following:

ite) oo t—e 0
(D.17) /0 /k(t,a) f (v, t) (v—c)dvdt + /{(g) /c f(v,t) (v—rc)dvdt

—i—/tE /k(t) f(v,t) ¢ (v,t)dvdt,

where ¢ (k (t),t) =0 for t >ty () =t — ¢, and k (t,¢) for t < t; (¢) is characterized by

the following

v

(D.18) /t__ /k:t) (—0G (v,t) /Ot) dv = B¢ [v] — /k (v—Fk(t)g(v,t)dv—k(t).

()

Similarly, ¢; (¢) is given by the following.

/t_;/k;) (=0G (v,t) /Ot) dv = Eg [v] —/cv(v—c)g(v,tl (e)) dv — c.

Derivative of the objective given in (D.17) with respect to € is as follows.

v t1(e) e
6 [ FenEe-agd- [T EED fee 0 ke - o

- [t e-gw-4E [ fenE@) @

v, 1ty (€ v, 1y (€)) dv,
+Awwf(t(ﬂ¢(t(ﬂ
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which is equal to

t1(e) c v
/0 <_%)f(k;(t,g),t)(k(t,g)—c)dt—/c £ (0,82 (2)) (v — ¢) dv

—i—/kv f(v,t2(2)) b (v, 2 (g)) do.

(t2(¢))

Calculating the derivative of the objective at ¢ = 0 gives the following

/MO) (_ Ok (t,¢€)
0 de  |._,

(D.19) / f(v,t) ¢ (v,t)dv.

)f(k(t,O),t)(k(t,O)—c)dt—/vf(v,f)(v—c)dv

We want to show that this expression if positive. To this end, lets consider the last two

terms. Since

(1— H () 8G (v,t) /ot
h(t) g(v,1)

and ¢ (k (t),t) = 0 for t > t5, we have k () = ¢. Thus,

(v, t)=(v—rc)+

/” FDownd - [ Fune-od

= f(vm (v,8) = (v — )] dv

- [l

Thus, the expression in (D.19) reduces to the following

/tl(o) B Ok (t,¢)
0 Oe

) f(k(t,0),t) (k(t,0) —c)dt.

e=0
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To determine the sign of this expression, we next characterize 0k (¢,¢) /Oe by differenti-

ating both sides of the equation (D.18)), which gives

o) 9G(v,t2(2))
dk (t,e) fk(tg(e)) (_ T )d”

- < 0.

de fk(t,a) g(v,t)dv—1

In particular,
v OG (v,t)
dk(t,e)| e (—2952) dv 0
de |._, —G(k(t,0),1) '
Then, since k (t,0) — ¢ > 0 on a set of positive measure and % < 0, we conclude
e=0

that

)f(k:(t,o),t)(k:(t,o)—c)dt>0.

/tl(o) Ok (t,e)
0 Oe

Therefore, we must have ty < £.

e=0

Similarly, we check whether it is optimal to have ¢, = 0. To that end, we write the

expected profits of the firm as follows:

(D.20) /0 /k(t’e) F(0.1) (v — ¢) dudt + / /m F(0,8) 6 (v, 1) dudt,

Derivative of this objective with respect to ¢ is given by the following.

' [ 0k(te)
/k(s,s) f.ev=cd +/0 {_ 5/ (k(te),t) (k(te) —c)| dt

— ' f(v,e) ¢ (v,e)dv

k(e)
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Then evaluating this at € = 0, it reduces to the following

v v

f(©v,0)(v—-c)dv— f(v,0)¢(v,0)dv

k(0) k(0)
= [ F@0) (v =¢) = 6 (0.0)] do.
k(0)
Y 1 9G(v,0) /ot
= d
/k(O) h0) g0

> 0.

Therefore, we must have t, > 0, which completes the proof of Step 3. In other words, it
is not optimal to have t, = ¢, i.e. U (t) = 0 for all ¢. Similarly, it is not optimal to have
to =0, i.e. U’ (0) > 0. This concludes the proof of Proposition [

Proof of Proposition In order to analyze the behavior of the initial price path

{Z (t) : 0 <t < t}, we consider three regions. First, we have for ¢t < t, that

z(t):/: (1= G (v, 8)dv+k(2).

®)

Then,

Tt) = KO-k (1-Gk().1) / oGy,

= k’(t)G(k(t),t)—/k;wclv,
= K ()G (k(1),1)

B {@aa (v,t) k) oG (lgit),t) _/” Uagé:’t)dvl |
k(t)

= F )G k), + {k (t)w + k:t)vagg;’t)dv] ,
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oG _

sice Bl

First, focus on the types t; < t < t5. On this interval, k () = ¢, and hence,

_ 0G (1) 7 By (v,1)
/ _
T(t) = ¢ Y +/C - dv,
_ 0G (o) IG (c,t) YOG (v,t)
- ot ot / v )
B YOG (v,t)
= —/c v T dv,

and hence, 7' (t) > 0.

For t € [0,t], we can find £’ (t) as follows: We know that
E; [max {v, k (t)}]
is constant over the interval [0,¢;]. That is, derivative of

k;(t)/vk(t)g(v,t)var/: vg (0,1 dv

v ()



is zero, i.e.

That is,

M g (v,1)

k(t)
k:’(t)/ g(v,t)dv—l—k(t)k'(t)g(k:(t),t)—I—k(t)/ Tdv

v v

v ag (U7t) !
4 /k(t) UTCZU — K@) k() g(k(t),1)

k(1) k(t) v
K (t)/ g (0. ) dv+k(t)/ 8géz’t)dv+/k()vagé?t)dv
v t

v

k(1) 5
K (t)/ g(0,1) dv+/ ,200:0 4,
v k‘(t) at

k) oG (kéit) 1) k() 8G(§ty, t)
, k(O v 9g(v,t) OG (k (t),t)
k (t)/v g(v,t)dv—k/k(t)v T dv—{—k(t)T.

M “me W} =~k (t) / o

289



290

Then,

() = K (t)G(k(t),1)
B [@aa (0,1) k() oG (k(t),1) /77 Uag (v,t)dv} |
k

ot ot o' ot
- k’(t)G(k(t),t)—z‘;aGa(f’t)

o2t [ gten,)
— HW)G R 1) — @6%:’” yn /Uk(t)g(v,t) o,
IR —@%—k'(t)G(k(t),t)dv,
_ _@E)G (v,1)

ot

Now consider the case that ¢t > t5. Then,

v =00 - 06 - [ SR

dv,

Therefore, we can calculate z (t) for t > ¢, from (4.3]) and the boundary condition that

z(t2)=/: (1- G (v,ts)) dv.

(t2)
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That is,

() = 2 () + K1),

dk (1) " 9G (v,t)

- —U’(t)—7(1—G(k(t)7t))—/k(t) 5 vtk (D),
_ /k; aG;:’t)dv— dkdf) (1_G(k<t),t))—/k:t) 6G(§f’t)dv+k’<t>7
i (1)

= S -G ) K 1),
= K@) [-1+Gk(t),1)+1]
= H (G (0).1).

< 0,

thus, the initial prices are decreasing over the interval [to, t].

The price T (¢) charged to the highest type can be found as follows: We have
U (t) = B [v] — Bo [max {v, k (0)}].

Moreover,

U@z—ﬂﬂﬁ/ﬂ—G@@Mv

Cc



Then,

T(t) = z(t)+e¢,
_ /j(l—G(v,f))dv—U(f)Jrc,
- /j(l—G(U,f))dv—l-c—Et[v]+Eo[max{vak(0)}]7
— [(1_G(u,z?))varc—Et[v]+Eo[ma><{v,k(0)}],
_ Q—/j(l—G(v,f))dv
<+[Uﬂ—cmuayw+c+Edmw{uk®HL

_ Q_/C(1—G(v,i))dv+c+Eo[maX{v,k’(O)H-

v

We can find 7 (t2) as follows:

T%)zf@—[”@G%@ﬁ%

_ Q_/cu_G(v,i))dv+c+Eo[max{v,k'(ﬂ)}]

—/t_k’(t)G(k:(t),t)dt,

where ¢ (k(t),t) = 0 and hence,

292
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Next, we calculate T (to—). To that end, first consider the case that t; = t5. Then,

T (ta) =7 (0). Moreover,

z(0) = z(0)+k(0),

— /v (1 -G (v,0))dv+k(0),
k(0)

- —k<o><1—G<k<o>,0)>+/k(o)vg<v,o>dv+k<o>,

= /kjo)vg(v,O)dv—i-/{:(O)G(k?(o)70)7

= o [max {v,k(0)}].
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This implies that
T(te) —T(0) > T(t)—7(0),
_ /U(l—G(v,f))dv—l—c—Et[v],
= /U(I—G(v,f))dv—i-c—l/vvg(v,ﬂdv]

_ /Cv(l—G(v,f))dv+c+ {y— (1-@@,5))@],

1] |

_ /j(l—G(v,f))dv—ichry—/v (1= G (0,1)) dv,
S .
!

I Y

= v

v
o

Thus, there is an upward jump in price at the point ¢, in the case that t; = t,.
In the case that t; < t, we know that k (t3) = cand U (t5) = 0. Thus, if T (t2) > T (¢),
type to would pretend to be type t. Thus, we have T (t3) < T () < T (t2+) and there is

an upward jump in the prices at the point £, as well.Hll
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D.3. Technical Results

Derivation of the dual problem to (P4) and the coextremality conditions.
We will follow the road map provided by [53] to derive the dual problem of control as-
sociated with (Ps). In particular, we first append the penalty expressions corresponding
to the constraints in the objective function by defining the convex, extended real valued
integrand L and the convex functional /. We also formulate the problem towards mini-
mization. Next, we compute the conjugate convex functions associated with L and [ so as
to define the dual integrand M and the dual functional m. The dual problem of control
is defined using M and m.

To facilitate the analysis to follow, define the indicator function xp(-) for a given set

F by

0 ifxeF,
Xr(z) =
00 otherwise.

We express (P4) in terms of the convex integrand L and the convex lower semi-

continuous functional [ which are defined as follows. Define L on [v, 9] x R as follows:

(D'Ql) L<U7 8,2, U, ‘év 737 u) =—9g (U’t) (U - C) Y+ Xr_ (y - 1) + X]R+<y>

if s=y —0G () 2=y (1 -G (w,t)), 0 =yand L(v, s, z,u, s, %,u) = oo otherwise. The
ot

integrand L eliminates the hard constraints of (P4) by appending them to the objective
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function as penalty expressions. In this sense, the penalty expression

Xe (¥ —1) +xz, (¥)

makes sure that 0 < y(v) < 1 for all v € [v,9]. Notice also that we have reformulated

the problem towards minimization. The system dynamics is incorporated in L by the

—9G(v,t)

5t }, Z2=y(l—G(v,t)) and @ = y, since otherwise the

fact that we require s = y [
integrand L takes the value oo.

Next step is to define the functional [ on R?* x R? with values on R U {oo} so as to
initiate the problem with appropriate initial values of the state variables and impose the
restrictions to be satisfied by the valuations v. To be more specific, The functional [ is

defined as
(D.22) [ (Sy, Zus Uy, S5y 25, Ug) = Ly(Sy, 20, Uy) + 5(S5, 25, Ug),
where the convex, lower semi-continuous functionals [, and l; are given by

(D.23) 1y(sy, 20, uy) = X{O}(Sy) + X{uo}(u2)7

(D-24) Iy(s0, 20, ua) = X, (s = Us (1) + Xz, (20 + w0 — Us (1)) + x_ (u (0) — u. (9)).

The functional [y dictates that s(v) = 0 and u(v) = wg, which initiates the problem,

whereas [ imposes the constraints that

2(0) > U, (t) — uo, 5(0) > U, (t) and u () < u, (7).
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Then, the primal problem (P,4) can equivalently be stated as a problem of minimizing

/U L(v,5(v), 2(v),u (v),5(v), 2(v), u(v))dv + 1 (84, 2y, Uy, S5, 25 Us) -

As our second step, we compute the conjugates to the functions L and [. Let L* denote

the conjugate to L. To be specific,

<D25) L*(Uap87p27pu7QS7qZ7QU)

= sup {Sps + 2p. + upy + qu + ZQZ + UQU - L<U7 S, 2, U, 37 Zvu)}

8,2,Uy 8,2,

We can express L* more explicitly as follows. Note that L(v, s, z,u, $, 2,4) < oo only if

—90G(v,t)

there exists some y € [0, 1] such that $ =y [ o

}, Z =yG (w,t) and & = y. Then, we

can write L* as follows: for ps, p., Pu, qs, Q= @u € R,

L*(0, Pss Dz Pus Qs 4=+ Gu)
SPs + 2P, + Upy,
= sup
s2wy€0 L 1y g, 4+ g (v, 1) (v —¢) + (=0G (v,t) JOt) gs + (1 — G (w, 1)) ¢.]

= Xqop {Ps} + Xqo3 {P:} + xq03 {Pu}

+max {0, gu + g (v,%) (v = ¢) + (=9G (v,1) /Ot) g5 + G (w, 1) ¢: } -

The first equality is obtained by replacing § = y [%ﬁv’t)], Z =9yG (v,t) and @ = y and

noting that L(v, s, z,u, $, 2,4) = —g (v,t) (v — ¢) y. The second line follows from carrying

out the maximization problem in the second line. To get the second equality, note that
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we have

sup {Sps + 2p. + upu} - X{O} {ps} + X{O} {pz} + X{O} {pu} )

since sup, , ,, {sps + zp. + up,} takes the value oo unless p, = p, = p, = 0.
Using the conjugate L* of the primal integrand L, we calculate the dual integrand M.

For v € [v, 0] and ¢s, ¢z, Gu, Ps, P, Pu € R, the dual integrand M is given by

M(Ua Qsy 4z, Quapsapzapu) = L*(U>psapz>pu7 s,z Qu)

That is,

M (v, ps(v), p.(0), pu(V), ps(v), . (V), pu(v))
= L*('Uv ps(v)> pz('U), pu(v)7 Ps (U) Pz (U) ) pu(U)),
= X3 10s(V)} + X0y {2 (V) } + X0y {Pu(v)}

+max {0, p, (v) + g (v,1) (v =€) + (=9G (v,1) /O1) py (V) + (1 = G (v, 1)) p, (V) } .

This implies that p,(v) = p,(v) = p,(v) = 0 for all v.
What remains is to derive the terminal conditions associated with the dual problem.

To that end, define the functional m as follows:

m(ps(v), p,(v), p,(V), ps(V), p, (D), (V)

= L(ps(v), p.(v), p,(v)) + I5(—=ps(0), —p,(0), —p,(V)),
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where [ and [} are the conjugates of [, and [;. We calculate [g as follows:

l;(pwpz?pu) = sup {xsps + Z.p, + TPy — ly(xsa xZ7$u)}7

= sup{zup,} + wop.,
an

Since

m(ps(v), p,(v), p,(V), ps(V), p,(D), P, (V)

= 1y(ps(v), p.(v), p, (V) + I5(=ps(0), —p,(V), —p,(V)),

the coextremality condition impose the restriction that p,(v) = 0. Together with the fact
that p,(v) = 0 for all v, this implies that p,(v) = 0 for all v.

Similarly, since
ls(85, 20, ug) = Xg, (85 — U, (1)) + Xe, (20 + o — Ui (1)) + Xr_ (U5 — s (D).

we get

505 02 p0) = sup {zsp, + 20, + Tupy, — ls(@s, 22, 20)

L5, Tz, Tu

= sup {zyp,}+ sup  A{wp.}+ sup {z.p.},

xszU* (t) $z2—uo+U* (t) -’L'ugu* ('L_))

= Xe_(ps) + xr_(P:) + Xrt(P0)-



Then, the coextremality conditions impose the following restrictions:
ps(v), p.(v) = 0 and p, () < 0.

The dual problem of control is then to minimize

/vM(v,ps(v%Pz(v),pu(v)aPs(v)ybz(v)abu(v))dv

+ m(p,(v), p.(v), pu (), ps(D), p. (D), p, (7)),

which is equivalent to minimizing

300

[ mas {o,pu@ vt -0 - 2500, 01— G, <v>} dv
+ uop, (v)
subject to

ps(0), p-(v) = 0.

Since the primal problem (P,) is trivially feasible (simply use the original allocation . ),

the objective function values of (P4) and (D4) are equal to each other, cf. Theorem 4 of

[53]. This concludes the derivation of the dual problem to (P,4). B
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Proof of Lemma [58. We first establish part (i) of Lemma To that end, notice

that using the constraints that

ps(v) = p,(v) = p,(v) =0,
pu(v) =0,

ps(0), p,(v) >0,

we can rewrite the dual problem (D,4) as follows:

min ugp, + / max {O,g (v,t) (v—1c) — %ps +(1—-G(v,t)) pz} dv

Pz:Ps v

+/ g(v,t) (U—c)dv—ps/ %dv—i—pz/ (1-G (v,1))dv

subject to (Da)
Psr Pz 2 0.

Then, since 0G (v,t) /Ot < 0 for all v and uy < 0, it must be that p, = 0. This completes
the proof of part (i).

We next prove parts (ii) and (iii) of Lemma[58 The primal problem (P4) and its dual
(D4) have the same optimal objective value by Theorem 4 of [53]. Moreover, by Theorem
5 of [53], letting{y (v) : v € [u, 7]} be a feasible solution for (P,) with the corresponding
state trajectories {u (v),s(v),z(v) : v € [v,0]}, and {p, (v),p, (v),p, (v) : v € [v,0]} be
a feasible control for (Dy), the controls y and py, p,, p,, are optimal for (P4) and (D,),

respectively, if and only if they satisfy the following coextremality conditions: For almost



302

every v € [v, 7],
(ps (@), p. (), p, (V),—ps (V),—p, (), —p, (V))

is an element of

(D.26) 0l (s (v), 2 (v),u(v),s(),z(),u (D))

and

(Ps (V) 02 (V) Py (V)5 s (V) P2 (V)5 pyy (V)

is an element of

(D.27) OL(v,s(v), z(v),u (v),s(v), z(v),u(v))

where 0L and 0l denote the subgradients of the convex integrand L and the the func-
tional [, defined as in the derivation of the dual problem to (P,4) and the coextremality
conditions.

To be more specific about the coextremality conditions, we derive the subgradients of
L, [, and l3, where L is a convex integrand and /, and [; are convex functionals as in the
derivation of the dual problem (D4). The theory of subgradients of convex functions on
R™ is presented at length in Section 9 of [55]. This theory includes formulas to calculate
subgradients in various situations.

First, we calculate the subgradient of L from its epigraphical normals. To that end,

we use Theorem 8.9 of [55] which proves that for i : R" — [ — 00, 4+00] and any point T
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at which h is finite, one has
Oh(T) = {v: (v, —1) € Nepi (T, h(T))},
where, epi h denotes the epigraph of i defined as
epi h:={(r,a) e R" xR :a > h(zx)},

and Nepi (T, h(T)) is the set of vectors normal to the set epi h at (Z, h(Z)) in the general
sense as in Definition 6.3 of [55].

For v € [v,7], the epigraph of the integrand L is defined as follows: epi L(v) consists

of points (s, z,u, $, 2,1, a) € R” such that

—0G (v,t
s§=y [#} A=yl —=Gwt),a=y,a>—g(v,t)(v—c)y and 0 <y <1,
since the points (s, z,u,$,2,u) € Réwhere L(v,s,z,u,$,%,1) = oo are such that the
vertical "line" (s, z,u, 3, 2,1) € R® misses epi L(v).

Then, we can write

= vt vt e RO (v 02, —1) € Noi 1o (5.2,%, 8, 2,0, L (v,5,2,3, s, 2,u .
pi L(1)

First, note that for v € [v, 0], epi L(v) is a convex set and the point

<§, zZ,u,S,z,u, L (U,E, zZ,, S, z,u))
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is an element of epi L(v) for (5,%,%,s,z,u) € R®. Let v denote an arbitrary element of
R”, where the first 3 components of v is denoted as v!, the subsequent 3 components by
v? and the last component by v®. That is, v = [v!, v, v°]’, where v',v? € R® and v® € R.

Then, Theorem 6.9 of [55], gives

(D.28) Nepi L(v) (5, Z,1, 8, 2,0, L (v,g, 7,@,5,2,@))

v € R7:V(s,2,u,$, 2,10,a) € epi L(v),
(D.29) — ( ) (v)

(s,z,u,$, 2,0,a)— (5,2,u,s,2z,u, L (v,?,?,ﬂ,s,z,u))] v <0.

We next property will assist us in finding the subgradients of L and establishing part (ii)
of Lemma, [58

Property A. For v € [v,7], if

and if =7 [_6(;72”’”} ,2=7(1—-G(v,t)) and @ =7, for § such that 0 < jj < 1, then,

GG(v,t)/atvlJrl—G(v,t) - vs )}

e ag o = (—va - - 2ELOS IZE 00, b

0<2z<1

To establish Property A, first recall that for any (s, z,u, s, 2,4, «) € epi L(v), there
exists some y € [0, 1] such that

iey {—8G(v,t)

F) e G i ez g0 0o
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Consider now the following element of epi L(v):

(@,2,@,5,2,@,&) = (E,E,E,S,Z,Q,L (v,§,2 U, s,z u) —g(v,t)(v—rc) (y—@)) )

Then, for
v =(v",v*,0a) € Nepi L) (g,z,ﬂ,s,z,u,L <v,§,z u,s,z u))

the following holds:

{(&2 a,s, 2, U a) — <§,Z,ﬂ,é,é,u,L(v,§,2,ﬂ,é,é,u>>} Y

= i (s-5)+ (5= 3) +ut (- 1) —rg e -9 ),
} 2
V3 (

6th
— - {t |5 - G - ng e - a
Then, we have
Ksﬁ,é,a,s,é,u,@)—(E,zﬂszuL< ,z,u,s,z,u))].v <0,

only if

e ma L 0G0t 1-Gut) v
PR AL U Ty YT g P ) S



Similarly, considering now an element of epi L(v):

gl

)

7N
“®
\.l\b
g3
@)
)
)
S
N———
|
\.%I
2
|
@
\_N
=
e~
/N
“@
\.Cnl
N}

we have

only if

0G (v, t) Jot | 1—G(v,t) , v_§)}

gt) T !

Yy € arg max {z(v—c—
gvt) 2 g(v.)

1-§<z<1

Thus,

_ OG (v, t) Jot | 1—G(v,t) , vs
yem%gé%(ﬂ“@‘@ ) T T gwn 2Ty

and Property A is established.

To prove part (ii) of Lemma [58 recall that

OL(v,3,2,7, 5, z,u)

s zu) —g(0,t) (v =c) (y—1)).

306
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and

(Ps (V) 122 (V) Py (V) 4 (V)2 (V) ; p,, (V) € OL(v, 5(v), 2(v), u (v) , 5(v), 2(v), u(v)).

Property A proves that if $(v) = y(v) [#ﬁ”’t)} , 2(v) = y(v) (1 = G (v,t)) and u(v) =

y(v), then
(D.30)
0G (v,t) JOt 1 —G(v,t) P, (V)

Since {p, (v),p, (v),p, (V) :v € [v,0]} is a feasible control for (D4), it must be that

ps (v) = p,(v) = 0 for all v and p, (v) = 0 for all v. Then, (D.30) and part (i) of

Lemma |58 and the fact that p, (v) = 0 proves that

y(v) € arg max {z (v —c+ %’(;ﬂf)pz (v)) }

and establishes part (ii) of Lemma

We next property will assist us in finding the subgradients of [; and establishing part

(iii) of Lemma

Property B. For (vs,vz,v“,va), € R4, if

and z > U, (t) — ug, then v* = 0.
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To verify Property B, first note that , any v = (v®, v*, v*, v,) such that v* < 0 cannot

be in Neyii, (5,%,%, 15 (5,Z,w)). Suppose not. Then, we could find an element (8, 2, 4, &)

(8,2,0,&) = (5,2,u,l; (5, 2,0))

This completes the proof of Property B.
Part (iii) of Lemma |58 then follows from Property B and the coextremality condition

(D.27). This concludes the proof of Lemma [58 W
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